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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from

lhttps://rulebasedintegration.org]

The number of integrals in this report is [ 61 ]. This is test number [ 174 ].

1.1 Listing of CAS systems tested

The following systems were tested at this time.

1.
2.

3
4.
5
6

7.

Mathematica 12.1 (64 bit) on windows 10.
Rubi 4.16.1 in Mathematica 12 on windows 10.

. Maple 2020 (64 bit) on windows 10.

Maxima 5.43 on Linux. (via sagemath 8.9)

. Fricas 1.3.6 on Linux (via sagemath 9.0)

. Sympy 1.5 under Python 3.7.3 using Anaconda distribution.

Giac/Xcas 1.5 on Linux. (via sagemath 8.9)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.


https://rulebasedintegration.org

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and Root0Of are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System solved Failed

Rubi % 100. ( 61) %0.(0)
Mathematica | % 98.36 (60 ) | % 1.64 (1)

Maple % 95.08 (58) | %4.92(3)

Maxima % 86.89 (53) | %13.11(8)
Fricas % 100. ( 61) %0.(0)
Sympy %459 (28) | %541 (33)
Giac % 57.38 (35) | % 42.62 (126)

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes the
meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100. 0. 0. 0.
Mathematica 80.33 11.48 6.56 1.64
Maple 45.9 49.18 0. 4.92
Maxima 62.3 24.59 0. 13.11
Fricas 54.1 21.31 24.59 0.
Sympy 45.9 0. 0. 541
Giac 55.74 1.64 0. 42.62




The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The figure below compares the CAS systems for each grade level.
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1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time

and leaf size of results.

System Mean time (sec) | Mean size | Normalized mean | Median size | Normalized median
Rubi 0.31 150.31 0.7 114. 1.
Mathematica 13.12 253.67 1.15 177. 1.07
Maple 0.19 446.45 2.14 170.5 2.05
Maxima 2.07 298.64 1.47 155. 1.37
Fricas 1.69 1976.52 8.29 609. 3.88
Sympy 1.93 487.04 2.39 0. 0.
Giac 0.63 124.71 0.66 0. 0.




10

1.4 list of integrals that has no closed form an-
tiderivative

{4595 [10} [14} 15} 32} 3} [40} [41} |45}, 46,50} |51} [55} [565, (60} 61}

1.5 list of integrals solved by CAS but has no
known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

1.6 list of integrals solved by CAS but failed ver-
ification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.

Giac Verification phase not implemented yet.
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1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime'

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call has completed from the time before the call
was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each integral.
If the integrate command did not complete within this time limit, the integral was aborted
and considered to have failed and assigned an F grade. The time used by failed integrals
due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified could
still be correct. Further investigation is needed on those integrals which failed verifications.
Such integrals are marked in the summary table below and also in each integral separate
section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an interactive
response from the user to answer a question during evaluation of the integral in order to
complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example, for
the Timofeev test file, there were about 30 such integrals out of total 705, or about 4 percent.
This pecrentage can be higher or lower depending on the specific input test file.
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Such integrals can be indentified by looking at the output of the integration in each section
for Maxima. If the output was an exception ValueError then this is most likely due to this
reason.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.

from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffgrent-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result back
to SageMath syntax and not because these CAS system were not able to do the integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and XCAS
syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function for this
purpose at this time. Therefore the leaf size is determined as follows.

For Fricas, Giac and Maxima (all called via sagemath) the following code is used


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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#see https://stackoverflow.com/questions/25202346/how-to-obtain-leaf-count-expression-size-in

def tree(expr):
if expr.operator() is None:
return expr
else:
return [expr.operator()]+map(tree, expr.operands())

try:
# 1.35 is a fudge factor since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's
leafCount = round(1l.35*len(flatten(tree(anti))))
except Exception as ee:
leafCount =1

For Sympy, called directly from Python, the following code is used

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*xcount_ops(anti))

except Exception as ee:
leafCount =1

When these cas systems have a buildin function to find the leaf size of expressions, it will
be used instead, and these tests run again.

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.
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One record (line) per one integral result. The line is CSV comma separated. It contains 13 fields. This is
description of each record (line)

integer, the problem number.

integer. 0 or 1 for failed or passed. (this is not the grade field) High level overview of the CAS
integer. Leafsize of result. independent integration test
integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed. build System

string. The integral in Latex format

string. The input used in CAS own syntx.

string. The result (antiderivative) produced by CAS in Latex format

string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax. g
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. The optimal antiderivative in CAS own syntax.

WoOoNOLHWNE



Chapter 2

detailed summary tables of results

2.1 List of integrals sorted by grade for each
CAS

21.1 Rubi

A grade: ([ BB0,7, 800
8, 20,30 81, 2, 33, B 35,66, 57 5, B9, )
56,57, 58,59,60,61

B grade: { }
C grade: { }
F grade: { }

EE
s
B
HIS
E=
Sz
Ss
S
B
B
He
15
B
B
B

2.1.2 Mathematica

A grade: {@L
B grade: {[6,[T1}[12,34, 42, [43} 47}

C grade: {[7,[13}[48}[59] }

F grade: {[36}

l}

B
IS
SIS

X

DO ¢
[S3
o0
=
N
O‘(
oo
@
p_n

2.1.3 Maple

A.g;dg (A EBBl L0 14 15,19} 20} 1] 24} 29} 26 27,30} 31} [32) 33 |40} [41) [45} |46 [50} 51} o5}

15
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IEHE
54,5768, 59

C grade: { }

F grade: {[34}[35,[36]}

21.4 Maxima

A grade: {Elllﬂlﬂlﬁllllllllllllllllllll
BT A4 546,50} 51 534 G, 7, 58, 60, 61

B grade: {[I[213}/8 [12)[13}37,88} 42} 43} 47} 48} 49} 2 53]}

C grade: { }

F grade: ([2/8351,85 B0, B0, E050))

21.5 FriCAS

A grade: { [4)[50}[10}[14}[15}[16} 17} [18, 19, [20} 21} [24} 25} 226} 29} 30} B} 32} 33} |34} [35} 36} 40} A
[45}[46} 60} 01} o5} 56} (60, 611}

B grade: {3[718}[13}[22}[23|[27)[28} [89} 14} 19} 54 59 }

C grade: {26, [I1) 12, 37,38} 42} 43} 47,48} 52} 53} |57} 58]}

F grade: { }

21.6 Sympy

A. g;dgl{ll@@llllllll@Lllllll

B grade: { }
C grade: { }

F grade: { [1,/21[3} 617 11} [12} [13| 9} (20} 21} 25} 26 30} [81} ]34} 35}, 36} 37|38} |89} 42} [43} [£ 4} (47 48}
19623} 54} 57, 58,59 }

2.1.7 Giac

A gace (BRI
[41} 45 [46 50} 1 55} 66, 60} 6] }

B grade: {}

C grade: { }
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F grade: { )2 B ) 7) 3 2 C3) 5 85 50 57 38 80 2 3 3 7 ) 19 2, 53) 5 7 58, 9
}

2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it is
given just an F.

antiderivative leaf size

In this table,the column normalized size is defined as — ——— ,
optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B C F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 87 87 91 200 230 644 0 0
normalized size | 1 1. 1.05 2.3 2.64 7.4 . .
time (sec) N/A 0.159 0.01 0.101 1.048  2.541 0. 0.
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B C F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 63 63 66 166 186 489 0 0
normalized size | 1 1. 1.05 2.63 2.95 7.76 0. 0.
time (sec) N/A 0.135 0.01 0.03 1105 2194 0. 0.
Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 45 45 47 122 132 336 0 0
normalized size | 1 1. 1.04 2.71 2.93 7.47 0. 0.
time (sec) N/A 0.085 0.006 0.026 1.0561  2.158 0. 0.
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Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 12 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.016 12.211 0.085 0. 0. 0. 0.
Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 12 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.017 18.118 0.055 0. 0. 0. 0.
Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B A C F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 87 87 204 198 197 1643 0 0
normalized size | 1 1. 2.34 2.28 2.26 18.89 0. 0.
time (sec) N/A 0.178 3.921 0.028 1.379  2.244 0. 0.
Problem 7 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B A B F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 65 65 163 156 146 1211 0 0
normalized size | 1 1. 2.51 2.4 2.25 18.63 0. 0.
time (sec) N/A 0.119 5.09 0.029 1.35 2.212 0. 0.
Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 31 31 46 54 155 477 80 132
normalized size | 1 1. 1.48 1.74 5. 1539 258  4.26
time (sec) N/A 0.027 0.153 0.029 1184 2147 474 1178
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Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 14 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.028 20.161 0.04 0. 0. 0. 0.
Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 14 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.029 19.436 0.063 0. 0. 0. 0.
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B A C F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 179 179 390 375 408 5023 0 0
normalized size | 1 1. 2.18 2.09 2.28 28.06 0. 0.
time (sec) N/A 0.33 4.598 0.049 1.298  2.406 0. 0.
Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B B C F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 114 114 295 246 305 3729 0 0
normalized size | 1 1. 2.59 2.16 2.68 32.71 0. 0.
time (sec) N/A 0.207 3.258 0.043 1.263  2.278 0. 0.
Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B B B F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 82 82 232 164 201 2569 0 0
normalized size | 1 1. 2.83 2. 2.45 31.33 0. 0.
time (sec) N/A 0.122 6.132 0.034 1.223  2.215 0. 0.
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Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 14 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.028 14.899 0.29 0. 0. 0. 0.
Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 14 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.029 11.14 0.227 0. 0. 0. 0.
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 169 169 244 959 247 640 864 261
normalized size | 1 1. 1.44 5.67 1.46 3.79 511 1.54
time (sec) N/A 0.185 0.401 0.077 1375  2.083 5251 1.184
Problem 17, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 122 122 169 469 167 419 522 166
normalized size | 1 1. 1.39 3.84 1.37 3.43 428  1.36
time (sec) N/A 0.117 0.253 0.065 1.254  2.084 2181 1.152
Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 74 74 81 175 97 239 250 88
normalized size | 1 1. 1.09 2.36 1.31 3.23 3.38  1.19
time (sec) N/A 0.051 0.262 0.058 1166 2117 145 119
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Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 157 157 122 61 65 166 0 68
normalized size | 1 1. 0.78 0.39 0.41 1.06 0. 0.43
time (sec) N/A 0.251 0.25 0.182 1.752 2181 0. 1.15
Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 159 159 206 91 76 498 0 149
normalized size | 1 1. 1.3 0.57 0.48 3.13 0. 0.94
time (sec) N/A 0.213 0.764 0.203 2.258 2134 0. 1.333
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 211 211 265 210 92 748 0 242
normalized size | 1 1. 1.26 1. 0.44 3.55 0. 1.15
time (sec) N/A 0.301 1.073 0.219  3.059 217 0. 1.149
Problem 22 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A B A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 230 230 420 2200 401 1257 2200 517
normalized size | 1 1. 1.83 9.57 1.74 547 9.57 225
time (sec) N/A 0.268 1.023 0.108 2493 2171 10.887 1.167
Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A B A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 170 170 207 1087 258 811 1358 306
normalized size | 1 1. 1.22 6.39 1.52 4.77 7.99 1.8
time (sec) N/A 0.192 0.946 0.097  2.028 2266 3.463 1.143




22

Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 133 133 114 74 144 454 700 147
normalized size | 1 1. 0.86 0.56 1.08 3.41 526 111
time (sec) N/A 0.129 0.522 0.122 1.51 2.037 2846 1.145
Problem 25| Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 297 297 199 106 109 304 0 105
normalized size | 1 1. 0.67 0.36 0.37 1.02 0. 0.35
time (sec) N/A 0.704 0.439 0.27 3.381  2.193 0. 1.191
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 420 420 442 164 135 1413 0 255
normalized size | 1 1. 1.05 0.39 0.32 3.36 0. 0.61
time (sec) N/A 0.733 1.419 0.282  6.056  2.242 0. 1.928
Problem 27, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 336 336 615 368 548 1877 3925 774
normalized size | 1 1. 1.83 1.1 1.63 559 1168 23
time (sec) N/A 0.37 2.263 0.183  7.633  2.225 13.282 1.241
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A B A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 246 246 371 2098 343 1215 2448 447
normalized size | 1 1. 1.51 8.53 1.39 4.94 995 182
time (sec) N/A 0.258 1.372 0125 5602 2132 5.252 1.259
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Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 183 183 185 791 186 709 1290 204
normalized size | 1 1. 1.01 4.32 1.02 3.87 705 111
time (sec) N/A 0.205 0.701 0.107  3.252 2.09 47  1.169
Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 437 437 312 151 154 439 0 146
normalized size | 1 1. 0.71 0.35 0.35 1. 0. 0.33
time (sec) N/A 1.765 0.649 0477 10932  2.23 0. 1.17
Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A
verified N/A Yes NO TBD TBD TBD TBD TBD
size 692 692 796 239 189 2685 0 358
normalized size | 1 1. 1.15 0.35 0.27 3.88 0. 0.52
time (sec) N/A 1.762 3.331 0.408 23914 2.339 0. 2.382
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 22 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.05 23.682 0.095 0. 0. 0. 0.
Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 20 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.027 13.574 0.085 0. 0. 0. 0.
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Problem 34 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B F F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 88 88 186 0 0 366 0 0
normalized size | 1 1. 211 0. 0. 4.16 0. 0.
time (sec) N/A 0.117 1.13 0.139 0. 2.238 0. 0.
Problem 35 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 152 152 194 0 0 609 0 0
normalized size | 1 1. 1.28 0. 0. 4.01 0. 0.
time (sec) N/A 0.172 8.102 0.128 0. 2.342 0. 0.
Problem 36 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F A F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 223 223 0 0 0 853 0 0
normalized size | 1 1. 0. 0. 0. 3.83 0. 0.
time (sec) N/A 0.233 180.002 0.161 0. 2.287 0. 0.
Problem 37 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B C F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 133 133 249 748 566 1207 0 0
normalized size | 1 1. 1.87 5.62 4.26 9.08 0. 0.
time (sec) N/A 0.26 0.358 0.153  1.414  2.359 0. 0.
Problem 38 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B C F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 101 101 149 447 324 782 0 0
normalized size | 1 1. 1.48 4.43 3.21 7.74 0. 0.
time (sec) N/A 0.217 0.217 0.055  1.382  2.243 0. 0.
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Problem 39 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 75 75 87 201 0 435 0 0
normalized size | 1 1. 1.16 2.68 0. 5.8 0. 0.
time (sec) N/A 0.126 0.056 0.043 0. 2119 0. 0.
Problem 40 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 20 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.029 4.994 0.14 0. 0. 0. 0.
Problem 41 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 20 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.029 20.337 0.134 0. 0. 0. 0.
Problem 42 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B B C F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 271 271 857 1393 1054 7128 0 0
normalized size | 1 1. 3.16 5.14 3.89 26.3 0. 0.
time (sec) N/A 0.546 9.889 0.168 1.491  2.836 0. 0.
Problem 43 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B B C F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 209 209 478 793 667 4251 0 0
normalized size | 1 1. 2.29 3.79 3.19 20.34 0. 0.
time (sec) N/A 0.404 10.212 0.088 1.438  2.665 0. 0.
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Problem 44 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 127 127 192 318 329 2142 0 0
normalized size | 1 1. 1.51 2.5 2.59 16.87 0. 0.
time (sec) N/A 0.184 1.9 0.082 1.41 2.674 0. 0.
Problem 45| Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 22 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.055 42.653 0.376 0. 0. 0. 0.
Problem 46 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 22 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.053 30.126 0.589 0. 0. 0. 0.
Problem 47, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B B C F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 556 556 2043 2777 2067 23616 0 0
normalized size | 1 1. 3.67 4.99 3.72 42.47 0. 0.
time (sec) N/A 1.049 14.001 0.239 1.661 4.18 0. 0.
Problem 48 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B B C F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 401 401 2031 1542 1346 13835 0 0
normalized size | 1 1. 5.06 3.85 3.36 34.5 0. 0.
time (sec) N/A 0.698 12.915 0.166 1.659  3.196 0. 0.
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Problem 49 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 261 261 266 651 713 6711 0 0
normalized size | 1 1. 1.02 2.49 2.73 25.71 0. 0.
time (sec) N/A 0.35 3.457 0.121 1.504 2.63 0. 0.
Problem 50 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 22 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0 0
time (sec) N/A 0.055 62.508 0.599 0. 0. 0 0
Problem 51 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 22 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0 0
time (sec) N/A 0.053 59.527 0.924 0. 0. 0 0
Problem 52 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B C F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 210 210 239 1145 703 1808 0 0
normalized size | 1 1. 1.14 5.45 3.35 8.61 0 0
time (sec) N/A 0.345 3.366 0.203 1.803  2.373 0 0
Problem 53 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B C F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 156 156 191 722 448 1258 0 0
normalized size | 1 1. 1.22 4.63 2.87 8.06 0 0
time (sec) N/A 0.284 3.596 0.147  1.634  2.305 0 0




28

Problem 54 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 108 108 144 357 0 798 0 0
normalized size | 1 1. 1.33 3.31 0. 7.39 0. 0.
time (sec) N/A 0.163 2.922 0.131 0. 2.292 0. 0.
Problem 55 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 22 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.063 14.072 0.155 0. 0. 0. 0.
Problem 56 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 22 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.06 22.471 0.156 0. 0. 0. 0.
Problem 57 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A C F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 638 638 646 2039 1426 12840 0 0
normalized size | 1 1. 1.01 3.2 2.24 20.13 0. 0.
time (sec) N/A 2.274 12.299 0.301 2775  3.555 0. 0.
Problem 58 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A C F(-2) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 475 475 509 1217 1014 7876 0 0
normalized size | 1 1. 1.07 2.56 213 16.58 0. 0.
time (sec) N/A 1.714 8.295 0.263 2791 2.905 0. 0.




29

Problem 59 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F B F(-2) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 196 196 477 620 0 4058 0 0
normalized size | 1 1. 2.43 3.16 0. 20.7 0. 0.
time (sec) N/A 0.296 6.004 0.234 0. 2.559 0. 0.
Problem 60 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 22 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.062 144.035 0.752 0. 0. 0. 0.
Problem 61 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 22 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.059 115.397 0.697 0. 0. 0. 0.

2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of

the integrand. Finally the ratio

number of rules .

: — is given. The larger this ratio is, the harder the
integrand size

integral was to solve. In this test, problem number [11] had the largest ratio of [ 0.8333 ]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized - d
. Sy . ntegran ber of rul
# | grade steps unique antiderivative N SR T
leaf size integrand leaf size
used rules leaf size
1 A 6 6 1. 10 0.6

Continued on next page




Table 2.1 — continued from previous page

number of num?)er of no.rma.lize.d integrand —
# | grade steps unique antldem./atlve leaf size togrand leaf size
used rules leaf size

2 A 5 5 1. 10 0.5
3 A 4 4 1. 8 0.5
4 A 0 0 0. 0 0.

5 A 0 0 0. 0 0.

6 A 7 7 1. 12 0.583
7 A 6 6 1. 12 0.5
8 A 3 3 1. 10 0.3
9 A 0 0 0. 0 0.
10 A 0 0 0. 0 0.
11 A 13 10 1. 12 0.833
12 A 9 8 1. 12 0.667
13 A 7 7 1. 10 0.7
14 A 0 0 0. 0 0.
15 A 0 0 0. 0 0.
16 A 5 3 1. 20 0.15
17 A 4 3 1. 20 0.15
18 A 3 3 1. 18 0.167
19 A 7 4 1. 20 0.2
20 A 7 4 1. 20 0.2
21 A 8 5 1. 20 0.25
22 A 10 3 1. 20 0.15
23 A 8 3 1. 20 0.15
24 A 7 3 1. 18 0.167
25 A 21 5 1. 20 0.25
26 A 24 7 1. 20 0.35
27 A 14 3 1. 20 0.15
28 A 11 3 1. 20 0.15
29 A 11 3 1. 18 0.167
30 A 53 7 1. 20 0.35
31 A 60 9 1. 20 0.45
32 A 0 0 0. 0 0.
33 A 0 0 0. 0 0.

Continued on next page
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Table 2.1 — continued from previous page

number of num?)er of no.rma.lize.d integrand —
# | grade steps unique antldem./atlve leaf size mtogrand leaf size
used rules leaf size

34 A 2 2 1. 20 0.1
35 A 4 2 1. 20 0.1
36 A 5 2 1. 20 0.1
37 A 8 7 1. 18 0.389
38 A 7 6 1. 18 0.333
39 A 6 5 1. 16 0.312
40 A 0 0 0. 0 0.
41 A 0 0 0. 0 0.
42 A 15 9 1. 20 0.45
43 A 13 10 1. 20 0.5
44 A 9 7 1. 18 0.389
45 A 0 0 0. 0 0.
46 A 0 0 0. 0 0.
47, A 28 11 1. 20 0.55
48 A 22 11 1. 20 0.55
49 A 16 9 1. 18 0.5
50 A 0 0 0. 0 0.
51 A 0 0 0. 0 0.
52 A 6 6 1. 20 0.3
53 A 5 5 1. 20 0.25
54 A 4 4 1. 18 0.222
55 A 0 0 0. 0 0.
56 A 0 0 0. 0 0.
57 A 28 10 1. 20 0.5
58 A 24 11 1. 20 0.55
59 A 5 5 1. 18 0.278
60 A 0 0 0. 0 0.
61 A 0 0 0. 0 0.
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Chapter 3

Listing of integrals

3.1 fx3 coth(a + bx) dx

Optimal. Leaf size=87

3x?PolyLog (2, 20+t 3xPolyLog (3, 2+t 3PolyLog (4, ez(“bx)) x3log (1 - ez(“”’x)) x4

202 20 1 * b 1

[Out] -x"4/4 + (x73*Logl[l - E"(2%(a + b*x))])/b + (3*x"2xPolyLogl[2, E~(2%(a + b*x
))1)/(2xb~2) - (3*x*xPolyLogl3, E~(2*(a + b*x))])/(2xb~3) + (3*PolyLogl4, E~
(2%(a + b*x))])/(4%b~4)

Rubi [A] time = 0.158773, antiderivative size = 87, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 10, /e T

0.6, Rules used = {3716, 2190, 2531, 6609, 2282, 6589}

integrand size

3x?PolyLog (2, ez(“”’x)) 3xPolyLog (3, ez(“”’x)) 3PolyLog (4, ez(”+bx)) x3log (1 - ez(”+b")) A

202 20 * 1 * b 1

Antiderivative was successfully verified.

[In] Int[x"3*Cothl[a + b*x],x]

[Out] -x"4/4 + (x73*Logl[l - E"(2%(a + b*x))])/b + (3*x"2xPolyLog[2, E~(2%(a + b*x
))1)/(2%b~2) - (3*x*xPolyLog[3, E~(2x(a + bx*x))])/(2%b~3) + (3*PolyLogl4, E~
(2%(a + b*x))])/(4%b~4)

33
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Rule 3716

Int[((C_.) + (d_.)*(X_))A(m__)*tan[(e_.) + Pj_*(k__) + (Complex[O, fZ_])*(f_
Dx(x_ )1, x_Symboll :> -Simp[(I*(c + d*x)~(m + 1))/(dx(m + 1)), x] + Dist[2
*I, Int[((c + d*x) m*E~(2%(-(I*e) + fxfz*x)))/(E~(2%I*k*Pi)*(1 + E~(2%(-(Ix
e) + fxfz*x))/E~(2xI*k*Pi))), x1, x] /; FreeQ[{c, d, e, f, fz}, x] && Integ
erQ[4xk] && IGtQ[m, O]

Rule 2190

Int[(((F )~ ((g_)*x((e_.) + (£_)*xE DN~ (n_)*((c_.) + (d_)*(x))"(m_.))/
(@) + (b_I*(F_)~((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*Log[1 + (b*x(F~(g*(e + f*x)))"n)/al)/(bxf*xgtn*Log[F]), x] - Di
st [(d*m) / (b*f*g*n*Log[F]), Int[(c + d*x)~(m - 1)*Log[l + (bx(F~(g*(e + f*x)
))n)/al, x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

Rule 2531

Int[Logll + (e_ . )*((F)"((c_)*((a_.) + (b_)*& DN~ (@_NI*x((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(e*x(F~(c*(a + b*x
)))7n) 1)/ (bxc*n*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + gxx)~(m -
1)*PolyLog[2, -(ex(F~(c*(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, f
, g, n}, x] && GtQ[m, O]

Rule 6609

Int[((e_.) + (f_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F_)"((c_.)*x((a_.) + (b_.
)*¥(x_))))"(p_.)], x_Symbol] :> Simp[((e + f*x) m*PolyLog[n + 1, d*(F~(c*(a
+ b*x)))"pl)/ (bxcxp*xLog[F]1), x] - Dist[(f*m)/(b*c*p*Logl[F]), Int[(e + f*x)~
(m - 1)*PolyLogl[n + 1, d*(F~(c*(a + b*x)))~pl, x], x] /; FreeQ[{F, a, b, c,
d, e, £, n, p}, x] && GtQ[m, 0]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst [Int[FunctionO0fExponentialFunction[u, x]/x, x], x, v], x]1] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_ )*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] & IntegerQ[m*n]] && !'MatchQ[u, E"((c_.)*((a_.) + (b_.)*x))*
(F)I[v.] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogln_, (c_.)*((a_.) + (b_)*x(x_))"(p_.01/Cd_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLogl[n + 1, cx(a + bxx) " pl/(exp), x] /; FreeQ[{a, b, c, d
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, e, n, pt, x] && EqQ[b*d, axe]

Rubi steps

x4 62(a+bx)x3
fX3COth(ll + bX)dX = —Z —medx
¥ xPlog (1 - ez(“”’x)) 3 [x%log (1 — ez(“bx)) dx

4 b b

xPlog (1 - ez(”+hx)) 3x°Li, (ez(”+b")) 3 [ xLi (ez(“bx)) dx
=37 b " 22 B P2

¢ Blog (1 _ eZ(a+bx)) 3x2Li, (ez(a+bx)) 3xLis (ez(a+bx)) 3 fLig, (eZ(a+bx)) dx
“Ta T b T T 23

PR log (1 _ 62(a+bx)) 3x2Li2 (62(a+bx)) 3xLi; (62(a+bx)) 3 Subst (f @ dx, x, 2@
“Ta T b T T 1b

&4 Blog (1 _ ez(a+bx)) 3L, (62(a+bx)) 3xLis (ez(a+bx)) 3Li, (62(a+bx))
—Ta b T T T

Mathematica [A] time = 0.0097344, size = 91, normalized size = 1.05

3x?PolyLog (2, eZ“+2bx) 3xPolyLog (3, 62“2’”‘) 3PolyLog (4, 21 2x)  x3log (1 - ez‘”z’”‘) x*

202 203 * 10 * b 1

Antiderivative was successfully verified.

[In] Integrate[x~3*Coth[a + b*x],x]

[Out] -x"4/4 + (x73*Logl[l - E~(2%a + 2%b*x)])/b + (3*xx"2*PolyLog[2, E~(2%a + 2x*Dbx
x)])/(2¥b~2) - (3*x*PolyLog[3, E~(2%a + 2*b*x)])/(2¥b~3) + (3*PolyLog[4, E~
(2%a + 2¥b¥x)])/(4*b~4)

Maple [B] time = 0.101, size = 200, normalized size = 2.3

4 g3ln(ebtr -1 a®ln (e+7)  In (1 - eP*+a) 43 polylog (2, —e?**7) x? polylog (3, —e™**)x In
O s W s L O R R E

Verification of antiderivative is not currently implemented for this CAS.



36

[In] int(x"3*coth(b*x+a),x)

[Out] -1/4%x"4-1/b"4*a~3*1n(exp(b*x+a)-1)+2/b"4*a"3*1n(exp(b*x+a))+1/b"4*x1n(1l-exp
(b*x+a))*a~3+3/b~2*polylog(2,-exp(b*x+a))*x~2-6/b"3*polylog(3,-exp(b*x+a)) *
x+1/b*1n(1-exp(b*x+a))*x~3+3/b~2*polylog(2,exp(b*x+a))*x~2-6/b~3*polylog(3,

exp (b*x+a) ) *x+1/b*1n(1+exp (b*x+a) ) *x~3+6/b~4*polylog(4,exp (b*x+a))+6/b"4*po
lylog(4,-exp(b*xx+a))-2/b"3*a"~3*x-3/2/b"4*a~4

Maxima [B] time = 1.04828, size = 230, normalized size = 2.64

o wt 2(0Px3log (@) +1) + 3b2%x2Li, (-e®¥+9) — 6 bxLis(—e®*+?)) + 6 Liy(-

1
14 -~ |t -
4X coth (bx + a) 2 | pe@bx+2a) _p * b b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*coth(b*x+a),x, algorithm="maxima"

[Out] 1/4*x"4x*coth(b*x + a) - 1/2%(x"4/(b*e”(2%b*x + 2%a) - b) + x74/b - 2% (b"3*x
“3*log(e”(b*x + a) + 1) + 3*b~2*x"2*dilog(-e~ (b*x + a)) - 6xb*x*polylog(3,
-e”(b*x + a)) + 6*xpolylog(4, -e~(b*x + a)))/b~5 - 2*%(b~3*xx"3*log(-e~ (b*x +

a) + 1) + 3*%b72*x72+dilog(e” (b*x + a)) - 6*b*xx*polylog(3, e (b*x + a)) + 6%
polylog(4, e~ (b*x + a)))/b~5)*Db

Fricas [C] time = 2.54141, size = 644, normalized size = 7.4

bx* — 4 b3x3 log (cosh (bx + a) + sinh (bx + a) + 1) — 12 b*x?Li, (cosh (bx + a) + sinh (bx + a)) — 12 b?>x?Li, (- cosh (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*coth(bx*x+a),x, algorithm="fricas")

[Out] -1/4%(b~4*x~4 - 4xb~3xx"3*log(cosh(b*x + a) + sinh(b*x + a) + 1) - 12%b72xx
~2xdilog(cosh(b*x + a) + sinh(b*x + a)) - 12*b~2*x"2xdilog(-cosh(b*x + a) -
sinh(b*x + a)) + 4*a~3*log(cosh(b*x + a) + sinh(b*x + a) - 1) + 24xbx*x*pol
ylog(3, cosh(b*x + a) + sinh(b*x + a)) + 24*b*xx*polylog(3, -cosh(b*x + a) -
sinh(b*x + a)) - 4*%(b”3*x"3 + a~3)*log(-cosh(b*x + a) - sinh(b*x + a) + 1)
- 24xpolylog(4, cosh(b*x + a) + sinh(b*x + a)) - 24*polylog(4, -cosh(b*x +
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a) - sinh(b*x + a)))/b~4

Sympy [F] time = 0., size = 0, normalized size = 0.

f x3 coth (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*coth(bxx+a),x)

[Out] Integral (x**3*coth(a + b*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

fx3 coth (bx + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*coth(b*x+a),x, algorithm="giac")

[Out] integrate(x~3*coth(b*x + a), x)
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3.2 fxz coth(a + bx) dx

Optimal. Leaf size=63

xPolyLog (2, ez(a+bx)) PolyLog (3/ ez(a+bx)) x2log (1 _ ez(a+bx)) 3

B2 20 * b 3

[Out] -x73/3 + (x72*Log[l - E~(2*(a + b*x))])/b + (x*PolyLogl[2, E~(2*(a + b*x))])
/b"2 - PolyLog[3, E~(2*x(a + b*x))]/(2*b"3)

Rubi [A] time = 0.13454, antiderivative size = 63, normalized size of antiderivative = 1.,

. . ber of rul
number of steps used = 5, number of rules used = 5, integrand size = 10, e T = 0.5,

Rules used = {3716, 2190, 2531, 2282, 6589}

integrand size

xPolyLog (2, ez(‘”bx)) PolyLog (3, ez(‘”b")) x?log (1 - ez(‘”bx)) 3

P2 20 * b 3

Antiderivative was successfully verified.

[In] Int[x"2*Coth[a + b*x],x]

[Out] -x73/3 + (x"2*Logl[l - E~(2x(a + b*x))])/b + (x*PolyLogl[2, E~(2x(a + bx*x))])
/b2 - PolyLogl[3, ET(2x(a + bxx))]/(2*¥b~3)

Rule 3716

Int[((c_.) + (d_)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz ])*(f_
D*(x_ )], x_Symbol]l :> -Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2
*I, Int[((c + d*x) m*xE~ (2% (=(Ixe) + f*xfzxx)))/(E~(2xI*k*Pi)*(1 + E~(2*(-(Ix*
e) + fxfzix))/E~(2%Ixk*Pi))), x], x] /; FreeQl{c, d, e, f, fz}, x] && Integ
erQ[4xk] && IGtQ[m, O]

Rule 2190

Int [(C(F_)~((g_)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_.)*x((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"mxLog[l + (b*x(F~(gx(e + fxx)))"n)/al)/(bxf*g*n*Log[F]), x] - Di
st [(d*m) / (b*xf*g*n*xLog[F]), Int[(c + d*x)"(m - 1)*Logl[l + (bx(F~(gx(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2531
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Int[Log[l + (e_.)*((F_)"((c_.)*x((a_.) + (b_)*(x_)))) " (n_D1*x((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(e*x(F~(c*(a + b*x
)))"n)]1)/(b*cxn*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x) " (m -
1)*PolyLog[2, -(ex(F~(cx(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, nt, x] && GtQ[m, 0]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst[Int[Function0fExponentialFunction[u, x]1/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E"((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogn_, (c_.)*((a_.) + (b_.)*(x_))"(p_.01/((d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLogln + 1, c*(a + b*x)“pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[b*xd, axe]

Rubi steps

, X 2(u+bx)x
f x= coth(a + bx)dx = 3 f 1_ 62(a+bx)

3 leg( _ 2(a+bx)) ?_fxlog (1 _32(a+bx)) dx

jg, 2 log (1 ki 62(a+hx)) xLi, (82(a+bxlj) le ( 2(a+bx))

B b TR P2

o ) 12 log (1 - 20+ ) xLip (20409 Subst ( il @ dx, x, ez(”+b"))
3 b b2 2b3
3 2 log (1 _ 82(a+bx)) xLi, (32(a+bx)) Li, (82(a+bx))

B b T e T W

Mathematica [A] time = 0.0095108, size = 66, normalized size = 1.05

xPolyLog (2, eZa+2bx) PolyLog (3, eZa+2bx) 2 log (1 _ eZa+2bx) 3
b2 - 203 b 3

Antiderivative was successfully verified.
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[In] Integrate[x~2*Coth[a + b*x],x]

[Out] -x73/3 + (x72*Log[l - E~(2*a + 2*bx*x)])/b + (x*PolyLogl[2, E~(2*a + 2*xbx*x)])
/b2 - PolyLogl[3, E~(2%a + 2%b*x)]/(2*b~3)

Maple [B] time = 0.03, size = 166, normalized size = 2.6

¥ a’ln (eb"+“ - 1) 2’ 1n (eb““) 2y 443 In (1 + eb"+“) x>  polylog (2, —eb““) x  polylog (3, —¢
BT e ettt P2 "2 b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*coth(b*x+a),x)

[Out] -1/3%x73+1/b~3*a~2*1n(exp(b*x+a)-1)-2/b"3*xa~2*1n(exp(b*x+a))+2/b"2%a~2*x+4/
3/b73%a”3+1/b*1n(1+exp (b*x+a))*x~2+2/b"2*polylog(2, —exp (b*x+a) ) *x-2/b~3*pol
ylog(3,-exp(b*x+a))+1/b*1ln(1l-exp(b*x+a))*x"2-1/b"3*1n(1-exp (b*x+a))*a~2+2/b
~2*polylog(2,exp(b*x+a))*x-2/b"3*polylog(3,exp (b*x+a))

Maxima [B] time = 1.10507, size = 186, normalized size = 2.95

1 2x3 23 3 (bzx2 log (e(bx“’) + 1) +2bxLi, (—e(bx+”)) -2 Li3(—e(bx+”))) 3 (bzx2 ]

1
3
gx COth(bX'Fa)—g M'FT— b4 —

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*coth(b*x+a),x, algorithm="maxima"

[Out] 1/3*x73*coth(bxx + a) - 1/3%(2xx73/(b*e”(2%b*x + 2%a) - b) + 2*x"3/b - 3*(b
~2%x72x1log(e” (b*x + a) + 1) + 2*bxx*dilog(-e~(b*x + a)) - 2xpolylog(3, -e~(

b*x + a)))/b74 - 3x(b~2*x"2xlog(-e~(b*x + a) + 1) + 2*b*x*dilog(e” (b*x + a)

) - 2xpolylog(3, e~ (b*x + a)))/b~4)*b

Fricas [C] time = 2.19446, size = 489, normalized size = 7.76

b3x3 — 3b%x? log (cosh (bx + a) + sinh (bx + a) + 1) — 6 bxLi, (cosh (bx + a) + sinh (bx + a)) — 6 bxLi, (— cosh (bx + 4
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*coth(b*x+a),x, algorithm="fricas")

[Out] -1/3%(b"3%x"3 - 3*b~2xx"2*log(cosh(b*x + a) + sinh(b*x + a) + 1) - 6xbxx*di
log(cosh(b*x + a) + sinh(b*x + a)) - 6*b*x*dilog(-cosh(b*x + a) - sinh(b*x

+ a)) - 3*a"2xlog(cosh(b*x + a) + sinh(b*xx + a) - 1) - 3*(b"2*x"2 - a~2)*lo
g(-cosh(b*x + a) - sinh(b*x + a) + 1) + 6*%polylog(3, cosh(b*x + a) + sinh(b

*x + a)) + 6*polylog(3, -cosh(b*x + a) - sinh(b*x + a)))/b~3

Sympy [F] time = 0., size = 0, normalized size = 0.

f x% coth (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*coth(b*x+a),x)

[Out] Integral (x**2*coth(a + b*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

fo coth (bx + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*coth(b*x+a),x, algorithm="giac")

[Out] integrate(x~2*coth(b*x + a), x)
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3.3 fx coth(a + bx) dx

Optimal. Leaf size=45

PolyLog (2, ez(””’x)) xlog (1 - ez(a+bx)) 2

202 * b 2

[Out] -x72/2 + (x*xLogl[l - E~(2x(a + b*x))])/b + PolyLog[2, E~(2x(a + b*x))]/(2xb~
2)

Rubi [A] time = 0.0847552, antiderivative size = 45, normalized size of antiderivative =

. . b f rul
1., number of steps used = 4, number of rules used = 4, integrand size = 8, e

integrand size
0.5, Rules used = {3716, 2190, 2279, 2391}

PolyLog (2, ez(”””‘)) xlog (1 - e2(ﬂ+hx)) 2

202 * b 2

Antiderivative was successfully verified.

[In] Int[x*Coth[a + b*x],x]

[Out] -x72/2 + (x*xLogl[l - E7(2x(a + b*x))])/b + PolyLog[2, E~(2x(a + b*x))]/(2xb~
2)

Rule 3716

Int[((c_.) + (Ad_)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz 1)*(f_
O*x(x_ )], x_Symbol] :> -Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2
*I, Int[((c + d*xx) " m*xE" (2% (-(I*xe) + fxfzxx)))/(E-(2xIxk*Pi)*(1 + E~(2x(-(I*
e) + fxfzix))/E~(2%Ixk*Pi))), x], x] /; FreeQl{c, d, e, f, fz}, x] && Integ
erQ[4xk] && IGtQ[m, O]

Rule 2190

Int [(CCF_)~((g_D*((e_.) + (£_.)*(x_))))"(n_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_)*((e_.) + (f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m*Log[1l + (b*x(F~(gx(e + f*x)))™n)/al)/(bxf*g*nxLogl[F]), x] - Di
st [(d*m) / (bxfxg*nxLog[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, 0]

Rule 2279
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Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

Rule 2391
Int[Log[(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcx*d, 1]

Rubi steps

2 2(a+bx)
fxcoth(a + bx)dx = X —2f18—xd

2 — 32(ﬂ+bx) X

x> xlog (1 - 62(a+bx)) f]og (1 _ 62(a+bx)) dx
=—-—=+ _

2 b b
_ 2 xlog (1 - c2se9)  Subst ( [ g, 62(a+bx))
S22 b 212

2  xlog (1 - ez(a+bx)) Li, (€Z(a+bx))

2 b 2

Mathematica [A] time = 0.0060498, size = 47, normalized size = 1.04

PolyLog (2’ eZa+2bx) xlog (1 _ 62u+2bx) 2
212 b 2

Antiderivative was successfully verified.

[In] Integrate[x*Coth[a + bx*x],x]

[Out] -x72/2 + (x*Logl[l - E~(2%a + 2*b*x)])/b + PolyLog[2, E™(2%a + 2xb*x)]/(2*b~
2)

Maple [B] time = 0.026, size = 122, normalized size = 2.7

2 2 In(1+e™)x  polylog(2,—e?*?) In(1-e™)x In(1-e™)a polylog(2,et*+
_%_2%_%+(b)+ 1(72 )+(b)+(b2)+ b(2 )

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(x*coth(b*x+a),x)

[Out] -1/2%x72-2/b*a*x-a"2/b"2+1/b*1n(1+exp (b*x+a))*x+1/b"2*polylog(2,-exp(b*x+a)
)+1/b*1n(1-exp(b*x+a))*x+1/b~2*1n(1-exp(b*x+a))*a+1/b"2xpolylog(2,exp (b*x+a
))-1/b"2*a*x1ln(exp (b*x+a)-1)+2/b~2*ax1n (exp (b*x+a))

Maxima [B] time = 1.05142, size = 132, normalized size = 2.93

x2 x2  bxlog (e(bx”) -+ 1) + Li, (—e(b’“”)) bx log (—e(b"+“) -+ 1) + Li, (e(b“”))

1
2
Ex COth(bx-i'l;l)—b W'F? b3 03

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*coth(b*x+a),x, algorithm="maxima"

[Out] 1/2*x72xcoth(b*x + a) - b*(x"2/(b*e” (2%b*x + 2%a) - b) + x72/b - (b*x*log(e
“(b*x + a) + 1) + dilog(-e ™ (b*x + a)))/b"3 - (bxxxlog(-e”(bxx + a) + 1) + d
ilog(e” (b*x + a)))/b"3)

Fricas [B] time = 2.15813, size = 336, normalized size = 7.47

b2x? — 2 bx log (cosh (bx + a) + sinh (bx + a) + 1) + 2 alog (cosh (bx + a) + sinh (bx + a) —= 1) — 2 (bx + a) log (- cosh
- 212

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*coth(b*x+a),x, algorithm="fricas")

[Out] -1/2%(b~2*x"2 - 2%b*xxlog(cosh(b*x + a) + sinh(b*x + a) + 1) + 2*axlog(cosh
(b*x + a) + sinh(b*x + a) - 1) - 2*(b*x + a)*log(-cosh(b*x + a) - sinh(b*x

+ a) + 1) - 2+xdilog(cosh(b*x + a) + sinh(b*x + a)) - 2*dilog(-cosh(b*x + a)

- sinh(b*x + a)))/b"2

Sympy [F] time = 0., size = 0, normalized size = 0.

fx coth (a + bx) dx



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*coth(b*x+a),x)

[Out] Integral(x*coth(a + b*x), x)

45

Giac [F] time = 0., size = 0, normalized size = 0.

fx coth (bx + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*coth(b*x+a),x, algorithm="giac")

[Out] integrate(x*coth(b*x + a), x)
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3 4 f coth(a+bx) dx

X
Optimal. Leaf size=12
th(a+0b
Unintegrable (w, x)
X

[Out] Unintegrable[Coth[a + b*x]/x, x]

Rubi [A] time = 0.0164414, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, — :
integrand size

*)

Rules used = {}
coth(a + bx)
f — dx

Verification is Not applicable to the result.

[In] Int[Cothl[a + b*x]/x,x]

[Out] Defer[Int] [Coth[a + b*x]/x, x]

Rubi steps

coth(a + bx) coth(a + bx)
f — dx = f — dx

Mathematica [A] time = 12.2113, size = 0, normalized size = 0.

coth(a + bx)
[

Verification is Not applicable to the result.

[In] Integrate[Coth[a + b*x]/x,x]

[Out] Integrate[Coth[a + b*x]/x, x]
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Maple [A] time = 0.085, size = 0, normalized size = 0.

coth (bx + a)
f — dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(b*x+a)/x,x)

[Out] int(coth(b*x+a)/x,x)

Maxima [A] time = 0., size = 0, normalized size = 0.

1 1
- f T dx + f T dx + log (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)/x,x, algorithm="maxima"

[Out] -integrate(1l/(x*e”(b*x + a) + x), x) + integrate(l/(x*e”(b*x + a) - x), x)

+ log(x)

Fricas [A] time = 0., size = 0, normalized size = 0.

coth (bx + a) )
_ X

integral (
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)/x,x, algorithm="fricas")

[Out] integral(coth(b*x + a)/x, x)

Sympy [A] time = 0., size = 0, normalized size = 0.

coth (a + bx)
f — dx



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)/x,x)

[Out] Integral(coth(a + bxx)/x, x)

48

Giac [A] time = 0., size = 0, normalized size = 0.

coth (bx + a)
f — dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)/x,x, algorithm="giac")

[Out] integrate(coth(b*x + a)/x, x)
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35 f coth(a+bx) dx

x2
Optimal. Leaf size=12
th(a+0b
Unintegrable (w, x)
x

[Out] Unintegrable[Coth[a + b*x]/x"2, x]

Rubi [A] time = 0.016917, antiderivative size = 0, normalized size of antiderivative = 0.,
number of rules

number of steps used = 0, number of rules used = 0, integrand size = 0, - — =
integrand size

*)

Rules used = {}
coth(a + bx)
[T
X

Verification is Not applicable to the result.

[In] Int[Cothl[a + b*x]/x"2,x]

[Out] Defer[Int] [Coth[a + b*x]/x"2, x]
Rubi steps

coth(a + bx) coth(a + bx)
f ———dx= f ————dx
X X

Mathematica [A] time = 18.1177, size = 0, normalized size = 0.

coth(a + bx)
f —5
x

Verification is Not applicable to the result.

[In] Integrate[Coth[a + b*x]/x"2,x]

[Out] Integrate[Coth[a + b*x]/x72, x]
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Maple [A] time = 0.055, size = 0, normalized size = 0.

coth (bx + a)
f — dx
b%

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(b*x+a)/x"2,x)

[Out] int(coth(b*x+a)/x"2,x)

Maxima [A] time = 0., size = 0, normalized size = 0.

1 1 1
3 f ol g2 Xt f 2ot — 2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)/x"2,x, algorithm="maxima"

[Out] -1/x - integrate(l/(x"2*e”(b*x + a) + x72), x) + integrate(1l/(x"2*e”(b*x +
a) - x72), x)

Fricas [A] time = 0., size = 0, normalized size = 0.

. (coth (bx + a) )
integral — X
x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)/x"2,x, algorithm="fricas")

[Out] integral(coth(b*x + a)/x"2, x)

Sympy [A] time = 0., size = 0, normalized size = 0.

coth (a + bx)
f — dx
b%



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)/x**2,x)

[Out] Integral(coth(a + b*x)/x**2, x)
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Giac [A] time = 0., size = 0, normalized size = 0.

coth (bx + a)
[ohtrra,
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)/x"2,x, algorithm="giac")

[Out] integrate(coth(b*x + a)/x"2, x)



52

3.6 f 23 coth®(a + bx) dx

Optimal. Leaf size=87

3xPolyLog (2, ez(“+bx)) 3PolyLog (3, ez(”+bx)) 3x2log (1 - ez(”+bx)) x3coth(a+bx) ¥
2 ) 204 * 2 ) b RS

[Out] -(x"3/b) + x~4/4 - (x"3*Coth[a + b*x])/b + (3*x"2*Log[l - E~(2*(a + b*x))])
/b2 + (3*x*PolyLogl[2, E"(2x(a + b*x))])/b~3 - (3*xPolyLogl[3, E~(2x(a + b*x)
)1)/(2%b~4)

Rubi [A] time = 0.177601, antiderivative size = 87, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 7, integrand size = 12, e e .

0.583, Rules used = {3720, 3716, 2190, 2531, 2282, 6589, 30}

integrand size

3xPolyLog (2, ez(“””‘)) 3PolyLog (3, ez(“+b")) N 3x%log (1 - ez(“+b")) x3coth(a+bx) ¥

b3 2b4 b? b b

Antiderivative was successfully verified.

[In] Int[x"3*Coth[a + b*x]~2,x]

[Out] -(x73/b) + x74/4 - (x73*Coth[a + bxx])/b + (3*x"2*Log[l - E~(2*x(a + b*x))])
/b~2 + (3*x*PolyLog[2, E"(2x(a + bxx))])/b~3 - (3*PolyLogl3, E~(2*(a + b*x)
)1)/(2%b~4)

Rule 3720

Int[((c_.) + (A_D)*x_))"(m_.)*x((b_.)*tanl[(e_.) + (£_.)*(x_)]1)"(n_), x_Symb
0l] :> Simp[(b*(c + d*x) “m*(bxTan[e + f*x])~(n - 1))/(f*(n - 1)), x] + (-Di
st[(bxd*m)/(fx(n - 1)), Int[(c + d*x)"(m - 1)*(bxTan[e + f*x])"(n - 1), x],
x] - Dist[b”2, Int[(c + d*xx) m*x(b*Tan[e + fxx]) " (n - 2), x], x]) /; FreeQl[
{b, ¢, 4, e, £}, x] && GtQ[n, 1] && GtQ[m, O]

Rule 3716

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz_])*(f_
O*x(x_ )], x_Symbol] :> -Simp[(Ix(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2
*I, Int[((c + d*x) " m*xE~(2x(-(I*xe) + fxfz*x)))/(E-(2xIxk*Pi)*(1 + E~(2x(-(Ix
e) + fxfz*x))/E~(2+Ixk*Pi))), x], x] /; FreeQl{c, d, e, f, fz}, x] && Integ
erQ[4xk] && IGtQ[m, O]
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Rule 2190

Int [(C(F_)~((g_)*x((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(a_) + (b_)*((F_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) mxLog[1 + (b*(F~(g*(e + f*x)))"n)/al)/(bxf*gxn*Log[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2531

Int[Logll + (e_)*((F_)"((c_)*((a_.) + (b_)*(x_))))"(n_)1*((f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + b*x
)))"n)1)/(bxcxn*xLog[F]1), x] + Dist[(g*m)/(b*c*n*Logl[F]), Int[(f + g*x) " (m -
1)*PolyLog[2, -(ex(F~(cx(a + b*x)))™n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, n}, x] && GtQ[m, O]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential([u, x]}, Dist[v/D[v, x]
, Subst [Int[FunctionO0fExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] &% IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogln_, (c_.)*((a_.) + (b_)*x(x_))"(p_.01/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)"pl/(exp), x] /; FreeQ[{a, b, ¢, d
, €, n, pt, x] & EqQ[b*d, axe]

Rule 30
Int[(x_)~(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N

eQm, -1]

Rubi steps
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3coth(a+b 3 [ x2 coth(a + bx) dx
fx3 coth®(a + bx) dx = O ;a x) + f b( ) + fx3 dx
2(a+bx) .2
x> x* x’coth(a + bx) 6 f i_ez(ﬁjx) dx
b 4 b b
S N ¥ x3coth(a + bx) . 3x2log (1 —~ ez(””’x)) 6 [xlog (1 - ez(”+b")) dx
b 4 b b? b2
S . ¥t %3 coth(a + bx) . 3x? log (1 — e2a+0) . 3xLi, (e2e+09) 3 ['Li, (e2@+09) dx
b4 b b2 v v
2 2(a-+bx) i (p2(a+bx) BSbthd'
_ x3+x4 x3coth(u+bx)+3x 10g(1—€(” x)+3XL12(€ 8 x) ubs x
b 4 b b2 v 20
) B 2 x3coth(a + bx) 352 log (1 _ 62(a+bx)) 3xLi, (62(a+bx)) 3Li, (32(a+bx))
STy T b " P2 " b B

Mathematica [B] time = 3.92103, size = 204, normalized size = 2.34

21 (6 (1 - 3‘2”) (beolyLog (2, —e‘“‘bx) + PolyLog (3, —e‘”‘b")) +6 (1 - 6‘2“) (beolyLog (2, e‘”‘bx) + PolyLog (3,

(62” - 1) b*

Antiderivative was successfully verified.

[In] Integrate[x~3*Coth[a + b*x]~2,x]

[Out] x~4/4 - (E~(2*a)*((2%b~3xx"3)/E~(2xa) - 3*b~2x(1 - E~(-2%a))*x"2xLog[l - E~

(ma - bxx)] - 3*%b72x(1 - E~(-2%a))*x"2*Log[l + E"(-a - b*x)] + 6%(1 - E7(-2
xa) ) *x (bxx*PolyLog[2, -E~(-a - b*x)] + PolyLog[3, -E"(-a - bxx)]) + 6%x(1 - E
~(-2%a) ) *(b*x*xPolyLog[2, E"(-a - b*x)] + PolyLog[3, E"(-a - b*x)])))/(b~4x*(
-1 + E7(2%a))) + (x73*Csch[a]*Csch[a + b*x]*Sinh[b*x])/b

Maple [B] time = 0.028, size = 198, normalized size = 2.3

4 3 a?1n (eb’““ - 1) a?ln (ebx+“) B 2 B In (1 + ebx+”) x?

2 +3 2 46244l 43

‘ polylog (2,

4 b (ez bx+2a _ 1) bt -6 b4 b b3 bt b2
Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*coth(b*x+a)~2,x)

b3
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[Out] 1/4*x~4-2%x"3/b/(exp(2*b*x+2*a)-1)+3/b~4*a”2*1n(exp (b*x+a)-1)-6/b 4*a~2x1n(
exp (b*x+a) ) -2*xx~3/b+6/b~3*a”~2*x+4/b~4*%a~3+3/b~2x1n (1+exp (b*x+a) ) *x~2+6/b~ 3
polylog(2,-exp(b*x+a))*x-6/b"4*polylog(3,-exp(b*x+a))+3/b~2*1n(1-exp (b*x+a)
)*x72-3/b"4*1n(1-exp(b*x+a))*a”~2+6/b"3*polylog(2,exp (b*x+a))*x-6/b"4*polylo
g(3,exp(b*x+a))

Maxima [A] time = 1.379, size = 197, normalized size = 2.26

253 brte@bx+20) _pyh g3 3 (b2x2 log (e“’"“” + 1) +2bxLi, (—e(bx+“)) -2 Li3(—e(b"+”))) 3 (b2x2 log (—e(bx'
T 4 (be(2 bx+2a) _ b) * b *

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*coth(b*x+a)~2,x, algorithm="maxima")

[Out] -2%x73/b + 1/4x(b*x~4*e” (2%b*x + 2*%a) - bxx"4 - 8%x73)/(b*e” (2*b*x + 2%a) -
b) + 3x(b"2xx"2xlog(e”(b*x + a) + 1) + 2xb*x*dilog(-e~(b*x + a)) - 2*polyl

0g(3, —e"(b*x + a)))/b™4 + 3*%(b"2*x"2xlog(-e~(b*x + a) + 1) + 2*b*x*dilog(e
“(b*x + a)) - 2xpolylog(3, e~ (b*x + a)))/b74

Fricas [C] time = 2.24419, size = 1643, normalized size = 18.89

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*coth(b*x+a)~2,x, algorithm="fricas")

[Out] -1/4*(b"4*x"4 - 8*a~3 - (b"4*x"4 - 8*b"3*x"3 - 8*a~3)*cosh(b*x + a)”2 - 2x*(
b~4*x~4 - 8*b~3%x73 - 8*a~3)*cosh(b*x + a)*sinh(b*x + a) - (b”4*x74 - 8%b~3
*x73 - 8*a~3)*sinh(b*x + a)~2 - 24%(bxx*cosh(b*x + a)~2 + 2xbxx*cosh(bxx +
a)*sinh(b*x + a) + bxx*sinh(b*x + a)~2 - b*x)*dilog(cosh(b*x + a) + sinh(bx
X + a)) - 24x(b*x*cosh(b*x + a)~2 + 2*xbxx*xcosh(b*x + a)*sinh(b*x + a) + b*x
xsinh(b*x + a)”2 - b*x)*dilog(-cosh(b*x + a) - sinh(b*x + a)) - 12%x(b~2*x"2
*cosh(b*x + a)”2 + 2*xb"2xx"2*cosh(b*x + a)*sinh(b*x + a) + b~2*x"2*sinh(b*x
+ a)”2 - b"2*x"2)*log(cosh(b*x + a) + sinh(b*x + a) + 1) - 12*x(a"2xcosh(bx*
X + a)”"2 + 2xa"2*cosh(b*x + a)*sinh(b*x + a) + a"2*sinh(b*x + a)”™2 - a~2)*1
og(cosh(b*x + a) + sinh(b*x + a) - 1) + 12%(b"2*x"2 - (b72%x"2 - a~2)*cosh(
b*x + a)”2 - 2% (b"2%x"2 - a"2)*cosh(b*x + a)*sinh(b*x + a) - (b™2*x"2 - a~2
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)*sinh(b*x + a)~2 - a”2)*log(-cosh(b*x + a) - sinh(b*x + a) + 1) + 24*(cosh
(b*x + a)~2 + 2*cosh(b*x + a)*sinh(b*x + a) + sinh(b*x + a)~2 - 1)*polylog(
3, cosh(b*x + a) + sinh(b*x + a)) + 24x(cosh(b*x + a)~2 + 2*xcosh(b*x + a)x*s
inh(b*x + a) + sinh(b*x + a)~2 - 1)*polylog(3, -cosh(b*x + a) - sinh(b*x +
a)))/(b"4xcosh(b*x + a)~2 + 2%b~4xcosh(b*x + a)*sinh(b*x + a) + b~ 4*sinh (b*
X + a2 - b74)

Sympy [F] time = 0., size = 0, normalized size = 0.

f 3 coth® (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*coth(b*x+a)**2,x)

[Out] Integral(x**3*coth(a + b*x)**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f 3 coth (bx + a)* dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*coth(b*x+a)~2,x, algorithm="giac")

[Out] integrate(x~3*coth(b*x + a)~2, x)
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3.7 f x2 coth®(a + bx) dx

Optimal. Leaf size=65

PolyLog (2, ez(“b")) 2xlog (1 - e2(”+b")) x2coth(a+bx) 2 8
+ — -

b3 b? b b 3

[Out] -(x"2/b) + x73/3 - (x"2*Coth[a + b*x])/b + (2*x*Log[l - E"(2%(a + b*x))])/b
~2 + PolyLog[2, E"(2x(a + b*x))]/b"3

Rubi [A] time = 0.119435, antiderivative size = 65, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 12, LT

integrand size
0.5, Rules used = {3720, 3716, 2190, 2279, 2391, 30}

PolyLog (2, ez(“bx)) 2xlog (1 - 62(“+bx)) x?coth(a +bx) x* x3
+ — —

b3 b? b b

Antiderivative was successfully verified.

[In] Int[x"2*Coth[a + b*x]~2,x]

[Out] -(x"2/b) + x73/3 - (x72*Coth[a + bxx])/b + (2*xx*Log[l - E~(2%(a + bx*x))])/b
~2 + PolyLog[2, ET(2x(a + b*x))]/b~3

Rule 3720

Int[((c_.) + (d_)*(x_))"(m_.)*x((b_.)*tan[(e_.) + (f_.)*(x_)]1)"(n_), x_Symb
0ol] :> Simp[(b*(c + d*x) “m*(bxTan[e + f*x])~(n - 1))/(f*(n - 1)), x] + (-Di
st[(bxd*m)/(fx(n - 1)), Int[(c + d*x)"(m - 1)*(b*Tan[e + f*x])"(n - 1), x],
x] - Dist[b”2, Int[(c + d*xx) m*x(b*Tan[e + fxx]) " (n - 2), x], x]) /; FreeQl
{b, c, d, e, f}, x] && GtQ[n, 1] && GtQ[m, O]

Rule 3716

Int[((c_.) + (@_)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz 1)*(f_
O*x(x_ )], x_Symbol] :> -Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2
*I, Int[((c + d*x) " m*xE~ (2% (-(I*xe) + fxfzxx)))/(E-(2xIxk*Pi)*(1 + E~(2x(-(I*
e) + f*xfzxx))/E~(2xIxkxPi))), x], x] /; FreeQl[{c, d, e, f, fz}, x] && Integ
erQ[4xk] && IGtQ[m, O]

Rule 2190
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Int [(((F)~((g_)*((e_.) + (£_)*x )" (m_)*((c_.) + (d_)*(x_))"(m_.))/
((@)) + (b_)*((F)"((g_)*((e_.) + (£_)*(x_))))"(n_.)), x_Symboll :> Simp
[((c + d*x) m*Log[1l + (b*(F~(gx(e + £xx)))"n)/al)/(bxf*gxn*Logl[F1), x] - Di
st [(d*m) / (bxf*g*n*Log[F]), Int[(c + d*x)~(m - 1)*Log[1l + (bx(F~(gx(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, 0]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLog[2
, —(cxexx"n)]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlcx*d, 1]

Rule 30

Int[(x )" (m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rubi steps
2 coth(a + bx) 2 [ xcoth(a + bx) dx
fxzcothz(u+bx)dx:—x © ;a+ x)+ / ; ) +fx2dx
62(a+bx)x
S N x®  x2coth(a+bx) 4 / i O
A b b
x> x° x®coth(a+bx) 2xlog (1 - 62(”+b")) 2 [log (1 — ez(”+bx)) dx
B _? * 3 - b + b2 - b2
log(1-x) a+bx
x2  x3 x%coth(a+bx) 2xlog (1 - ez(u+bx)) Subst (f % dx, x, 2+ ))
_? + g — b + 12 - =
x> ¥ x2coth(a+bx) 2xlog (1 - 62(“+bx)) Li, (eZ(“”’x))
- _? * g - b + b2 + b3

Mathematica [C] time = 5.09045, size = 163, normalized size = 2.51

—POlyLOg (2’ e—Z(tanh_l(tanh(a))+bx)) — b2x2e™ tanhfl(ta,nh(a)) COth(a) ’sechz(a) + 2bx log (1 _ e—Z(tanh_l(tanh(a))+bx)) 12t
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Warning: Unable to verify antiderivative.

[In] Integrate[x~2*Coth[a + b*x]~2,x]

[Out] x73/3 + (I*b*Pi*x - I*PixLog[l + E~(2%bxx)] + 2*bxxxLogl[l - E~(-2*(b*x + Ar
cTanh[Tanh[a]]))] + I*PixLog[Cosh[b*x]] + 2*ArcTanh[Tanh[a]]*(b*x + Logl[l -
E~(-2x(b*x + ArcTanh[Tanh[al]))] - Logl[I*Sinh[b*x + ArcTanh[Tanh[a]l]]) -
PolyLog[2, E7(-2%(b*x + ArcTanh[Tanh[a]]))] - (b72*x"2*Coth[a]*Sqrt[Sech[al
~2])/E"ArcTanh[Tanh[a]])/b~3 + (x"2*Csch[al*Csch[a + b*x]*Sinh[b*x])/b

Maple [B] time = 0.029, size = 156, normalized size = 2.4

x 2 In (1 - ebx+“) X In (1 -

A S S S L L)
3 Th(etezion) bR B 2 * b 2

+2

° 2 x2  ax 4> _In (1 + ehx”) x ) polylog (2, —ebx+ﬂ)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*coth(b*x+a)”~2,x)

[Out] 1/3*x73-2xx72/b/ (exp(2*xbxx+2%a)-1)-2xx"2/b-4/b"2*a*x-2/b~3%a~2+2/b"2x1n(1+e
xp (b*x+a) ) *x+2/b~3*polylog(2, —exp (b*x+a))+2/b"2*1n(1-exp (b*x+a) ) *x+2/b~3*1n
(1-exp(b*x+a))*a+2/b"3*polylog(2,exp(b*x+a))-2/b~3*%a*x1ln(exp(b*x+a)-1)+4/b"3

*xa*x1n (exp (b*x+a))

Maxima [A] time = 1.34962, size = 146, normalized size = 2.25

2x2  pxBe@bxt2a) _py3 _gy2 2 (bx log (e(b“”) + 1) + Li, (—e(bx+a))) 2 (bx log (—e(b“”) + 1) + Li, (e(bx+“)))
. 3 (be(2 bx+2a) _ b) * b3 * b3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*coth(b*x+a)~2,x, algorithm="maxima")

[Out] -2*%x72/b + 1/3*(b*x"3*e” (2*b*x + 2%a) - b*x~3 - 6*x72)/(bxe” (2*¥b*x + 2%a) -
b) + 2x(bxx*log(e”(b*x + a) + 1) + dilog(-e~(b*x + a)))/b~3 + 2*(b*x*xlog(-
e”(b*x + a) + 1) + dilog(e~(bxx + a)))/b"3
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Fricas [B] time = 2.2115, size = 1211, normalized size = 18.63

b3xd — (b3x3 - 6b%x*+6 az) cosh (bx + a)* -2 (b3x3 ~6b%x*+6 az) cosh (bx + a) sinh (bx + a) — (b3x3 —6b%x% + 64

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*coth(b*x+a)~2,x, algorithm="fricas")

[Out] -1/3*(b"3*x"3 - (b~3*%x"3 - 6*b"2*x"2 + 6*xa~2)*cosh(b*x + a)”2 - 2x(b"3*x"3
- 6%xb72*x"2 + 6*a”2)*cosh(b*x + a)*sinh(b*x + a) - (b73*x"3 - 6*xb™2*x"2 + 6
*xa”2)*xsinh(b*x + a)~2 + 6%a”2 - 6*%(cosh(b*x + a)~2 + 2*cosh(b*x + a)*sinh(b
*x + a) + sinh(b*x + a)72 - 1)*dilog(cosh(b*x + a) + sinh(b*x + a)) - 6x*(co
sh(b*x + a)~2 + 2*xcosh(b*x + a)*sinh(b*x + a) + sinh(b*x + a)”2 - 1)*dilog(
-cosh(b*x + a) - sinh(b*x + a)) - 6*(b*x*cosh(b*x + a)~2 + 2*b*x*cosh(b*x +
a)*sinh(b*x + a) + bxx*sinh(b*x + a)~2 - b*x)*log(cosh(b*x + a) + sinh(b*x
+ a) + 1) + 6x(axcosh(b*x + a)~2 + 2xaxcosh(b*x + a)*sinh(b*x + a) + a*sin
h(b*x + a)”2 - a)*log(cosh(b*x + a) + sinh(b*x + a) - 1) - 6%((b*x + a)*cos
h(b*x + a)~2 + 2% (b*x + a)*cosh(b*x + a)*sinh(b*x + a) + (b*x + a)*sinh(b*x
+ a)”2 - b*x - a)*log(-cosh(b*x + a) - sinh(b*x + a) + 1))/(b"3*cosh(bxx +
a)~2 + 2*b~3*cosh(b*x + a)*sinh(b*x + a) + b~3*sinh(b*x + a)~2 - b~3)

Sympy [F] time = 0., size = 0, normalized size = 0.
f x2 coth® (a + bx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*coth(b*x+a)**2,x)

[Out] Integral(x**2*coth(a + b*x)**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

fxz coth (bx + a)? dx

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(x™2*coth(b*x+a)”~2,x, algorithm="giac")

[Out] integrate(x~2*coth(b*x + a)~2, x)
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3.8 f X cothz(a + bx) dx

Optimal. Leaf size=31

log(sinh(a + bx)) xcoth(a +bx) x?
- + —_—
b2 b 2

[Out] x72/2 - (x*Coth[a + b*x])/b + Log[Sinh[a + b*x]]/b~2

Rubi [A] time = 0.0267439, antiderivative size = 31, normalized size of antiderivative

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 10, T~ > %% _

integrand size
0.3, Rules used = {3720, 3475, 30}

log(sinh(a + bx))  xcoth(a +bx) x?
P2 ) b 2

Antiderivative was successfully verified.

[In] Int[x*Cothl[a + b*x]~2,x]
[Out] x72/2 - (x*Coth[a + b*x])/b + Log[Sinh[a + b*x]]/b~2

Rule 3720

Int[((c_.) + (@_D)*(x_))"(m_.)*x((b_.)*tanl[(e_.) + (f_.)*(x_)]1)"(n_), x_Symb
0l] :> Simp[(b*(c + d*x) m*(b*Tan[e + f*x])~(n - 1))/(f*(n - 1)), x] + (-Di
st[(bxd*m)/(f*x(n - 1)), Int[(c + d*x)"(m - 1)*(bxTanle + f*x])"(n - 1), x],
x] - Dist[b~2, Int[(c + d*x) m*(b*Tan[e + f*x])~(n - 2), x], x]) /; FreeQ[
{b, ¢, 4, e, t}, x] && GtQ[n, 1] && GtQ[m, O]

Rule 3475

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Log[RemoveContent[Cos[c + d
*x], x11/d, x] /; FreeQl[{c, d}, x]

Rule 30
Int[(x )" (m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N

eQ[m, -1]

Rubi steps
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th(a + bx)d
fxcothz(a 4 b)dy = _xcoth;a + bx) . fco (c; x) dx N fxdx
X_Z B x coth(a + bx) N log(sinh(a + bx))

2 b b?

Mathematica [A] time = 0.153167, size = 46, normalized size = 1.48

—2bx coth(a) + 2 log(sinh(a + bx)) + 2bxcsch(a) sinh(bx)csch(a + bx) + b?x?
2b?

Antiderivative was successfully verified.

[In] Integrate[x*Coth[a + b*x]~2,x]

[Out] (b™2%x"2 - 2*bxx*Coth[a] + 2*Log[Sinh[a + b*x]] + 2xb*x*Csch[a]*Cschl[a + bx*
x]*Sinh [b*x])/(2%b~2)

Maple [A] time = 0.029, size = 54, normalized size = 1.7

2 x a X In (esz+2a _ 1)
3‘25‘2b—z‘2b(62bx+2u_1)+ B

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*coth(b*x+a)”~2,x)

[Out] 1/2%x72-2xx/b-2%a/b~2-2*x/b/ (exp(2*bxx+2%a)-1)+1/b~2*1n (exp (2*b*x+2*a)-1)

Maxima [B] time = 1.184, size = 155, normalized size = 5.

xe@bx+2a)  px? — (bxze(2 9 — 2 xe? “))e(z ) log ((e(bx+“) + 1)3(‘“)) log ((e(bx”‘) — 1)6(‘“))
T pe@bxiza) _p 5 (be(2 bx+2a) _ b) * 2 + 12

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*coth(b*x+a)~2,x, algorithm="maxima")
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[Out] -x*xe”(2xbxx + 2*a)/(b*xe” (2%b*x + 2%a) - b) - 1/2%(bxx"2 - (b*x"2%e~(2*a) -
2*x*xe” (2*%a) ) xe” (2xbx*x) )/ (b*xe™ (2*¥b*x + 2xa) - b) + log((e~(bxx + a) + 1)xe~(
-a))/b~2 + log((e”(b*x + a) - 1)*e”(-a))/b~2

Fricas [B] time = 2.14701, size = 477, normalized size = 15.39

b2x? — (b2 2_4 bx) cosh (bx + a)* -2 (b2 2_4 bx) cosh (bx + a) sinh (bx + a) - (b2 2_4 bx) sinh (bx + a)* - 2 (cos}

2 (b2 cosh (bx + a)* + 2b2 cosh (bx + a) sinh (bx + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*coth(b*x+a)~2,x, algorithm="fricas")

[Out] -1/2%(b72*xx72 - (b™2*xx"2 - 4xb*x)*cosh(b*x + a)”72 - 2% (b72*x”2 - 4xb*x)*cos
h(b*x + a)*sinh(b*x + a) - (b72*x"2 - 4xb*x)*sinh(b*x + a)~2 - 2*(cosh(b*x

+ a)”2 + 2xcosh(b*x + a)*sinh(b*x + a) + sinh(b*x + a)”2 - 1)*log(2*sinh (bx

x + a)/(cosh(b*x + a) - sinh(b*x + a))))/(b"2*cosh(b*x + a)”2 + 2*b~2*cosh(

b*x + a)*sinh(b*x + a) + b~ 2*xsinh(b*x + a)~2 - b~2)

Sympy [A]  time = 4.73998, size = 80, normalized size = 2.58

&ox? + ‘%x for a = log (—e‘b")

sox? fora = log (e‘bx)
2 coth?

%@ forb=0

x2 x x log (tanh (a+bx)+1) log (tanh (a+bx)) .

2 0 T btanh @by 2 + 2 otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*coth(b*x+a)**2,x)

[Out] Piecewise((zoo*x**2 + zoo*x/b, Eq(a, log(-exp(-b*x)))), (zooxx**2, Eq(a, lo
g(exp(-b*x)))), (x*x*2xcoth(a)**2/2, Eq(b, 0)), (x**2/2 + x/b - x/(bxtanh(a
+ b*x)) - log(tanh(a + b*x) + 1)/b**2 + log(tanh(a + b*x))/b**2, True))
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Giac [B] time = 1.17756, size = 132, normalized size = 4.26

h2x2p2bx+20a) _ 1252 _ 4 prp(2bx+20) 4 9 p(2bx+24) log (e(z bx+2a) _ 1) -2 log (e(2 bx+2a) _ 1)

z(bzeabx+2a)__bz)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*coth(b*x+a)~2,x, algorithm="giac")

[Out] 1/2%x(b"2*x"2%e” (2*xb*x + 2*%a) — b™2*x"2 - 4xb*x*xe” (2xb*xx + 2%a) + 2*e” (2*b*x
+ 2%a)*log(e” (2*%bxx + 2%a) - 1) - 2*log(e” (2xbxx + 2%a) - 1))/(b~2xe” (2*b*
X + 2%a) - b"2)
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2
39 IM dx

X
Optimal. Leaf size=14
th’(a + b
Unintegrable (W, x]

[Out] Unintegrable[Coth[a + b*x]~2/x, x]

Rubi [A] time = 0.0279736, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, — — =0,
integrand size

Rules used = {}

coth?(a + bx)
f — dx

Verification is Not applicable to the result.

[In] Int[Coth[a + b*x]~2/x,x]

[Out] Defer[Int] [Coth[a + b*x]"2/x, x]

Rubi steps

X X

cothz(a + bx) cothz(a + bx)
[omfarin , _ feontasi,

Mathematica [A] time = 20.1614, size = 0, normalized size = 0.

cothz(a + bx)
f — dx

Verification is Not applicable to the result.

[In] Integrate[Coth[a + b*x]~2/x,x]

[Out] Integrate[Coth[a + b*x]~2/x, x]
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Maple [A] time = 0.04, size = 0, normalized size = 0.

f (coth (bx + a))?
» dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(b*x+a)~2/x,x)

[Out] int(coth(b*x+a)~2/x,x)

Maxima [A] time = 0., size = 0, normalized size = 0.

2 1 1

T xe@ 20 —px T ) 12e® ) 1 b2 dx — f ba2exta) _ py2 dx +log (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a) 2/x,x, algorithm="maxima"

[Out] -2/(b*x*e™ (2xbxx + 2%a) - b*x) + integrate(1l/(b*x"2%e~(b*x + a) + b*x"2), x
) - integrate(1/(b*x"2*e” (b*x + a) - b*x72), x) + log(x)

Fricas [A] time = 0., size = 0, normalized size = 0.

coth (bx + a)? x)
X

integral [—,

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a) 2/x,x, algorithm="fricas")

[Out] integral(coth(b*x + a)~2/x, x)




Sympy [A] time = 0., size = 0, normalized size = 0.

coth? (a + bx)
f — dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)**2/x,x)

[Out] Integral(coth(a + b*x)**2/x, x)
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Giac [A] time = 0., size = 0, normalized size = 0.

coth (bx + a)2
f — dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)~2/x,x, algorithm="giac")

[Out] integrate(coth(b*x + a)~2/x, x)



69

2
310 [T,

x2
Optimal. Leaf size=14

cothz(a + bx) ]
_ X

Unintegrable ( 2

[Out] Unintegrable[Coth[a + b*x]~2/x72, x]

Rubi [A] time = 0.0289372, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, — — =0,
integrand size

Rules used = {}

coth?(a + bx)
f — e dx

Verification is Not applicable to the result.

[In] Int[Coth[a + b*x]~2/x"2,x]

[Out] Defer[Int] [Cothl[a + b*x]"2/x"2, x]

Rubi steps

cothz(a + bx) cothz(a + bx)
[otfarin , _ [eontasi,
X X

Mathematica [A] time = 19.4357, size = 0, normalized size = 0.

cothz(a + bx)
f — e dx

Verification is Not applicable to the result.

[In] Integrate[Coth[a + b*x]~2/x72,x]

[Out] Integrate[Coth[a + b*x]~2/x72, x]
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Maple [A] time = 0.063, size = 0, normalized size = 0.

(coth (bx + a))?
f 2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(b*x+a)~2/x"2,x)

[Out] int(coth(b*x+a)~2/x72,x)

Maxima [A] time = 0., size = 0, normalized size = 0.

bxe@bx+2a) _py 4 2 5 1 P 1 P
T ez 2 T f bdetera) 1 s f b3olrra) _ pad X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)~2/x72,x, algorithm="maxima")

[Out] -(b*x*e™(2%b*x + 2*%a) - bxx + 2)/(b*x"2%e” (2xb*x + 2%a) - b*x"2) + 2*xintegr
ate(1/(b*x"3%e” (b*x + a) + b*x"3), x) - 2*integrate(l/(b*x~3*%e~(b*x + a) -

b*x~3), x)

Fricas [A] time = 0., size = 0, normalized size = 0.

coth (bx + a)2
T/ X

integral [

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)~2/x72,x, algorithm="fricas")

[Out] integral(coth(b*x + a)~2/x72, x)




Sympy [A] time = 0., size = 0, normalized size = 0.

coth? (a + bx)
f — = dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)**2/x**2,x)

[Out] Integral(coth(a + bxx)**2/x**2, x)
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Giac [A] time = 0., size = 0, normalized size = 0.

coth (bx + a)2
[eomx o,
x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)~2/x72,x, algorithm="giac")

[Out] integrate(coth(b*x + a)~2/x72, x)
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311  [x3coth’(a+bx)dx

Optimal. Leaf size=179

3x?PolyLog (2, ez(“b")) 3xPolyLog (3, ez(“+bx)) 3PolyLog (2, ez(”+bx)) 3PolyLog (4, ez(‘”bx)) 3x2 coth(a + b
202 ) 263 " 20 " 2 B 202

[Out] (=3*x72)/(2*%b72) + x73/(2%b) - x74/4 - (3*x"2+Cothl[a + b*x])/(2x¥b"2) - (x73
*Coth[a + b*x]72)/(2%b) + (3*x*Log[l - E~(2%(a + b*x))])/b"3 + (x"3xLogl[l -
E7(2x(a + b*x))])/b + (3*PolyLogl[2, E~(2%(a + bx*x))])/(2%b~"4) + (3*x~2xPol
yLog[2, E~(2x(a + b*x))])/(2xb~2) - (3*x*PolyLogl[3, E~(2*(a + bx*x))])/(2*b~

3) + (3*PolyLogl[4, E~(2x(a + b*x))])/(4xb~4)

Rubi [A] time = 0.329702, antiderivative size = 179, normalized size of antiderivative =
1., number of steps used = 13, number of rules used = 10, integrand size = 12, M
integrand size

= 0.833, Rules used = {3720, 3716, 2190, 2279, 2391, 30, 2531, 6609, 2282, 6589}

3x?PolyLog (2, ez(””’x)) 3xPolyLog (3, ez(”””‘)) 3PolyLog (2, ez(“bx)) 3PolyLog (4, ez(“bx)) 3x2 coth(a + b
202 ) 26 i 20 " a0 ) 202

Antiderivative was successfully verified.

[In] Int[x"3*Coth[a + b*x]~3,x]

[Out] (=3*x72)/(2*%b72) + x73/(2%b) - x74/4 - (3*x"2*Cothl[a + b*x])/(2x¥b72) - (x73
*Coth[a + b*x]72)/(2%b) + (3*x*Log[l - E~(2%(a + b*x))])/b"3 + (x"3xLogl[l -
E7(2x(a + b*x))])/b + (3*PolyLog[2, E~(2%(a + bx*x))])/(2%b"4) + (3*x~2xPol
yLog[2, E~(2x(a + b*x))])/(2*¥b~2) - (3*x*PolyLogl[3, E~(2*(a + bx*x))])/(2*b~

3) + (3*PolyLogl[4, E~(2x(a + b*x))])/(4xb~4)

Rule 3720

Int[((c_.) + (@_)*(x_))"(m_.)*x((b_.)*tanl[(e_.) + (f_.)*(x_)]1)"(n_), x_Symb
0l] :> Simp[(b*(c + d*x) m*(b*Tan[e + f*x])"(n - 1))/(f*(n - 1)), x] + (-Di
st[(bxd*m)/(fx(n - 1)), Int[(c + d*x)"(m - 1)*(bx*Tanle + f*x])"(n - 1), x],
x] - Dist[b™2, Int[(c + d*xx) m*x(b*Tan[e + f*xx])~(n - 2), x], x]) /; FreeQl[
{b, ¢, 4, e, £}, x] && GtQ[n, 1] && GtQ[m, O]

Rule 3716

Int[((c_.) + (@_)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz 1)*(f_
D*(x_ )], x_Symbol]l :> -Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2
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*I, Int[((c + d*x) m*E~(2*x(-(I*e) + fxfz*xx)))/(E~(2xIxk*Pi)*(1 + E~ (2% (-(Ix
e) + fxfzxx))/E~(2xI*k*Pi))), x], x] /; FreeQ[{c, d, e, f, fz}, x] && Integ
erQ[4xk] && IGtQ[m, O]

Rule 2190

Int [CC(F_)~((g_.)x((e_.) + (£_D)*(x_)))) " (n_.)*x((c_.) + (d_)*(x_))"(m_.))/
((a) + (b_D*((F)~((g_)*((e_.) + (f_)*(x))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) “m*Log[1 + (bx(F~(gx(e + £*x))) n)/al)/(bxfxginxLogl[Fl), x] - Di
st [(d*m) / (bxf*g*n*Log[F]), Int[(c + d*x)~(m - 1)*Log[l + (bx(F~(gx(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] & IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

Rule 2391

Int[Log[(c_.)*((d ) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 30

Int[(x )" (m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 2531

Int[Log[l + (e_.)*x((F_)~((c_.)*((a_.) + (b_)*(x_))))"(m_)I*x((£_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + bx*x
)))"n)1)/(bxc*n*Log[F]), x] + Dist[(g*m)/(bxc*n*Logl[F]), Int[(f + g*x)~(m -
1)*PolyLog[2, -(ex(F~(cx(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, n}t, x] && GtQ[m, 0]

Rule 6609

Int[((e_.) + (f_.)*(x_))"(m_.)*PolyLogln_, (d_.)*x((F_)"((c_.)*((a_.) + (b_.
)*(x ))))"(p_.)], x_Symbol] :> Simp[((e + f*x) m*PolyLogln + 1, d*(F~(c*(a
+ b*x)))"pl)/ (bxcxp*xLog[F]1), x] - Dist[(f*m)/(b*c*p*Logl[F]), Int[(e + f*x)~
(m - 1)*PolyLog[n + 1, d*x(F~(c*(a + b*x)))"pl, x], x] /; FreeQ[{F, a, b, c,
d, e, f, n, p}, x] && GtQ[m, O]
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Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst [Int[FunctionO0fExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogln_, (c_.)x*((a_.) + (b_.)*(x_)) " (p_.)1/C@_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)"pl/(exp), x] /; FreeQ[{a, b, c, d
, €, n, pt, x] & EqQ[b*d, axe]

Rubi steps
3 coth®(a + b 3 [ 22 coth?(a + bx) dx
fx3 coth®(a + bx) dx = e 215[1 ») + f 2b( ) + fx3 coth(a + bx) dx
x*  3x?coth(a + bx) x3 Coth (a +bx) 2(a+bx) 3 3 [xcoth(a+bx)dx 3
- _Z - 22 f 1-— eZ(a+bx) b2 o
2(a+bx 7
3 . X x4 3x%coth(@+bx) x3coth’(a+bx) x°log (1 - 62(“+bx)) o 1ot
22 2b 4 2b? 2b b b2
3 x3 x* 3x2coth(a+bx) 3 coth®(a + bx) . 3xlog (1 - 52(u+bx)) x*log (1 o
2b2 2b 4 2b? 2b b3 b
3 x3 x* 3x2coth(a+bx) 3 coth?(a + bx) . 3xlog (1 - 52(a+bx)) x*log (1 o
2b2 2b 4 2b? 2b b3 b
3 x3 _xt 3x*coth(@+by) o coth?(a + bx) . 3xlog (1 - €Z(a+bx)) x*log (1 o
2b2 2b 4 2b? 2b b3 b
3 x3 x* 3x%coth(a+bx) x3coth®(a + bx) . 3xlog (1 — ¢2a+bn) ) 2 log (1 -
sz 2b 4 2b? 2b b3 b

Mathematica [B] time = 4.59822, size = 390, normalized size = 2.18

1( 2 (6 (1 ‘2“) (bz 2PolyLog( - bx) +2 (beolyLog( - bx) + PolyLog( - bx))) +6 (1

)

4

Antiderivative was successfully verified.

[In] Integrate[x~3*Coth[a + b*x]~3,x]
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[Out] (x74*Coth[a] - (2%x73*Cschla + b*x]72)/b - (2%E~(2+*a)*((6%b~2*x"2) /E”(2*a)
+ (b™4*x74)/E~(2%a) - 6%bx(1 - E~(-2%a))*x*Log[l - E7(-a - bxx)] - (2%b73*(

-1 + E7(2%a))*x"3*Log[1l - E"(-a - b*x)])/E~(2%a) - 6%b*x(1 - E~(-2%a))*x*Log

[1 + E7(-a - bxx)] - (2%b73x(-1 + E~(2*a))*x"3*Log[1l + E~(-a - b*x)])/E~ (2%

a) + 6%(1 - E~(-2xa))*PolyLog[2, -E"(-a - b*x)] + 6%(1 - E~(-2*a))*PolyLogl

2, E7(-a - bxx)] + 6%(1 - E7(-2%a))*(b"2*x"2*PolyLog[2, -E~(-a - b*x)] + 2%
(b*x*PolyLog[3, -E~(-a - b*x)] + PolyLogl[4, -E"(-a - b*x)])) + 6*%(1 - E~(-2

*xa) ) *x (b~ 2%x"2xPolyLog[2, E"(-a - b*x)] + 2% (b*x*PolyLog[3, E"(-a - b*x)] +
PolyLog[4, E"(-a - b*x)]))))/(b74*x(-1 + E"(2%a))) + (6%x"2*Csch[a]*Csch[a +
bxx]*Sinh[b*x])/b~2) /4

Maple [B] time = 0.049, size = 375, normalized size = 2.1

5 polylog (2, eb"*“) 22 polylog (2, —ebx+”) x? (2 bxe2bx+2a 4 3 2bx+2a _ 3) s aln (eb““ -~ 1) e aln (eb’

bt bt bt 12 (ez bx+2a _ 1)2 b4 b*

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*coth(b*x+a)~3,x)

[Out] 3/b~4*polylog(2,exp(b*x+a))-3/b~4*a~2+3/b~4*polylog(2,-exp(b*x+a))-x"2*(2*b
*xx*kexp (2%bxx+2%a) +3*exp (2xbxx+2+%a) -3) /b~ 2/ (exp (2*b*x+2%*a)-1) "2-3/b"4*a*1ln(e
xp(b*x+a)-1)+6/b"~4*a*1n(exp (b*x+a))-3/2/b"4*a"4+6/b"4*polylog(4,exp (b*x+a))
+6/b~4*polylog(4,-exp(b*x+a))-2/b~3*a"3*x-1/b"4*a~3*1ln(exp (b*x+a)-1)+2/b~4x
a~3x1n(exp(b*x+a))+1/b~4*1n(1-exp(b*x+a))*a~3+3/b~2*polylog(2,-exp (b*x+a) ) *
X"2-6/b"3*polylog(3,-exp(b*x+a))*x+1/b*1n(1-exp (b*x+a))*x~3+3/b"2*polylog(2

,exp (b*x+a) ) *x~2-6/b"3*%polylog (3, exp(b*x+a))*x+1/b*1n(1+exp (b*x+a))*x"3-6/b
~3*axx+3/b"4*ax1ln(1-exp(b*x+a))+3/b~3*1n(1+exp (b*x+a) ) *x+3/b"3*1n(1-exp (b*x

+a) ) *x-3*x"2/b"2-1/4*x"4

Maxima [A] time = 1.298, size = 408, normalized size = 2.28

Prxtedbxtda) L p2x4 4 1242 -2 (b2x4e(2 9 + 4 bx3e? + 6 xze(Z”))e(2 ) it 4 ep2x2  bPxPlog (e(b"+”) + 1) + 3%

4 (bze(4 bx+4a) _ 9 e bx+2a) 4 bz) B 2 b4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*coth(b*x+a)~3,x, algorithm="maxima")
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[Out] 1/4%(b72xx"4xe” (4*b*x + 4%a) + b™2xx74 + 12%x72 - 2% (b"2%x"4*e” (2%a) + 4*bx
x"3%e”(2%a) + 6%x72xe”(2%a))*e” (2%bxx))/(b"2%e” (4*bkx + 4*a) - 2%b"2xe” (2*b
*x + 2%a) + b72) - 1/2%(b74*x"4 + 6%b72xx72)/b"4 + (b"3*x"3*log(e”(b*x + a)

+ 1) + 3xb"2*xx"2*dilog(-e” (b*x + a)) - 6*b*xxpolylog(3, -e~(b*x + a)) + 6%
polylog(4, -e~(b*x + a)))/b™4 + (b~3*x"3xlog(-e~(bxx + a) + 1) + 3*b~2xx"2x
dilog(e~(b*x + a)) - 6*bxx*polylog(3, e~ (b*x + a)) + 6%polylog(4, e  (b*x +
a)))/b"4 + 3x(b*xxlog(e~(b*x + a) + 1) + dilog(-e~(b*x + a)))/b~4 + 3 (b*x*
log(-e~(b*x + a) + 1) + dilog(e~(b*x + a)))/b~4

Fricas [C] time = 2.40589, size = 5023, normalized size = 28.06

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*coth(b*x+a)~3,x, algorithm="fricas")

[Out] -1/4*%x(b™4*x"4 + (b~4%x"4 - 2%a”4 + 12*xb"2*xx"2 - 12%a~2)*cosh(b*x + a)™4 + 4
*(b"4xx"4 - 2¥a”4 + 12*b"2%x"2 - 12*a”~2)*cosh(b*x + a)*sinh(b*x + a)”3 + (b
“4xx"4 - 2*%a”4 + 12xb72xx72 - 12*a"2)*sinh(b*x + a)”"4 - 2*xa~4 - 2% (b"4*x"4
- 4xb73*x"3 - 2*a"4 + 6%b72*xx”2 - 12xa”~2)*cosh(bxx + a)”2 - 2x(b74*x"4 - 4%
b~3%x"3 - 2%a"4 + 6xb"2%x"2 - 3% (b"4*xx"4 - 2%a”"4 + 12%b"2%x"2 - 12*%a~2)*cos
h(b*x + a)~2 - 12*¥a"2)*sinh(b*x + a)~2 - 12%a"2 - 12%((b"2*x"2 + 1)*cosh(b*
X + a)”4 + 4x(b"2%x"2 + 1)*cosh(b*x + a)*sinh(b*x + a)~3 + (b™2*x"2 + 1)*si
nh(b*x + a)~4 + b7 2%x"2 - 2% (b72*x72 + 1)*cosh(b*x + a)”2 - 2x(b™2*xx"2 - 3%
(b™2%x72 + 1)*cosh(b*x + a)~2 + 1)*sinh(b*x + a)”2 + 4*x((b"2*x"2 + 1)*cosh(
bxx + a)”3 - (b72*%x72 + 1)*cosh(b*x + a))*sinh(b*x + a) + 1)*dilog(cosh(b*x
+ a) + sinh(b*x + a)) - 12%((b"2*x"2 + 1)*cosh(b*x + a)~4 + 4*x(b™2*x"2 + 1
Yxcosh(b*x + a)*sinh(b*x + a)~3 + (b72%x"2 + 1)*sinh(b*x + a)~4 + b™2%x"2 -
2% (b72*%x72 + 1)*cosh(b*x + a)”2 - 2x(b72*x"2 - 3% (b~2*x"2 + 1)*cosh(b*x +
a)”2 + 1)*sinh(b*x + a)~2 + 4x((b™2%x"2 + 1)*cosh(b*x + a)~3 - (b™2*%x"2 + 1
)*cosh(b*x + a))*sinh(b*x + a) + 1)*dilog(-cosh(b*x + a) - sinh(b*x + a)) -
4x(b~3*x73 + (b~3%x73 + 3*b*x)*cosh(b*x + a)~4 + 4x(b~3%x"3 + 3*b*x)*cosh(
b*x + a)*sinh(b*x + a)~3 + (b~3*x"3 + 3*b*x)*sinh(b*x + a)™4 - 2% (b~ 3*x"3 +
3*bxx)*cosh(b*x + a)~2 - 2x(b73*x"3 - 3*(b~3*x"3 + 3*b*x)*cosh(b*x + a)~2
+ 3xbxx)*sinh(b*x + a)”2 + 3xb*x + 4% ((b~3*x"3 + 3*b*x)*cosh(b*x + a)~3 - (
b~3*x73 + 3xb*x)*cosh(b*x + a))*sinh(b*x + a))*log(cosh(b*xx + a) + sinh(b*x
+ a) + 1) + 4x((a”3 + 3*a)*cosh(b*x + a)~4 + 4*x(a”3 + 3*a)*cosh(b*x + a)*s
inh(b*x + a)~3 + (a3 + 3*a)*sinh(b*x + a)”4 + a3 - 2*(a”3 + 3*a)*cosh(b*x
+ a)”2 - 2x(a”3 - 3*x(a”3 + 3*a)*cosh(b*x + a)~2 + 3*a)xsinh(b*x + a)”2 + 4
*((a”3 + 3*a)*cosh(b*x + a)~3 - (a”3 + 3*a)*cosh(b*x + a))*sinh(b*x + a) +
3xa)*xlog(cosh(b*x + a) + sinh(b*x + a) - 1) - 4x(b73*x"3 + (b™3%x"3 + a~3 +
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3*bxx + 3*a)*cosh(b*x + a)”4 + 4% (b~3%x"3 + a3 + 3*xb*x + 3*a)*cosh(b*x +
a)*sinh(b*x + a)~3 + (b™3*x73 + a~3 + 3*b*x + 3*a)*sinh(b*x + a)”4 + a~3 -
2% (b"3*%x"3 + a”3 + 3*xb*x + 3*a)*cosh(b*x + a)”2 - 2*x(b"3*x"3 + a3 - 3*(b"3
*x73 + a”3 + 3*xb*xx + 3*a)*cosh(b*x + a)~2 + 3%bxx + 3*a)*sinh(b*x + a)~2 +
3xb*x + 4% ((b"3%x73 + a”3 + 3*b*x + 3xa)*cosh(b*x + a)~3 - (b”™3*x"3 + a~3 +

3*%bxx + 3%a)*cosh(b*x + a))*sinh(b*x + a) + 3%a)*log(-cosh(b*x + a) - sinh

(b*xx + a) + 1) - 24x(cosh(b*x + a)~4 + 4*cosh(b*x + a)*sinh(b*x + a)~3 + si
nh(b*x + a)~4 + 2% (3*cosh(b*x + a)~2 - 1)*sinh(b*x + a)~2 - 2*cosh(b*x + a)
~2 + 4x(cosh(b*x + a)~3 - cosh(b*x + a))*sinh(b*x + a) + 1)*polylog(4, cosh
(b*x + a) + sinh(b*x + a)) - 24x(cosh(b*x + a)”4 + 4*xcosh(b*x + a)*sinh(b*x

+ a)”3 + sinh(bxx + a)~4 + 2*%(3*cosh(b*x + a)~2 - 1)*sinh(b*x + a)~2 - 2x*c
osh(b*x + a)”2 + 4*(cosh(b*x + a)”3 - cosh(b*x + a))*sinh(b*x + a) + 1)*pol
ylog(4, -cosh(b*x + a) - sinh(b*x + a)) + 24x(bxx*cosh(b*x + a)~4 + 4*b*xx*cC
osh(b*x + a)*sinh(b*x + a)~3 + b*x*sinh(b*x + a)~4 - 2*xb*x*cosh(b*x + a)~2
+ 2% (3*b*xx*cosh(b*x + a)”2 - b*x)*sinh(b*x + a)~2 + b*xx + 4*(bxx*cosh(b*x +

a)~3 - bxxxcosh(b*x + a))*sinh(b*x + a))*polylog(3, cosh(b*x + a) + sinh(b
*x + a)) + 24x(bxx*cosh(b*x + a)~4 + 4xb*x*cosh(b*x + a)*sinh(b*x + a)~3 +
b*x*sinh(b*x + a)~4 - 2*b*x*cosh(b*x + a)~2 + 2*(3*bxx*cosh(b*x + a)~2 - b*
x)*sinh(b*x + a)~2 + b*x + 4*x(b*x*cosh(b*x + a)~3 - b*x*cosh(b*x + a))*sinh

(b*x + a))*polylog(3, -cosh(b*x + a) - sinh(b*x + a)) + 4*x((b"4*x~4 - 2*a~4

+ 12%b72*x72 - 12*xa”2)*cosh(b*x + a)~3 - (b74*x"4 - 4*xb~3*x"3 - 2*a"4 + 6%
b~"2%x72 - 12*a"2)*cosh(b*x + a))*sinh(b*x + a))/(b~4xcosh(b*x + a)~4 + 4xb~
4*xcosh(b*x + a)*sinh(b*x + a)~3 + b~4*sinh(b*x + a)~4 - 2*b~4xcosh(b*x + a)
"2 + b74 + 2% (3*b"4*xcosh(b*x + a)”2 - b"4)*sinh(b*x + a)~2 + 4% (b~ 4*cosh(b*
X + a)”3 - b7 4*cosh(b*x + a))*sinh(b*x + a))

Sympy [F] time = 0., size = 0, normalized size = 0.

fx3 coth® (a + bx)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*coth(b*x+a)**3,x)

[Out] Integral(x**3*coth(a + bxx)**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f 3 coth (bx + a)® dx



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*coth(b*x+a)~3,x, algorithm="giac")

[Out] integrate(x~3*coth(b*x + a)~3, x)
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312  [xcoth’(a+bx)dx

Optimal. Leaf size=114

xPolyLog (2, 82(”+bx)) PolyLog (3, 32(”+bx)) xcoth(a +bx) log(sinh(a + bx)) x*log (1 — 2 ) x2 coth’
b? 2b3 b? b3 b 2

[Out] x72/(2*%b) - x73/3 - (x*Coth[a + b*x])/b”"2 - (x"2*Coth[a + b*x]~2)/(2*b) + (
x"2*xLog[1 - E7(2*%(a + b*x))])/b + Log[Sinh[a + b*x]]/b~3 + (x*PolyLog[2, E~
(2%(a + b*x))]1)/b"2 - PolyLogl[3, E~(2x(a + b*x))]/(2%b~3)

Rubi [A] time = 0.20707, antiderivative size = 114, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 8, integrand size = 12, e -

integrand size
0.667, Rules used = {3720, 3475, 30, 3716, 2190, 2531, 2282, 6589}

xPolyLog (2,e20+%9)  PolyLog (3,e2*)  ycoth(a+bx) log(sinh(a +bx)) 2log(1—e2@t) 32 oy
b2 2b3 b2 b3 b 2

Antiderivative was successfully verified.

[In] Int[x"2*Coth[a + b*x]~3,x]

[Out] x~2/(2*b) - x73/3 - (x*¥Coth[a + b*x])/b"2 - (x"2*Coth[a + b*x]"2)/(2*b) + (
x"2xLog[1 - E7(2%(a + b*x))])/b + Log[Sinh[a + b*x]]/b~3 + (x*PolyLog[2, E~
(2x(a + b*x))]1)/b~2 - PolyLogl[3, E"(2x(a + b*x))]/(2%¥b"3)

Rule 3720

Int[((c_.) + (@_)*(x_))"(@m_.)*((b_.)*tan[(e_.) + (£_)*(x_)]1)"(n_), x_Symb
0ol] :> Simp[(b*(c + d*x) “mx(b*Tan[e + f*x])"(n - 1))/(f*(n - 1)), x] + (-Di
st[(bxd*m)/(fx(n - 1)), Int[(c + d*x)"(m - 1)*x(bxTanl[e + f*x])"(n - 1), x],
x] - Dist[b~2, Int[(c + d*x) m*(b*Tan[e + f*x])~(n - 2), x], x]) /; FreeQ[
{b, c, 4, e, £}, x] && GtQ[n, 1] && GtQ[m, O]

Rule 3475
Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Log[RemoveContent[Cos[c + d

*x], x11/d, x]1 /; FreeQ[{c, d}, xI

Rule 30
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Int[(x )" (m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 3716

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz ]1)*(f_
D*(x )], x_Symbol] :> -Simp[(I*(c + d*x)~(m + 1))/(d*(m + 1)), x] + Dist[2
*I, Int[((c + d*x) m*E™ (2% (-(I*e) + f*xfz*x)))/(E~(2xIxk*Pi)*(1 + E~(2%(-(I*
e) + fxfzix))/E~(2%Ixk*Pi))), x], x] /; FreeQl{c, d, e, f, fz}, x] && Integ
erQ[4*k] && IGtQ[m, 0]

Rule 2190

Int [(((F)~((g_)*((e_.) + (£_)*)IN"(m_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_)*((e_.) + (f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*Log[1 + (b*x(F~(gx(e + f*x)))"n)/a]l)/(bxfxgtn*Log[F]), x] - Di
st [(d*m) / (b*xf*g*n*Log[F]), Int[(c + d*x)~(m - 1)*Logl[l + (bx(F~(g*x(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] & IGtQ[m, 0]

Rule 2531

Int[Logll + (e_)*((F)~((c_)*((a_.) + (b_)*x_)IND"(m_)I*((f_.) + (g_.)
*(x_)) " (m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLogl[2, -(e*x(F~(cx(a + b*x
)))"n)1)/(bxc*n*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + gxx)~(m -
1)*#PolyLog[2, -(ex(F~(cx(a + b*x)))™n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, nt, x] && GtQ[m, O]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst[Int[Function0fExponentialFunction[u, x]1/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogln_, (c_.)*x((a_.) + (b_.)*(x_))"(p_.)1/((d_.) + (e_.)*(x_)), x_8
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)7pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[b*xd, axe]

Rubi steps
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f x? coth3(u + bx)dx = _x2 COth;Ea +by) fx cothzéa + bx)dx + f x% coth(a + bx) dx
_ x> xcoth(a+ bx) x? coth (a +bx) f e2(a+hx) 2 f coth(a + bx) dx . [ xda
3 b2 1- 62(a+bx) b2 b

_ x> ¥ xcoth(a+bx) «x 2coth®(a + bx) 2 log( - 2(“+bx)) N log(sinh(a + bx)) 2
2b 3 b2 2b b b3

x> ¥ xcoth(a+bx) x? coth(a + bx) x*log (1 - 62(a+bx)) N log(sinh(a + bx)) . X
2b 3 b2 2b b b3
2 3 xcoth(a+bx) x2coth’(a+bx) x*log (1 - 32(a+bx)) log(sinh(a + bx)) X

w3 ® 26 b " b T

x> x® xcoth(a+bx) *? coth®(a + bx) x*log (1 - ez(a+bx)) s log(sinh(a + bx)) .\ X
2b 3 b2 2b b b3

Mathematica [B]

_62” (6 (1

) (beolyLog (

—a- b") + PolyLog(

time = 3.25824, size = 295, normalized size = 2.59

—a— bx)) +6 (1 —e2a

) (beolyLog (2,

e‘“‘bx) + PolyLog (

Antiderivative was successfully verified.

[In] Integrate[x~2*Coth[a + b*x]~3,x]

[Out] (x73*Coth[al)/3 - (x72*Cschl[a + b*x]~2)/(2xb) - (E~(2*a)*((6%bxx)/E~(2*a) +
(2%b~3*x"3) /E~(2%a) - (3*b72x(-1 + E~(2*a))*x"2*Log[l - E"(-a - b*x)])/E~(

2*%a) - (3*%b~2*%(-1 + E~(2%a))*x"2*xLog[l + E~(-a - b*x)])/E~(2*a) + 3*(1 - E~
(-2%a) ) *(b*x - Log[l - E7(a + b*x)]) + 3*%(1 - E~(-2xa))*(b*x - Logl[l + E~(a

+ b*xx)]) + 6%(1 - E~(-2%a))*(b*x*PolyLogl[2,

-E"(-a - b*x)] + PolyLogl[3,

-E

“(-a - b*x)]) + 6%x(1 - E7(-2*a))*(b*x*PolyLog[2, E"(-a - b*x)] + PolyLogl[3,
E"(-a - bxx)])))/(3*b"3%(-1 + E~(2*a))) + (x*Cschl[a]*Csch[a + b*x]*Sinh[bx*

x]1)/b"2

Maple [B]

3 X (bxe2 bx+2a 4 o2bx+2a _ 1) 4
2

21n (ebx+a _ 1)

time = 0.043, size = 246, normalized size = 2.2

-2

a?In (ebx+“) In (1 —-e

bx+a) a2

polylog (3, et~
p Pelvlog

3 B2 (esz+2a _ 1)2 363 ’

Verification of antiderivative is not currently implemented for this CAS.

b3

b3 b3
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[In] int(x"2*coth(b*x+a)~3,x)

[Out] -1/3%x73-2*x* (b*x*exp (2*¥b*x+2%a)+exp (2xb*x+2xa)-1) /b~2/ (exp (2xb*x+2%a)-1) "2
+4/3/b"3%a~3+1/b"3*a~2*1n(exp (b*x+a)-1)-2/b~3*a~2*1n(exp (b*x+a))-1/b"3x1n(1

-exp (b*x+a))*a~2-2/b"3*polylog(3, exp (b*x+a))-2/b~3*1n(exp(b*x+a))+1/b~3*1n(

1+exp (b*x+a))-2/b"3*polylog(3,-exp(b*x+a))+1/b*1n(1+exp (bxx+a))*x~2+2/b"2%p
olylog(2,-exp(b*x+a))*x+1/b*1n(1-exp(b*x+a))*x~2+2/b~2*polylog(2, exp (b*x+a)
)*x+1/b”3*1n (exp (b*x+a)-1)+2/b~2%a~2*x

Maxima [B] time = 1.26328, size = 305, normalized size = 2.68

pPaBe@bxtaa) 4 23 2 (b2x3e(2 ) + 3 bx2e?? + 3 xe? “))e(z )1 6x 2y b2x%log (e(bx+”) + 1) +2bxLi, (—4

23y _t
3 3 (bze(4 bx+4a) _ 9 h2p(2bx+2a) 4 bz) b2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*coth(b*x+a)”~3,x, algorithm="maxima"

[Out] -2/3%x73 + 1/3%(b72xx"3%e™ (4*b*x + 4%a) + b"2%x"3 - 2% (b~2*x"3xe” (2%a) + 3x
b*x"2%e”(2%a) + 3kx*e”(2%a))*e”(2xbkx) + 6%xx)/(b"2%e” (4*b*x + 4%a) - 2%b72x

e~ (2xb*xx + 2%a) + b72) - 2xx/b72 + (b72*x"2xlog(e~(b*x + a) + 1) + 2*b*xx*di
log(-e~(b*x + a)) - 2*polylog(3, -e~(b*x + a)))/b~3 + (b~ 2*x"2xlog(-e” (b*x

+ a) + 1) + 2xb*xxdilog(e”(b*x + a)) - 2xpolylog(3, e (b*xx + a)))/b"3 + log
(e"(b*x + a) + 1)/b~3 + log(e~(b*x + a) - 1)/b~3

Fricas [C] time = 2.2779, size = 3729, normalized size = 32.71

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*coth(b*x+a)~3,x, algorithm="fricas")

[Out] -1/3*%(b"3*x"3 + (b"3*x"3 + 2*%a”3 + 6xb*xx + 6%a)*cosh(b*x + a)~4 + 4x(b"3xx”

3 + 2%a”3 + 6*b*xx + 6*a)*cosh(b*x + a)*sinh(b*x + a)~3 + (b"3*x"3 + 2*a~3 +
6*%b*x + 6*a)*sinh(b*x + a)~4 + 2%¥a”3 - 2% (b73*x"3 — 3*b"2*%x"2 + 2%a~3 + 3%
b*x + 6*a)*cosh(b*x + a)”2 - 2x(b"3*x"3 - 3*b"2%x"2 + 2*a”~3 - 3*(b~3*x"3 +
2%a~3 + 6*b*x + 6*a)*cosh(bxx + a)~2 + 3*b*x + 6*a)*sinh(b*x + a)~2 - 6*(b*
x*cosh(b*x + a)~4 + 4xb*x*cosh(b*x + a)*sinh(b*x + a)~3 + b*x*sinh(b*x + a)

b3
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~4 - 2xb*x*cosh(b*x + a)~2 + 2*%(3*b*x*xcosh(b*x + a)~2 - b*x)*sinh(b*x + a)~
2 + b*x + 4*x(b*xx*cosh(b*x + a)”3 - bxx*cosh(b*x + a))*sinh(b*x + a))*dilog(
cosh(b*x + a) + sinh(b*x + a)) - 6x(bxx*cosh(b*x + a)”4 + 4xbxx*xcosh(bxx +

a)*sinh(b*x + a)~3 + b*xxsinh(b*x + a)”4 - 2*b*x*cosh(b*x + a)”2 + 2*(3*b*x
*cosh(b*x + a)”2 - b*x)*sinh(b*x + a)”2 + b*x + 4*x(b*x*cosh(b*x + a)~3 - bx
xxcosh(b*x + a))*sinh(b*x + a))*dilog(-cosh(b*x + a) - sinh(b*x + a)) - 3x%(
(b72*x72 + 1)*cosh(b*x + a)”4 + 4%x(b"2*x"2 + 1)*cosh(b*x + a)*sinh(b*x + a)
"3 + (b72*x72 + 1)*sinh(b*x + a)~4 + b™2*x"2 - 2% (b"2*x"2 + 1)*cosh(b*x + a
)72 = 2% (b72*x72 - 3% (b"2*x"2 + 1)*cosh(b*x + a)~2 + 1)*sinh(b*x + a)~2 + 4
*((b™2%x72 + 1)*cosh(b*x + a)~3 - (b™2*x"2 + 1)*cosh(b*x + a))*sinh(b*x + a
) + 1)*log(cosh(b*x + a) + sinh(b*x + a) + 1) - 3*((a”2 + 1)*cosh(b*x + a)~
4 + 4x(a”2 + 1)*cosh(b*x + a)*sinh(b*x + a)”3 + (a2 + 1)*sinh(b*x + a)~4 -
2%(a”2 + 1)*cosh(b*x + a)~2 + 2%(3*(a”2 + 1)*cosh(b*x + a)~2 - a2 - 1)*si
nh(b*x + a)~2 + a”2 + 4*%((a"2 + 1)*cosh(b*x + a)”3 - (a”2 + 1)*cosh(b*x + a
))*sinh(b*x + a) + 1)*log(cosh(b*x + a) + sinh(b*x + a) - 1) - 3*x((b™2*x72

- a~2)*cosh(b*x + a)~4 + 4x(b"2%x"2 - a"2)*cosh(b*x + a)*sinh(b*x + a)~3 +

(b~2*x72 - a"2)*sinh(b*x + a)”4 + b~ 2*x"2 - 2*x(b"2*x"2 - a~2)*cosh(b*x + a)
"2 - 2% (b72*x72 - 3% (b72*x72 - a~2)*cosh(b*x + a)”2 - a"2)*sinh(b*x + a)~2

- a2 + 4x((b72*x72 - a~2)*cosh(b*x + a)”3 - (b™2*x"2 - a~2)*cosh(b*x + a))
xsinh(b*x + a))*log(-cosh(b*x + a) - sinh(b*x + a) + 1) + 6%(cosh(b*x + a)~
4 + 4xcosh(b*x + a)*sinh(b*x + a)~3 + sinh(b*x + a)~4 + 2*x(3*cosh(b*x + a)”
2 - 1)*sinh(b*x + a)~2 - 2xcosh(b*x + a)~2 + 4*x(cosh(b*x + a)~3 - cosh(b*x
+ a))*sinh(b*x + a) + 1)*polylog(3, cosh(b*x + a) + sinh(b*x + a)) + 6%(cos
h(b*x + a)~4 + 4*cosh(b*x + a)*sinh(b*x + a)~3 + sinh(b*x + a)~4 + 2x(3*cos
h(b*x + a)~2 - 1)*sinh(b*x + a)~2 - 2*cosh(b*x + a)~2 + 4*(cosh(b*x + a)~3

- cosh(b*x + a))*sinh(b*x + a) + 1)*polylog(3, -cosh(bxx + a) - sinh(b*x +

a)) + 4x((b~3%xx73 + 2%a~3 + 6*b*x + 6%a)*cosh(b*x + a)”3 - (b73*x"3 - 3%b~2
*x"2 + 2*%a~3 + 3*xb*x + 6%a)*cosh(b*x + a))*sinh(b*x + a) + 6%*a)/(b~3*cosh(b
*X + a)”4 + 4xb~3*cosh(b*x + a)*sinh(b*x + a)~3 + b~ 3*sinh(b*x + a)”4 - 2*b
~3*cosh(b*x + a)”2 + b™3 + 2x(3*%b~3*cosh(b*x + a)”2 - b~ 3)*sinh(b*x + a)~2
+ 4*x(b"3*cosh(b*x + a)~3 - b~3*cosh(b*x + a))*sinh(b*x + a))

Sympy [F] time = 0., size = 0, normalized size = 0.

Jﬁxzcoth3(a4—bx)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*coth(b*x+a)**3,x)

[Out] Integral(x**2*coth(a + bxx)**3, x)
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Giac [F] time = 0., size = 0, normalized size = 0.

fxz coth (bx + a)® dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*coth(b*x+a)~3,x, algorithm="giac")

[Out] integrate(x~2*coth(b*x + a)~3, x)
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313  [xcoth’(a+bx)dx

Optimal. Leaf size=82

PolyLog (2, 6’2(a+bx)) coth(a + bx) xlog (1 - 62(a+bx)) xcoth®(@+bx) x 2
2b? 2b? b 2b 2b 2

[Out] x/(2%b) - x72/2 - Cothl[a + b*x]/(2*b"2) - (x*Cothl[a + b*x]~2)/(2*b) + (x*Lo
gll - E7(2+(a + b*x))])/b + PolyLog[2, E"(2*(a + b*x))]/(2*b~2)

Rubi [A] time = 0.121605, antiderivative size = 82, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 7, integrand size = 10, 2 >

0.7, Rules used = {3720, 3473, 8, 3716, 2190, 2279, 2391}

integrand size

PolyLog (2, 62(“+bx)) coth(a + bx) xlog (1 - 62(a+bx)) xcoth®(@+bx) x 2
- + - +
2b2 2b2 b 2b 2b 2

Antiderivative was successfully verified.

[In] Int[x*Coth[a + b*x]~3,x]

[Out] x/(2*b) - x72/2 - Cothl[a + b*x]/(2%b"2) - (x*Cothl[a + b*x]~2)/(2xb) + (x*Lo
gll - E7(2%(a + b*x))])/b + PolyLog[2, E~(2%(a + bx*x))]1/(2*b~2)

Rule 3720

Int[((c_.) + (d_)*(x_))"(m_.)*x((b_.)*tanl[(e_.) + (f_.)*(x_)]1)"(n_), x_Symb
0l] :> Simp[(b*(c + d*x) m*(b*Tan[e + f*x])~(n - 1))/(f*(n - 1)), x] + (-Di
st[(bxd*m)/(f*x(n - 1)), Int[(c + d*x)~(m - 1)*(bxTanle + f*x])"(n - 1), x],
x] - Dist[b™2, Int[(c + d*x) m*(bxTan[e + f*x])~(n - 2), x], x]) /; FreeQ[
{b, ¢, 4, e, £}, x] && GtQ[n, 1] && GtQ[m, O]

Rule 3473

Int[((b_.)*tan[(c_.) + (d_)*(x_)1)"(n_), x_Symbol] :> Simp[(b*(bxTan[c + d
*x])"(n - 1))/(d*x(n - 1)), x] - Dist[b"2, Int[(b*Tan[c + d*x])"(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]
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Rule 3716

Int[((c_.) + (d_)*(x_)) " (m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz_])*(f_
O*x(x_ )], x_Symbol] :> -Simp[(Ix(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2
*I, Int[((c + d*x) " m*xE~(2x(-(I*xe) + fxfz*x)))/(E-(2xI*xk*Pi)*(1 + E~(2x(-(I*
e) + f*xfzxx))/E~(2xI*k*Pi))), x], x] /; FreeQl[{c, d, e, f, fz}, x] && Integ
erQ[4xk] && IGtQ[m, O]

Rule 2190

Int [(C(F_)~((g_)*x((e_.) + (£_)*(x_))))"(n_)*((c_.) + (d_D*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_I)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*xx) m*xLog[l + (b*x(F~(gx(e + f*xx)))"n)/al)/(b*xf*xg*n*Log[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))°n)/al, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, 0]

Rule 2279

Int[Logl(a_) + (b_.)*x((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, O]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cxd, 1]

62(u+k

Rubi steps
th’(a+b coth?(a + bx) dx
fxcoth3(a + bx)dx = I 2(; x) + f (217 ) + fxcoth(a + bx) dx
x> coth(a + bx) x coth? (a +bx) f 2(“+bx)x f 1dx
) 202 T T+
x x* coth(a+bx) «x coth? (a+bx) xlog (1 - 2(”+bx)) f log (1 - 62(a+bx)) dx
= — - — — - + -
2b 2 2b? 2b b b
log(1-x)
_x  x* coth(a+bx) «x coth?(a + bx) N xlog (1 - 32(“+bx)) Subst (f X
20 2 202 2b b 202
_x ¥ coth(a+by) «x coth?(a + bx) N xlog (1 - 62(”+bx)) N Li, (62(”+bx))

2b 2 2b? 2b b 2b?
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Mathematica [C] time = 6.13174, size = 232, normalized size = 2.83

. -1 .
h h b.
i\ tanh T(tanh(@)+ x)]—bx(—n+2itanh_l(tanh(a)))—Z(z'tanh_l(tanh(a))+i1

itanh(a)[iPolyLog[Z,e2 (

csch(a)sech(a) | —b2x2e” tanh™ (tanh(a))

2172\/ sech’(a) (coshz(a) — si1

Warning: Unable to verify antiderivative.

[In] Integrate[x*Coth[a + b*x]~3,x]

[Out] (x72xCoth[a]l)/2 - (x*Cschla + b*x]~2)/(2%b) + (Cschlal*Csch[a + bxx]*Sinh[b
*x])/(2%b~2) + (Cschlal*Sech[a]*(-((b"2%x~2)/E~ArcTanh[Tanh[a]]) + (I*(-(bx
x*x(-Pi + (2xI)*ArcTanh[Tanh([a]])) - PixLog[l + E~(2*b*x)] - 2*(Ixb*xx + I*Ar
cTanh[Tanh[a]])*Log[1 - E~((2*I)*(I*b*x + IxArcTanh[Tanh[a]]))] + PixLogl[Co
sh[b*x]] + (2+I)*ArcTanh[Tanh[a]]*Log[I*Sinh[b*x + ArcTanh[Tanh[a]]]] + IxP
olyLog[2, E~((2*I)*(I*bxx + IxArcTanh[Tanh[a]l]))])*Tanh[a])/Sqrt[1 - Tanhl[a
1721))/(2*%b~2xSqrt [Sech[a] "2*(Cosh[a] "2 - Sinh[a]~2)])

Maple [B] time = 0.034, size = 164, normalized size = 2.

X2 2bxedbx+2a | 2bx+2a _q ax a®> In (1 + eb"+”) x polylog (2, —eb"+”) In (1 - ebx+“) x In (1 —ebx
-— - 3 -2—-=+ + > + + >
2 12 (eZ bx+2a _ 1) b b b b b b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*coth(b*x+a)~3,x)

[Out] -1/2%x72-(2xb*x*exp (2xb*x+2%a)+exp (2xb*x+2*a)-1)/b~2/ (exp (2*¥b*x+2*a)-1) ~2-2
/b*axx-a~2/b~2+1/b*1n(1+exp (b*x+a))*x+1/b~2*polylog(2,-exp (b*x+a))+1/b*1n(1

—exp (b*x+a) ) *x+1/b~2x1n (1-exp (b*x+a) ) *a+1/b~2*polylog(2,exp (b*x+a))-1/b"~2*a

*x1n (exp (b*x+a)-1)+2/b~2*a*1n (exp (b*x+a))

Maxima [B] time = 1.22287, size = 201, normalized size = 2.45

, p2y2p(dbx+da) 4 242 _ o (b2x2€(2 2 4 2 hxe@D 4 o2 a))e(z ) 42 px log (e(bx+u) + 1) + Li, (_e(bx+a)) bx log (_
e 2 (b26(4bx+4 a) — 2 h2e2bx+2a) 4 bZ) + B2 +
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*coth(b*x+a)~3,x, algorithm="maxima"

[Out] -x72 + 1/2%x(b"2*x"2%e” (4*b*x + 4*a) + b™2*xx"2 — 2% (b"2*x"2%e” (2%a) + 2*b*x*
e~ (2*a) + e~ (2*a))*e” (2xbxx) + 2)/(b"2%e” (4*b*x + 4*a) - 2xb"2%e” (2%b*x + 2

*a) + b72) + (b*xxlog(e~(b*x + a) + 1) + dilog(-e~(b*x + a)))/b~2 + (b*x*lo
g(-e~(b*x + a) + 1) + dilog(e”(b*x + a)))/b"2

Fricas [B] time = 2.2154, size = 2569, normalized size = 31.33

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*coth(b*x+a)~3,x, algorithm="fricas")

[Out] -1/2*x((b"2*x"2 - 2*xa~2)*cosh(b*x + a)”4 + 4x(b~2*xx"2 - 2*a”2)*cosh(b*x + a)
*sinh(b*x + a)~3 + (b™2%x72 - 2*a"2)*sinh(b*x + a)~4 + b™2%x"2 - 2x(b"2%x"2
- 2%a”2 - 2*b*x - 1)*xcosh(b*x + a)”2 - 2x(b72*x"2 - 3% (b72%x"2 - 2*a~2)*co
sh(b*x + a)~2 - 2*%a”™2 - 2xb*x - 1)*sinh(b*x + a)~2 - 2*a”2 - 2*(cosh(bxx +
a)~4 + 4xcosh(b*x + a)*sinh(b*x + a)~3 + sinh(b*x + a)~4 + 2x(3*cosh(b*x +
a)”2 - 1)*sinh(b*x + a)~2 - 2*cosh(b*x + a)”2 + 4*x(cosh(b*x + a)~3 - cosh(b
xx + a))*sinh(b*x + a) + 1)*dilog(cosh(b*x + a) + sinh(b*x + a)) - 2x*(cosh(
b*x + a)~4 + 4xcosh(b*x + a)*sinh(b*x + a)~3 + sinh(b*x + a)~4 + 2*x(3*cosh(
b*x + a)~2 - 1)*sinh(b*x + a)~2 - 2*cosh(b*x + a)~2 + 4*(cosh(b*x + a)~3 -
cosh(b*x + a))*sinh(b*x + a) + 1)*dilog(-cosh(b*x + a) - sinh(b*x + a)) - 2
* (b*x*cosh(b*x + a)~4 + 4xbxx*xcosh(b*x + a)*sinh(b*x + a)~3 + b*x*sinh(b*x
+ a)”4 - 2*xbxx*cosh(b*x + a)”2 + 2*%(3*b*x*cosh(b*x + a)~2 - b#*x)*sinh(b*x +
a)”2 + b*xx + 4x(bxx*xcosh(b*x + a)~3 - b*x*cosh(b*x + a))x*sinh(b*x + a))*lo
g(cosh(b*x + a) + sinh(b*x + a) + 1) + 2x(a*xcosh(b*x + a)~4 + 4*akxcosh(b*x
+ a)*sinh(b*x + a)~3 + a*sinh(b*x + a)~4 - 2*xaxcosh(b*x + a)~2 + 2*x(3*a*xcos
h(b*x + a)~2 - a)*sinh(b*x + a)~2 + 4x(axcosh(b*x + a)~3 - axcosh(b*x + a))
xsinh(b*x + a) + a)*log(cosh(b*x + a) + sinh(b*x + a) - 1) - 2x((b*x + a)*c
osh(b*x + a)~4 + 4*x(b*x + a)*cosh(b*x + a)*sinh(b*x + a)~3 + (b*x + a)*sinh
(bxx + a)~4 - 2*x(b*x + a)*cosh(b*x + a)”2 + 2x(3*(b*x + a)*cosh(b*x + a)~2
- bxx - a)*sinh(b*x + a)~2 + b*x + 4%x((b*x + a)*cosh(b*x + a)~3 - (b*x + a)
xcosh(b*x + a))*sinh(b*x + a) + a)*log(-cosh(b*x + a) - sinh(b*x + a) + 1)
+ 4x((b™2*x72 — 2*xa~2)*cosh(b*x + a)”3 - (b™2*x"2 - 2%a~2 - 2%b*x - 1)*cosh
(b*x + a))#*sinh(b*x + a) - 2)/(b"2*cosh(b*x + a)”4 + 4*xb~2xcosh(b*x + a)*si
nh(b*x + a)~3 + b 2*sinh(b*x + a)~4 - 2*xb~2xcosh(b*x + a)~2 + 2x(3*b~2*cosh
(b*x + a)~2 - b™2)*sinh(b*x + a)~2 + b~2 + 4*(b"2*cosh(b*x + a)~3 - b~2*cos
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h(b*x + a))*sinh(b*x + a))

Sympy [F] time = 0., size = 0, normalized size = 0.

f x coth® (a + bx)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*coth(b*x+a)**3,x)

[Out] Integral(x*coth(a + bx*x)**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.

fxcoth (bx + a)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*coth(b*x+a)~3,x, algorithm="giac")

[Out] integrate(x*coth(b*x + a)~3, x)
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3
314 [Ty

X
Optimal. Leaf size=14
th’(a + b
Unintegrable (W, x]

[Out] Unintegrable[Coth[a + b*x]~3/x, x]

Rubi [A] time = 0.0283809, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, — — =0,
integrand size

Rules used = {}

coth(a + bx)
f — dx

Verification is Not applicable to the result.

[In] Int[Coth[a + b*x]~3/x,x]

[Out] Defer[Int] [Coth[a + b*x]~3/x, x]

Rubi steps

coth3(a + bx) cothB(a + bx)
et proviasm,,

Mathematica [A] time = 14.8989, size = 0, normalized size = 0.

coth3(a + bx)
f — dx

Verification is Not applicable to the result.

[In] Integrate[Coth[a + b*x]~3/x,x]

[Out] Integrate[Coth[a + b*x]~3/x, x]
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Maple [A] time = 0.29, size = 0, normalized size = 0.

f (coth (bx + a))°
" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(b*x+a)~3/x,x)

[Out] int(coth(b*x+a)~3/x,x)

Maxima [A] time = 0., size = 0, normalized size = 0.

(2 bxe2D) _ o2 a))e(Z bx) 41 22 +1 2x2 41
 h2x2p(Abx+4a) _ 9 p252pQ2bx+20) 4 h2y2 f h2y3ebx+a) 4+ h243 dx + f h2y3elbx+a) — p243 dx +log (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a) 3/x,x, algorithm="maxima"

[Out] -((2*xb*x*e”~(2*a) - e~ (2*a))*e” (2*b*x) + 1)/(b"2*xx"2%e” (4*b*x + 4*a) - 2*b~2
*x"2%e” (2%b*x + 2%a) + b72*x72) - integrate((b"2*x72 + 1)/(b"2*x"3%e” (b*x +

a) + b™2*x73), x) + integrate((b™2*x"2 + 1)/(b~2*x"3*e” (b*x + a) - b™2*x"3

), x) + log(x)

Fricas [A] time = 0., size = 0, normalized size = 0.

, [coth (bx + a)° )
integral —

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a) 3/x,x, algorithm="fricas")

[Out] integral(coth(b*x + a)~3/x, x)




Sympy [A] time = 0., size = 0, normalized size = 0.

coth® (a + bx)
f — dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)**3/x,x)

[Out] Integral(coth(a + b*x)**3/x, x)
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Giac [A] time = 0., size = 0, normalized size = 0.

coth (bx + a)3
f — dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a) 3/x,x, algorithm="giac")

[Out] integrate(coth(b*x + a)~3/x, x)
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3
315 f coth™(a+bx) dx

x2
Optimal. Leaf size=14

coth3(a + bx) ]
_ X

Unintegrable ( 2

[Out] Unintegrable[Coth[a + b*x]~3/x72, x]

Rubi [A] time = 0.0286649, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, — — =0,
integrand size

Rules used = {}

coth’(a + bx)
f — e dx

Verification is Not applicable to the result.

[In] Int[Coth[a + b*x]~3/x"2,x]

[Out] Defer[Int] [Cothl[a + b*x]~3/x"2, x]

Rubi steps

coth3(a + bx) cothB(a + bx)
[omerin , _ [eontasi,
X X

Mathematica [A] time = 11.1396, size = 0, normalized size = 0.

coth3(a + bx)
f — e dx

Verification is Not applicable to the result.

[In] Integrate[Coth[a + b*x]~3/x72,x]

[Out] Integrate[Coth[a + b*x]~3/x72, x]
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Maple [A] time = 0.227, size = 0, normalized size = 0.

f (coth (bx + a))°
dx

22
Verification of antiderivative is not currently implemented for this CAS.

[In] int(coth(b*x+a)~3/x"2,x)

[Out] int(coth(b*x+a)~3/x72,x)

Maxima [A] time = 0., size = 0, normalized size = 0.

p2y2p(4bx+da) | 242 _ o (b2x26(2 ) _ hyeRa) 4 o2 a))e(Z bx) 49 P2 43 122 43
12x3e@bx+40) _ 3 2,302 bx+2a) 1 2,3 ':fwﬁwﬂm+Wﬂd”ﬂfwﬁwmm_wﬁdx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)~3/x72,x, algorithm="maxima"

[Out] -(b"2*xx"2*%e” (4*b*x + 4*a) + b 2*x"2 - 2% (b"2*xx"2*xe~(2*a) - b*x*e”(2*a) + e~
(2*xa)) *e” (2xb*xx) + 2)/(b"2*x"3*e” (4xb*xx + 4%a) — 2%b"2*x"3xe” (2*b*x + 2*a)

+ b"2*x73) - integrate((b™2xx"2 + 3)/(b~2*xx"4*e” (b*x + a) + b™2*xx"4), x) +
integrate((b™2*x72 + 3)/(b"2*x"4xe” (b*x + a) - b™2*x74), x)

Fricas [A] time = 0., size = 0, normalized size = 0.

coth (bx + a)° )
—_——, X

integral [ 2 ,

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)~3/x72,x, algorithm="fricas")

[Out] integral(coth(b*x + a)~3/x72, x)




Sympy [A] time = 0., size = 0, normalized size = 0.

coth® (a + bx)
f — = dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)**3/x**2,x)

[Out] Integral(coth(a + bxx)**3/x**2, x)
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Giac [A] time = 0., size = 0, normalized size = 0.

coth (bx + a)3
[omlxa’,
x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(coth(b*x+a)~3/x72,x, algorithm="giac")

[Out] integrate(coth(b*x + a)~3/x72, x)
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316 [

a+a coth(e+fx)

Optimal. Leaf size=169

3d?%(c + dx) 3d(c + dx)? (c +dx)® 3d(c +dx)?> (c+dx)® (c+dx)*
_4f3(acoth(e+fx)+a) - 4f2(acoth(e + fx) + a) - 2f(acoth(e + fx) + a) 8af? daf - 8ad

[Out] (3*d"3*x)/(8*a*xf~3) + (3*d*(c + d*x)~2)/(8xaxf~2) + (c + d*x)~3/(4*ax*xf) + (
c + d*x)~4/(8*a*d) - (3*d"3)/(8xf~4x(a + a*Cothl[e + f*x])) - (3*xd"2x(c + d*
x))/(4xf~3x(a + a*Cothl[e + f*x])) - (3*d*x(c + d*x)"2)/(4*xf"2x(a + a*xCothle

+ f*xx])) - (c + d*x)"3/(2*f*(a + a*Cothl[e + f*x]))

Rubi [A] time = 0.185485, antiderivative size = 169, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 3, integrand size = 20, e =

integrand size
0.15, Rules used = {3723, 3479, 8}

3d?(c + dx) 3d(c + dx)? (c +dx)® 3d(c +dx)? (c+dx)® (c+dx)*
_4f3(acoth(e+fx)+a) - 4f2(acoth(e + fx) + a) - 2f(acoth(e + fx) + a) 8af? daf " 8ad

Antiderivative was successfully verified.

[In] Int[(c + d*x)~3/(a + axCothl[e + f*xx]),x]

[Out] (3*d"3#*x)/(8*a*xf~3) + (3*xd*(c + d*x)~2)/(8%xaxf~2) + (c + d*x)~3/(4xaxf) + (
c + dxx)~4/(8*axd) - (3%d~3)/(8*f~4x(a + a*Coth[e + f*x])) - (3*d~2*(c + d*
x))/(4xf~3x(a + a*Cothle + f*x])) - (3xdx(c + d*x)~2)/(4*xf~2x(a + axCothle

+ fxx])) - (¢ + d*x)~3/(2*f*x(a + axCothl[e + fx*x]))

Rule 3723

Int[((c_.) + (d_D)*(x_))"(m_.)/((a_) + (b_.)*tan[(e_.) + (f_.)*x(x_)]1), x_Sy
mbol] :> Simp[(c + d*x)"(m + 1)/(2%a*xd*(m + 1)), x] + (Dist[(a*xd*m)/(2%b*f)
, Int[(c + d*x)"(m - 1)/(a + b*Tanle + f*x]), x], x] - Simp[(a*x(c + d*x) m)
/(2x%bxf*(a + b*Tanl[e + f*x])), x]) /; FreeQ[{a, b, c, d, e, £}, x] && EqQ[a
2 + b72, 0] & GtQ[m, O]

Rule 3479

Int[((a_) + (b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(a*x(a +
bxTan[c + d*x])"n)/(2xb*d*n), x] + Dist[1/(2*a), Int[(a + bxTan[c + d*x]) (
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n+ 1), x], x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 + b2, 0] && LtQ[n, O]

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rubi steps
(c+dx)?
(c+ dx)3 _ (C + dx)4 (c+ dx)3 ( ) f a+acoth(e+fx) dx

fa+acoth(e+fx) r= 8ad 2f(a+acoth(e+fx)) 2f
C(c+d?  (c+dv) 3d(c + dx)? (c + dx)® (38) [ =
© daf - 8ad 4f2(a + acoth(e + fx)) - 2f(a + acoth(e + fx)) - 2f+
_Bd(c+dx?  (c+dx)®  (c+dx)? 3d?(c + dx) 3d(c + dx)?
T 8af2 ' daf ' 8ad  4f3a+acoth(e+ fx) 4f%a+ acoth(e+ fx))
_ Bd(c+dx?  (c+dx)®  (c+dx)? 3d4° 3d?(c + dx)
© 8af? " 4af " 8ad 8f4(a + acoth(e + fx)) - 4f3(a + acoth(e + fx))
_ 3@ 3d(c+dx)?  (c+dx)®  (c+dx)? 34° 3d?(c + dx
 8af3 8af? i 4af 8ad  8f%a+acoth(e + fx)) 4f3(a+ acoth(e

Mathematica [A] time = 0.400777, size = 244, normalized size = 1.44

csch(e + fx)(sinh(fx) + cosh(fx)) (2 fix (6c2dx + 4¢3 + ded?x? + d3x3) (sinh(e) + cosh(e)) + (cosh(e) — sinh(e)) cos.

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)~3/(a + a*Cothl[e + f*x]),x]

[Out] (Cschle + f*x]*(Cosh[f*x] + Sinh[f*x])*((4*xc™3*f~3 + 6+xc™2*kd*f 2% (1 + 2*xfx*x
) + BxckdT2xfx (1 4+ 2kfkx + 2%xFT2%x72) + d73*(3 + 6kf*kx + 6xfT2xx72 + 4xf"3%
x73))*Cosh [2*f*x] *(Cosh[e] - Sinhl[e]) + 2*xf~4d*xx*x(4*c™3 + 6*c™2*d*x + 4*c*xd”

2%x”2 + d"3*x73)*(Coshle] + Sinh[e]) + (4*c™3%f"3 + 6*xc™2xd*f"2x (1 + 2xf*x)

+ Bkcxd"2xfx (1 + 2%f*x + 2¢F72%x72) + d73*%(3 + 6*xf*x + 6xf72kx72 + 4*xf73%x
~3))*(-Cosh[e] + Sinh[e])*Sinh[2*fx*x]))/(16xa*xf"4x(1 + Cothl[e + fx*x]))
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Maple [B] time = 0.077, size = 959, normalized size = 5.7

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) 3/ (ata*xcoth(f*x+e)),x)

[Out] 1/a/f*x(-1/f73*xd"3*(1/2* (f*x+e) "3*cosh(f*x+e)*sinh (fxx+e)-1/8* (f*x+e) "4-3/4x%
(fxx+e) "2*cosh(f*x+e) "2+3/4* (f*x+e)*cosh (f*x+e) *sinh (f*x+e)+3/8* (f*x+e) ~2-3
/8*cosh(f*x+e) "2)+1/f"3*xd"3* (1/2* (f*x+e) "3*cosh(f*x+e) "2-3/4x (f*x+e) "2*cosh
(f*x+e)*sinh (f*x+e)-1/4* (f*x+e) ~3+3/4* (f*x+e) *cosh(f*x+e) "2-3/8*cosh (f*x+e)
*ginh (f*x+e)-3/8*f*xx-3/8xe)+3/f"3%d " 3*e*x (1/2*% (f*x+e) “2xcosh (f*x+e) *sinh (f*x
+e)-1/6*%(fxx+e) "3-1/2*% (f*x+e) *cosh(f*x+e) "2+1/4*cosh(f*x+e) *sinh (f*x+e)+1/4
*f*xx+1/4%e)-3/f73*d"3xex (1/2* (f*x+e) "2*cosh(f*x+e) "2-1/2x (f*x+e) *cosh (f*x+e
)*sinh (f*x+e)-1/4% (f*x+e) "2+1/4*cosh(f*x+e) ~2)-3/f72%d " 2%cx (1/2* (f*x+e) "2*cC
osh(f*x+e)*sinh(f*x+e)-1/6* (f*x+e) "3-1/2*%(f*x+e)*cosh(f*x+e) "2+1/4*cosh(f*x
+e) *sinh (fxx+e)+1/4Axf*x+1/4%e)+3/f72xd"2xcx (1/2x (f*x+e) "2*cosh(f*x+e) ~"2-1/2
* (f*x+e) *cosh(f*x+e)*sinh (fxx+e)-1/4* (f*x+e) "2+1/4*xcosh(fxx+e)~2)-3/f"3*d"3
*e7 2% (1/2* (f*x+e) *cosh(fxx+e)*sinh (f*x+e)-1/4*x (f*xx+e) "2-1/4*cosh(f*x+e) "2)+
3/f73*d"3*e”2x (1/2x (f*x+e) *cosh (f*x+e) "2-1/4*cosh (f*x+e) *sinh (f*x+e)-1/4*f*
x-1/4%e)+6/f"2xd"2xexc*x (1/2* (fxx+e) *cosh (f*x+e) *sinh (f*x+e)-1/4* (fxx+e) "2-1
/4*cosh(f*x+e) ~2)-6/f"2xd " 2xexc* (1/2* (f*x+e) *cosh(f*x+e) “2-1/4*cosh (f*x+e) *
sinh(f*x+e)-1/4*xf*xx—-1/4*xe)-3/f*xd*c™ 2% (1/2* (f*x+e) *cosh (f*x+e)*sinh (f*x+e)-1
/4% (f*xx+e) "2-1/4*xcosh(f*x+e) "2)+3/f*d*c™ 2% (1/2*% (f*x+e) *cosh (f*x+e) "2-1/4*co
sh(f*x+e)*sinh(f*x+e)-1/4xf*xx-1/4%e)+d"3*e”3/f"3*(1/2*xcosh (f*x+e) *sinh (f*x+
e)-1/2*f*x-1/2*e)-1/2*xd"3*xe~3/f " 3*cosh (f*x+e) "2-3*d"2*xe”2/f "2*xc* (1/2*cosh (f
*xx+e) *sinh (f*x+e)-1/2%xf*x-1/2%e)+3/2xd"2*e”2/f " 2xc*xcosh (f*x+e) "2+3*d*e/f*c”
2% (1/2*cosh(f*x+e)*sinh (fxx+e)-1/2+%f*x-1/2%e)-3/2*xd*e/f*xc 2*xcosh(f*x+e) ~2-c
~3*%(1/2*cosh(f*x+e)*sinh(f*x+e)-1/2xf*x-1/2*%e)+1/2*xc"3*cosh(f*x+e) 2)

Maxima [A] time = 1.37541, size = 247, normalized size = 1.46

-c + +

1 (2(free) f2r2d) 3 (2 22620 4 (2 fx +1)el 2 x))czde(‘z 2 (4 33620 4 3(2 232 4.2 fx +1)el 2/
3
4 [ af af ] 8af? 8af3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~3/(ata*coth(f*x+e)),x, algorithm="maxima"
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[Out] 1/4*c”3x(2x(f*x + e)/(a*xf) + e~ (-2*xf*xx - 2*e)/(axf)) + 3/8*%(2*f " 2*x"2*e™ (2%
e) + (2*f*x + 1)*e” (-2xf*xx))*c”2*d*e” (-2*e) /(a*xf~2) + 1/8x(4*xf~3*x"3*e” (2*e

)+ 3% (2+%f724x72 4+ 2kFfkx + 1)*e”(-2xfxx))*c*xd"2%e” (-2*e)/(axf~3) + 1/16%x(2%
f74*xx"4*xe” (2%xe) + (4*f73%x73 + 6*f72*x"2 + 6xf*xx + 3)*e” (-2*f*x))*d"3*e” (-2

xe) /(a*xf~4)

Fricas [A] time = 2.0833, size = 640, normalized size = 3.79

(2 fixt +43f3 +62df2 + 6cd?f +4(2cd f* + df2)x3 + 3% + 6 (22 4 + 20?3 + P f2)x% + 2 (43 f* + 6¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 3/ (ata*coth(f*x+e)),x, algorithm="fricas")

[Out] 1/16%((2*d"3*f~4*xx~4 + 4*c™3*f73 + 6xc™2xd*xf~2 + 6*xcxd™2+f + 4*x(2xcxd™2xf~4
+ d73*f73)*x"3 + 3*%d"3 + 6% (2*%cT2kd*f"4 + 2xckd"2xf"3 + d73kfT2) *x72 + 2% (
Axc”3*f74 + 6xcT2*%d*f73 + 6xckd"2xf72 + 3x%d"3*f)*x)*cosh(f*x + e) + (2*%d”3x%
f74%xx"4 - 4xc”3*xf"3 - Bxc”2x%d*f72 - Bxckd"2xf + 4x(2xcxd"2xf74 - d73*%f73) *x

"3 - 3*%d73 + 6% (2*xcT2xd*f"4 - 2%c*xd"2+f73 - dT3*fT2)*x72 + 2% (4%c”3*%f"4 - 6
*CT2%d*f"3 - BGxckd"2xf72 — 3*%d"3*f)*x)*sinh(f*x + e))/(axf~4xcosh(f*x + e)

+ axf 4*xsinh(f*x + e))

Sympy [A] time = 5.25127, size = 864, normalized size = 5.11

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**3/(a+axcoth(f*x+e)),x)

[Out] Piecewise((4xcx*x3xfxx4xx*xtanh(e + f*xx)/(8*axfxxdxtanh(e + f*x) + Skxaxf**x4)
+ 4xckxx3xfxx4xx/ (8xaxfx*x4d*xtanh(e + f*xx) + 8kxa*xf*xx4) + 4kcx*3xf*xx3/(8xaxf*x*x4
xtanh(e + f*x) + 8S*xaxf**4) + Gkckx2kxdxf**dxx**x2xtanh(e + f*xx)/(8xaxf**x4dxtan

h(e + f*xx) + 8xaxf*x*xd) + Gkcx*xkdxfx*xdkxx*x2/(8xaxf+xdxtanh(e + f*x) + 8kaxf

*%4) - Gxckk2kd*f**x3xx*xtanh(e + f£*x)/(8*a*f**xdxtanh(e + f*xx) + 8kxaxf*x4) +
Bxckxk2xdxfx*x3*xx/ (8*ka*xf*x4dxtanh(e + fxx) + 8xaxfx*x4) + Gkckx*x2kxd*xf*xx2/(8xaxfx*
*4xtanh(e + fxx) + Skxaxfxx4) + 4xckd*x*x2xfxxd*xx*x*x3xtanh(e + fxx)/(8kaxf*xdxt
anh(e + f*x) + 8*xaxf**x4) + 4kckxdx*2xFxx4*x*x*x3/(8*axfx*x4*xtanh(e + f*x) + 8*a
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xfxxd) - Gkcxdx*x2xf**3*xxxx2xtanh (e + f*xx)/(8*a*xfxxdxtanh(e + f*xx) + 8kaxfxx*
4) + Gkckdkx2xf*xx3kxx*k2/ (8ka*xf*xxdxtanh(e + £xx) + 8Skxaxfx*x4) — Gkckd*k*x2xf*%x2
*x*xtanh(e + f*x)/(8*axfxx4dxtanh(e + f*x) + 8*axf**x4) + Gxcxdx*x2xf**x2xx/(8*a
*f+xx4xtanh(e + £*x) + 8xaxfxx4) + Gxckd**2*f/(8*axf*r*x4dxtanh(e + f*x) + 8*ax
f*x4) + dx*3*xf*xdxxkxd*tanh(e + £*x)/(8xaxf*r*xd*xtanh(e + f*x) + 8xaxf**4) +
dxx3xfxkdxx**4/ (8xa*xfxxdxtanh(e + f*xx) + 8Sxaxf**xd) - 2kd*x*x3*xf**x3*x*k*3xtanh (
e + f*xx)/(8kaxfx*xdxtanh(e + f*x) + 8xaxf**x4) + 2xdx*x3kf**x3xx*x*x3/ (8*ka*xf**x4*xt
anh(e + f*x) + 8*axf*x*x4) — 3xd*x*x3*xf**x2*xx**2*xtanh(e + f*x)/(8xaxfxx4xtanh(e

+ fxx) + 8kaxf*xx4) + 3kdx*k3kf*xxxx**x2/ (8xaxf*x*x4*xtanh(e + f*x) + 8xaxf*xx4) -
3*xd*x*x3xfrx*tanh(e + f*x)/(8xaxf*x*kdxtanh(e + f*x) + 8Skxaxf*x4) + Ikd**3*xf*x/
(8xaxfxx4*xtanh(e + f*x) + 8kxaxf**x4) + 3xd**3/(8*axf*x4*xtanh(e + f*xx) + 8xax
fxx4), Ne(f, 0)), ((cx*x3*x + 3kck*x2kd*x**x2/2 + cxdk*x2kxx*x*3 + dx*x3xx**x4/4)/(
axcoth(e) + a), True))

Giac [A] time = 1.184, size = 261, normalized size = 1.54

(2 d3f4x4e(2fx+2 )18 cd2f4x3e(2fx+2 9 412 czdf‘*acze(zfﬁ2 ?) 44 Pf3x®+8 cg’f‘*xe(2 fx+2e) | 1o cd? f3x2 +12c2df3x +
16af*

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 3/ (ata*coth(f*x+e)),x, algorithm="giac")

[Out] 1/16%(2*d"3*f~4xx"4xe” (2+%f*x + 2%e) + 8*kxcxd™2xf 4*xx"3%e” (2+f*x + 2*e) + 12x%
cT2xd*fT4xx"2%e” (2kfkx + 2%e) + 4xd"3*%f73*%x"3 + 8kc T 3kfTdkxke” (2xfxx + 2%e)

+ 12%cxd72%f73%x72 + 12%cT2%d*f73%x + 6%d"3*%f72%xx72 + 4*xc”3%f73 + 12%c*xd”2
*f72%x + 6xcT2%d*f72 + 6xd"3kf*xx + Gxckd"2xf + 3xd"3)*ke” (—2*f*kx - 2%e)/(axf

~4)
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317 (ot

a+a coth(e+fx)

Optimal. Leaf size=122

d(c + dx) (c + dx)? (c+dx)? (c+dx)® d? d?x
T2f2(acoth(e + fx) +a) 2f(acoth(e+ fx)+a)  4daf | 6ad  4f3acothie + fx)+a)  daf?

[Out] (d"2*x)/(4xaxf~2) + (c + d*x)~2/(4*axf) + (c + d*x)~3/(6*xaxd) - d~2/(4*xf~3*
(a + a*xCothle + f*x])) - (d*(c + d*x))/(2xf"2x(a + a*xCothle + f*x])) - (c +
dxx) "2/ (2xf*x(a + axCothl[e + f*xx]))

Rubi [A] time = 0.117448, antiderivative size = 122, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 20, e -

integrand size
0.15, Rules used = {3723, 3479, 8}

d(c + dx) (c + dx)? (c+dx)? (c+dx)® d? d?x
_2f2(a coth(e + fx) + a) B 2f(acoth(e + fx) + a) " daf - 6ad 4f3(acoth(e + fx) + a) " 4af?

Antiderivative was successfully verified.

[In] Int[(c + d*x)~2/(a + axCothl[e + fxx]),x]

[Out] (d"2x*x)/(4*xa*xf~2) + (c + d*x)~2/(4*xaxf) + (c + d*xx)~3/(6*xa*xd) - d~2/(4*f"3x*
(a + axCothl[e + f*x])) - (d*(c + d*x))/(2*xf~2x(a + a*Cothl[e + f*x])) - (c +
d*x) "2/ (2xf*x(a + axCoth[e + fxx]))

Rule 3723

Int[((c_.) + (d_)*(x_)) " (m_.)/((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)1), x_Sy
mbol] :> Simp[(c + d*x)~(m + 1)/(2*a*xd*(m + 1)), x] + (Dist[(a*xd*m)/(2%b*f)
, Int[(c + d*x)"(m - 1)/(a + b*Tanle + f*x]), x], x] - Simp[(a*(c + d*x) m)
/ (2¥b*f*(a + b*Tanl[e + f*x])), x]) /; FreeQ[{a, b, c, 4, e, f}, x] && EqQ[a
"2 + b~2, 0] &% GtQ[m, O]

Rule 3479

Int[((a_) + (b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(ax(a +
bxTan[c + d*x])"n)/(2xb*xd*n), x] + Dist[1/(2*a), Int[(a + bxTan[c + d*x]) (
n+ 1), x], x] /; FreeQ[{a, b, c, d}, x] & EqQ[a"2 + b2, 0] && LtQ[n, O]

Rule 8
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Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQ[a, x]

Rubi steps
d c+dx
f (c + dx)? G dx)® (c + dx)? . J a+acothierfx) ¥
a+ acoth(e + fx) *= 6ad 2f(a + acoth(e + fx)) f
1
_(e+dx)® | (c+dx)® d(c + dx) ~ (c + dx)? N @ [ a+acoth(et
 daf 6ad 2f2(a +acoth(e + fx)) 2f(a+ acoth(e+ fx)) 2f2
_ (c+dx)? . (c +dx)3 ~ d? ~ d(c + dx) ~ (c + dx
~ daf 6ad 4f3(a +acoth(e + fx)) 2f%(a+acoth(e+ fx)) 2f(a+ acoth
d>x  (c+dx)?> (c+dx)? d? d(c + dx)

Taaf2 " daf ' 6ad  4f%a+acothe+ fx) 2f2a+acoth(e+ fx)  2f(a.

Mathematica [A] time = 0.252905, size = 169, normalized size = 1.39

csch(e + fx)(sinh(fx) + cosh(fx)) (% f3x (3c2 + 3cdx + dzxz) (sinh(e) + cosh(e)) + (cosh(e) — sinh(e)) cosh(2fx) (2C2J
8af3(co

Antiderivative was successfully verified.

[In] Integratel[(c + d*x)~2/(a + axCothl[e + f*x]),x]

[Out] (Cschl[e + f*x]*(Cosh[f*x] + Sinh[f*x])*((2*c™2+%f~2 + 2*ckxd*xf*(1 + 2*f*x) +
d"2*%(1 + 2xf*xx + 2xf72%x72))*Cosh[2*f*x]*(Cosh[e] - Sinh[e]) + (4*f~3*xx*x(3x*

c”2 + 3*ckxd*x + d72*x"2)*(Cosh[e] + Sinhl[e]))/3 + (2*xc™2*xf~2 + 2xcxd*f*(1 +
2%f*x) + d72%x(1 + 2xfxx + 2+%f72%x72))*(-Cosh[e] + Sinh[e])*Sinh[2*f*x]))/(
8xaxf~3*x(1 + Cothl[e + f*x]))

Maple [B] time = 0.065, size = 469, normalized size = 3.8

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) 2/ (a+taxcoth(f*xx+e)) ,x)
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[Out] 1/a/fx(-1/f72%d"2*x(1/2*%(f*x+e) "2xcosh(f*x+e)*sinh (f*x+e)-1/6*(f*x+e) "3-1/2%
(f*x+e)*cosh(f*x+e) "2+1/4*xcosh(f*x+e) *sinh (fxx+e)+1/4*f*xx+1/4%e)+1/f"2xd~ 2%
(1/2*% (f*x+e) "2*cosh(f*x+e) "2-1/2*x (f*x+e) *cosh (f*x+e) *sinh (f*x+e)-1/4* (f*xx+e
) "2+1/4xcosh(fxx+e) ~2)+2/f"2xd " 2xe* (1/2*% (f*xx+e) *cosh (f*x+e) *sinh (fx*x+e)-1/4
* (fxx+e) "2-1/4*cosh(f*xx+e) ~2) -2/ 2xd"2*e*x (1/2* (f*xx+e) *cosh(f*x+e) "2-1/4%*co
sh(f*x+e)*sinh(f*x+e)-1/4xf*x-1/4%e)-2/f*d*xcx (1/2* (f*x+e)*cosh (f*x+e)*sinh(
fxx+e)-1/4x(f*x+e) "2-1/4*cosh(f*x+e) ~2)+2/f*d*c*x (1/2* (f*x+e) *cosh(f*x+e) ~2-
1/4*cosh(f*x+e)*sinh (f*x+e)-1/4*xf*xx-1/4*%e)-d"2*xe~2/f 2% (1/2*cosh(f*x+e) *sin
h(f*x+e)-1/2xf*x-1/2%e)+1/2*d"2*e”2/f " 2xcosh (f*x+e) "2+2*d*e/f*xc*x(1/2*cosh (£
*x+e)*sinh (fxx+e)-1/2*%f*xx-1/2%e)-d*e/fxckxcosh(f*x+e) "2-c~ 2% (1/2*xcosh (f*x+e)
*sinh (f*x+e)-1/2*xf*x-1/2*e)+1/2*xc"2*cosh(f*x+e) ~2)

Maxima [A] time = 1.25439, size = 167, normalized size = 1.37

1 2[2 (fx + e) e(—fo—Ze)] ) (Zfzxze(ze) + (fo + 1)6(_2fx))cde(‘2e) (4f3x3e(23) +3 (Zfzx2 +2fx+ 1)6(_2fx)}

- + +
1€ af af 4af? 24af3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~2/(at+a*coth(f*x+e)),x, algorithm="maxima")

[Out] 1/4xc™2x(2x(f*xx + e)/(a*xf) + e (-2%fxx — 2%xe)/(a*f)) + 1/4%x(2xf 2xx"2%e” (2%
e) + (2%fxx + 1)*e” (-2%f*x))*ckxd*e” (-2*xe)/(a*xf~2) + 1/24%(4*f~3xx"3*xe” (2*e)
+ 3%k (2*%f72%xx"2 + 2xf*xx + 1)*e” (-2%fx*xx))*d"2%xe” (-2%e)/(a*xf~3)

Fricas [A] time = 2.08446, size = 419, normalized size = 3.43

(42323 + 62 f2 + 6cdf +6(2cdf> + d?f2)x® + 3% + 6 (22 f% + 2cdf? + d?f)x) cosh (fx +e) + (442 f2x — 6.7
24(af3cosh(fx+e) +af3sinh(fx+

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 2/ (a+a*coth(f*x+e)),x, algorithm="fricas")

[Out] 1/24*%((4*xd"2*f~3*x"3 + 6*%c™2*%f72 + 6G*xckxd*xf + 6x(2xcxd*f~3 + d72*%f72)*x"2 +
3kd"2 + 6% (2%c”2xf"3 + 2%ckd*f72 + d72*f)*x)*cosh(f*x + e) + (4*%d"2*xf~3*x"3
- B%CcT2%f72 - 6xckdxf + 6% (2%ckxd*f"3 - d72*%f72)*x"2 - 3*xd"2 + 6% (2xc”2*xf"3
- 2xckd*f"2 - d72xf)*x)*sinh(f*x + e))/(axf~3*cosh(f*x + e) + a*xf 3*xsinh(f
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*x + e))

Sympy [A] time = 2.18102, size = 522, normalized size = 4.28

6c2 f Sy tanh (e+ f x) 602 f3 X 602 f2 6cdf 3x2 tanh (e+ f x) 6cd f3 x2
+ + + - =
12af3 tanh (e+fx)+12af3 12af3 tanh (e+fx)+12af3 12af3 tanh (e+fx)+12af3 12af3 tanh (e+fx)+12af3 12af3 tanh (e+fx)+12af3 1

d
Ax+edx+ Tx

acoth (e)+a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**2/(ata*xcoth(f*x+e)),x)

[Out] Piecewise((Bxc**2xf**3xxxtanh(e + f*xx)/(12*axf**3xtanh(e + f*x) + 12*%axf**3
)+ BxcHk*2+f#*3kx/ (12*%axf**x3xtanh(e + f*x) + 12*%axf**3) + Gxcxx2xf*%x2/(12*a
*f+x3*xtanh(e + f*x) + 12xaxf**x3) + 6xckdkf**k3kx**x2xtanh(e + f*x)/(12*a*xf**3
*tanh(e + f*x) + 12%a*xf**3) + Gxckd*f*x3*xx**2/(12*axf*+*3xtanh(e + f*x) + 12
*a*xf**3) - Gkckdxfx*x2xxxtanh(e + f*x)/(12*axf**3xtanh(e + f*x) + 12*a*xf**3)
+ 6xcxdxfxx2xx/ (12*%a*xf**x3*xtanh(e + f*xx) + 12*xaxf*xx3) + Gkxckd*f/(12*%a*xf**x3x*
tanh(e + fxx) + 12%a*xf**3) + 2xd**2xf**x3xx*x*x3*xtanh(e + f*x)/(12*a*xf**3xtanh
(e + f*x) + 12%axf**3) + 2kd*x*x2xf**x3*x**x3/(12*%a*xf**x3*xtanh(e + fxx) + 12%axf
*%3) — Skdx*2*xfk*2xxk*k2xtanh(e + f*x)/(12*axf**3*xtanh(e + f*x) + 12*axf**3)
+ Bkdx*k 2k Fxx2kxkx2/ (12%axf+*x3xtanh(e + f*x) + 12*axf**3) — 3S*kd**2xf*x*xtanh
(e + f*x)/(12*axf**3*xtanh(e + fxx) + 12%a*xf**3) + 3kd**x2xf*xx/(12*%a*xf**3*tan
h(e + f*xx) + 12xa*xf**x3) + 3xd**x2/(12*xaxf**x3*xtanh(e + f*xx) + 12%a*xf**x3), Ne(
f, 0)), ((c**x2%x + ckd*x**2 + d**x2*x*x3/3)/(a*coth(e) + a), True))

Giac [A] time = 1.15187, size = 166, normalized size = 1.36

(4d2f3x3e(2fx+ze) +12 cdf3xze(2fx+ze) +12 c2f3xe(2fx+ze) +6d%f2x* +12cdf?x + 62 f2 + 6d°fx + 6 cdf + Sdz)e(_z
24af3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 2/ (ata*coth(f*x+e)),x, algorithm="giac")

[Out] 1/24%(4xd"2%f " 3%x"3%e”™ (2xf*x + 2%e) + 12%cxd*f~3*xx"2*xe~ (2xf*xx + 2%e) + 12%c
“2xf T 3kxke” (2xfxx + 2%e) + B6xdT2*fT2%xT2 + 12%xckd*fT2%x + 6*%cT2%f72 + 6*d”2
*fxx + 6kckd*xf + 3xd"2)*xe” (-2*xfxx - 2%e)/(axf~3)
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318 f c+dx

a+a coth(e+fx)
Optimal. Leaf size=74

c+dx (c + dx)? d dx
“2f(acoth(e+ fx)+a) | dad  4fXacoth(e+ fx) +a) @ daf

[Out] (d*x)/(4xaxf) + (c + d*xx)~2/(4*xaxd) - d/(4xf~2x(a + a*Cothl[e + f*x])) - (c
+ dxx)/(2xfx(a + a*Coth[e + f*x]))

Rubi [A] time = 0.051007, antiderivative size = 74, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 18, e =

integrand size
0.167, Rules used = {3723, 3479, 8}

~ c+dx +(c+dx)2_ d +d_x
2f(acoth(e + fx) +a) 4ad 4f2(acoth(e + fx) +a) 4a

Antiderivative was successfully verified.

[In] Int[(c + d*x)/(a + a*Cothl[e + f*x]),x]

[Out] (d*x)/(4xaxf) + (c + d*x)~2/(4*xaxd) - d/(4*f72x(a + a*Cothle + f*x])) - (c
+ d*x)/(2+f*(a + axCothl[e + f*x]))

Rule 3723

Int[((c_.) + (d_)*(x_)) " (m_.)/((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)1), x_Sy
mbol] :> Simp[(c + d*x)~(m + 1)/(2%a*xd*x(m + 1)), x] + (Dist[(a*xd*m)/(2%b*f)
, Int[(c + d*x)"(m - 1)/(a + b*Tanle + f*x]), x], x] - Simp[(a*x(c + d*x) m)
/ (2xb*fx(a + b*Tanl[e + f*x])), x]) /; FreeQ[{a, b, c, d, e, £}, x] && EqQ[a
"2 + b"2, 0] &% GtQ[m, O]

Rule 3479

Int[((a_) + (b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(a*(a +
b*Tan[c + d*x]) n)/(2*xbxd*n), x] + Dist[1/(2*a), Int[(a + b*Tan[c + d*x])~(
n+ 1), x], x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 + b~2, 0] && LtQ[n, O]

Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]



106

Rubi steps
c+dx (c + dx)? c+dx dfmdx
fa+acoth(e+fx) r= 4ad _2f(a+acoth(e+fx)) * 2f
(c +dx)’ d +dx 4 [1dx
= 4ad 4f2(a + acoth(e + fx)) - 2f(a + acoth(e + fx)) - daf
dx  (c+dx)? d c+dx

daf ' 4ad  4f2(a+ acoth(e+ fx) 2f(a+acothie + fx))

Mathematica [A] time = 0.262145, size = 81, normalized size = 1.09

(2cf@fx +1) +d (2f%% + 2fx + 1)) coth(e + fx) + 2cf (2fx - 1) +d (2222 - 2fx - 1)
8af?(coth(e + fx) +1)

Antiderivative was successfully verified.

[In] Integratel[(c + d*x)/(a + a*Coth[e + f*x]),x]

[Out] (2*%c*xfx(-1 + 2xfxx) + dx(-1 - 2*%fxx + 2%xF"2%xx"2) + (2*xc*xf*x(1 + 2xf*xx) + dx*(
1 + 2%fxx + 2%f~2%xx"2))*Cothl[e + f*x])/(8*axf~2x(1 + Cothl[e + f*x]))

Maple [B] time = 0.058, size = 175, normalized size = 2.4

f

2 4 4

5 -

d [(fx + e) (cosh ( X+ e))2 cosh
f

l[ d[(fx+e)cosh(fx+e)sinh(fx+e) ( x+e)2_(cosh(fx+e))2
af

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c)/(a+axcoth(f*x+e)),x)

[Out] 1/a/f*(-1/f*xd*(1/2* (f*x+e)*cosh(f*x+e)*sinh(f*x+e)-1/4*(f*x+e) 2-1/4*cosh(f
*x+e) "2)+1/fxd* (1/2*% (f*xx+e) *cosh (f*x+e) "2-1/4*cosh(f*x+e) *sinh (f*x+e)-1/4*f
*x-1/4%e)+d*e/f*(1/2*cosh(f*x+e)*sinh (f*x+e)-1/2*xf*x-1/2*%e)-1/2*xd*e/f*cosh(
f*xx+e) "2-c*x(1/2*xcosh(f*x+e) *sinh (f*x+e)-1/2*xf*x-1/2*e)+1/2*c*cosh(f*x+e) ~2)
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Maxima [A] time = 1.16564, size = 97, normalized size = 1.31

1 [2 (fx + e) e(—fo—2e)] (ZfoZe(ze) + (fo n 1)3(‘2fx))de(—2e)
+

1€ af " af 8af?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(a+axcoth(f*x+e)),x, algorithm="maxima"

[Out] 1/4xcx(2%(fxx + e)/(axf) + e~ (-2xf*xx - 2x%e)/(axf)) + 1/8%x(2*f~2*xx"2%e” (2%e)
+ (2%f*xx + 1)*e” (-2*xfx*x))*dxe” (-2*e)/(a*xf~2)

Fricas [A] time = 2.11715, size = 239, normalized size = 3.23

(2df22 +2¢f +2(2cf2 +df)x +d) cosh (fx +e) + (2df2x? = 2cf +2(2cf2 - df )x — d) sinh (fx +e)
8(afzcosh(fx+e) +af2sinh(fx+e))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(at+axcoth(f*x+e)),x, algorithm="fricas")

[Out] 1/8*%((2*%d*xf~2%x"2 + 2kc*f + 2% (2%c*xf"2 + dxf)*x + d)*cosh(f*x + e) + (2*xdxf
T2%x72 - 2kckf 4+ 2% (2%xcxf72 - dxf)*xx - d)*sinh(fxx + e))/(axf"2xcosh(f*x +
e) + axf"2xsinh(f*x + e))

Sympy [A] time = 1.45016, size = 250, normalized size = 3.38

2cf2xtanh (e+fx) 2cf2x 2cf alfzx2 tanh (e+fx) df2x2 dfxtan
+ + + + -
4af? tanh (e+fx)+4uf2 4af? tanh (e+fx)+4af2 4af? tanh (e+fx)+4af2 4af? tanh (e+fx)+4uf2 4af? tanh (e+fx)+4af2 4af? tanh (
2
o2
acoth (e)+a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(a+axcoth(f*x+e)),x)

[Out] Piecewise((2xcxf*x*x2*xx*tanh(e + f*x)/(4*xaxfx*x2xtanh(e + f*xx) + 4*xaxf**x2) + 2
kckfxk2%xx/ (d*axfx*2xtanh (e + f*xx) + 4xakxf*x*x2) + 2kxcx*xf/(4d*axfx*2xtanh(e + fx*
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x) + 4dxaxf**x2) + dxf*xx2*xxkx*x2xtanh(e + f*x)/(4dxaxf+*+2xtanh(e + f*x) + 4*axfx
*2) + d*xf*x2¥x*xx2/ (4*axfx*x2xtanh(e + f*xx) + 4xaxf**x2) - dxf*x*tanh(e + f*x)
/ (4xaxf**x2*xtanh(e + f*xx) + 4xaxf*%x2) + d*xf*x/(draxf*x*x2xtanh(e + f*x) + 4*ax
fxx2) + d/(4*xaxfxx2xtanh(e + fxx) + 4xaxf*x*x2), Ne(f, 0)), ((ckxx + d*xx*xx2/2)
/(axcoth(e) + a), True))

Giac [A] time = 1.18953, size = 88, normalized size = 1.19

(Zd 2xze(2fx+23) +4Cf2xe(2fx+26) +2dfx+2cf+d)e(_2fx_ze)
8af?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(at+axcoth(f*x+e)),x, algorithm="giac")

[Out] 1/8%(2%d*f~2*xx"2%e” (2%f*xx + 2%e) + 4kxckxf ™ 2xxxe” (2xf*xx + 2%e) + 2*dxf*xx + 2%
cxf + d)*xe” (-2xfxx - 2xe)/(axf"2)
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1
3.19 f (c+dx)(a+a coth(e+ fx)) ax

Optimal. Leaf size=157

Chi (fo + 2%[) sinh (26 - z%f) Chi (fo + Z%f) cosh (23 - Z%f) sinh (Ze - Z%f) Shi (fo + 2%:) cosh (Ze - 2—:
2ad - 2ad - 2ad "

[Out] -(Cosh[2*e - (2*cxf)/d]*CoshIntegral [(2xcxf)/d + 2*f*x])/(2*axd) + Loglc +
d*xx]/(2*a*d) + (CoshIntegral[(2*c*f)/d + 2xf*x]*Sinh[2%e - (2%cx*f)/d])/(2*a

xd) + (Cosh[2xe - (2xcx*f)/d]*SinhIntegral [(2*xcxf)/d + 2*f*xx])/(2*axd) - (Si
nh[2%xe - (2xc*f)/d]*SinhIntegral [(2xc*f)/d + 2*f*xx])/(2%axd)

Rubi [A] time = 0.251087, antiderivative size = 157, normalized size of antiderivative =

: . ber of rules
1., number of steps used = 7, number of rules used = 4, integrand size = 20, T~ > %% _

integrand size
0.2, Rules used = {3726, 3303, 3298, 3301}

Chi (fo + Z%f) sinh (26 - 2%[) Chi (fo + 2%[) cosh (Ze - Z%r) sinh (26 - Z%f) Shi (fo + 2%[) cosh (Ze - 2—:
2ad - 2ad - 2ad "

Antiderivative was successfully verified.

[In] Int[1/((c + d*x)*(a + a*Cothl[e + fx*x])),x]

[Out] -(Cosh[2*e - (2*cxf)/d]*CoshIntegral [(2xcxf)/d + 2*f*x])/(2*axd) + Loglc +
d*x]/(2*%a*d) + (CoshIntegral[(2*cx*f)/d + 2*xf*xx]*Sinh[2%e - (2xcxf)/d])/(2*a

*d) + (Cosh[2xe - (2*c*f)/d]*SinhIntegral[(2%cxf)/d + 2*f*x])/(2%axd) - (Si
nh[2%e - (2xc*f)/d]*SinhIntegral [(2xc*f)/d + 2*f*xx])/(2%axd)

Rule 3726

Int[1/(((c_.) + (@_D)*(x_))*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]1)), x_Symb
0ol] :> Simp[Loglc + d*x]/(2*%axd), x] + (Dist[1/(2x%a), Int[Cos[2*e + 2xfx*x]/
(c + d*x), x], x] + Dist[1/(2%b), Int[Sin[2%e + 2*f*xx]/(c + d*x), x], x]) /
; FreeQ[{a, b, c, d, e, f}, x] & EqQ[a"2 + b~2, 0]

Rule 3303

Int[sin[(e_.) + (£_)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e - cxf)/d], Int[Sin[(c*f)/d + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e — cx*f
)/d], Int[Cos[(c*xf)/d + fxx]1/(c + d*x), x], x] /; FreeQl{c, d, e, f}, x] &&
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NeQ[d*e - cxf, 0]

Rule 3298

Int[sin[(e_.) + (Complex[0, fz 1)*(f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[(I*SinhIntegral [(c*f*fz)/d + f*xfz*x])/d, x] /; FreeQ[{c, d, e, £
, £z}, x] && EqQ[d*e - cxf*xfzxI, 0]

Rule 3301

Int[sin[(e_.) + (Complex[0, fz 1)*(f_ .)*(x )1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[CoshIntegral [(cxf*fz)/d + f*xfz*x]/d, x] /; FreeQ[{c, d, e, f, fz
}, x] &% EqQld*x(e - Pi/2) - cxf*xfz*xI, 0]

Rubi steps
. sin(2(ie+ 7 )+2ifx) cos(2(ie+75 )+2ifx)
f 1 dx = lOg(C + dx) + Zf c+;x dx + f c+§x
(c +dx)(a + acoth(e + fx)) 2ad 2a 2a
2cf . 2f
2cf cosh(7+2fx) 2cf smh(7+2fx)
_ log(c + dx) cosh (26 a T) f c+dx dx + cosh (26 B 7) f c+dx
B 2ad 2a 2a
2c . [2c . [2c . 2c
cosh (26 - Tf) Chi (Tf + fo) . log(c + dx) . Chi (Tf + fo) sinh (26 - Tf

2ad 2ad 2ad

Mathematica [A] time = 0.2502006, size = 122, normalized size = 0.78

csch(e + fx)(sinh(fx) + cosh(fx)) (Chi (@) (sinh (e - 2%() — cosh (e - z%r)) + Shi (zf(cl;dx)) (cosh (e - %) -5
2ad(coth(e + fx) +1)

Antiderivative was successfully verified.

[In] Integrate[1/((c + d*x)*(a + a*Coth[e + f*x])),x]

[Out] (Cschl[e + fxx]*(Cosh[f*x] + Sinh[fx*x])*(Logl[f*x(c + d*x)]*(Cosh[e] + Sinhl[e]
) + CoshIntegral[(2xf*(c + d*x))/d]*(-Cosh[e - (2*xc*f)/d] + Sinh[e - (2xcx*f
)/d]) + (Coshl[e - (2%cxf)/d] - Sinh[e - (2xc*f)/d])*SinhIntegral [(2*f*(c +
d*x))/d]))/(2xa*xd*(1 + Coth[e + f*xx]))
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Maple [A] time = 0.182, size = 61, normalized size = 0.4

In(dx+c) 1 o
n(ZJ;la C)+2dae2 7 Ei(l,2fx+2e+2

cf;de)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(d*x+c)/(ata*xcoth(f*x+e)),x)

[Out] 1/2*1n(d*x+c)/d/a+1/2/a/d*exp(2x(cxf-d*e)/d)*Ei(1,2*xf*x+2xe+2* (cxf-d*e)/d)

Maxima [A] time = 1.75167, size = 65, normalized size = 0.41

—2et+ LA 2 (dx+c)f
e( d)El( d )+10g(dx+c)

2ad 2 ad

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(d*x+c)/(ata*coth(f*x+e)),x, algorithm="maxima"

[Out] 1/2%e”(-2%e + 2xcxf/d)*exp_integral e(1l, 2*x(d*x + c)*f/d)/(axd) + 1/2xlog(d
*x + c)/(axd)

Fricas [A] time = 2.18103, size = 166, normalized size = 1.06
dfx+c de—c dfx+c de—c
Ei (—M) cosh (—2(11—1[)) + Ei (—M) sinh (—y) —log (dx + ¢)

2ad

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(ata*coth(f*x+e)),x, algorithm="fricas")

[Out] -1/2*(Ei(-2*x(d*f*x + c*f)/d)*cosh(-2x(d*¥e - c*f)/d) + Ei(-2*(dxfxx + cxf)/d
)*sinh(-2x(d*e - c*f)/d) - log(d*x + c))/(a*xd)
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Sympy [F] time = 0., size = 0, normalized size = 0.

1
f ccoth (e+fx)+c+dx coth (e+fx)+dx

a
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(ata*xcoth(f*x+e)) ,x)

[Out] Integral(1l/(c*coth(e + fxx) + c + d*xx*coth(e + f*xx) + d*x), x)/a

Giac [A] time = 1.14969, size = 68, normalized size = 0.43

ﬂ
(Ei (—Z(df;+cf)) e( a ) — @9 og (dx + c) |29

2ad
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(ata*coth(f*x+e)),x, algorithm="giac")

[Out] -1/2%(Ei(-2x(d*f*x + c*xf)/d)*e”(2*c*xf/d) - e~ (2xe)*log(d*x + c))*e”(-2xe)/(
axd)
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1
3.20 f (c+dx)?(a+a coth(e+fx)) ax

Optimal. Leaf size=159

FChi (fo + 2%) sinh (2e - 2%’) FChi (fo + 2%’) cosh (Ze - %) Fsinh (Ze - 2%“) Shi (fo 4 2%’) fcosh
- ad? - ad? " ad? -

[Out] (fxCosh[2*e - (2xcxf)/d]*CoshIntegral[(2xcxf)/d + 2*fx*x])/(axd”2) - 1/(d*(c
+ d*x)*(a + a*Cothl[e + f*x])) - (f*CoshIntegral[(2xcx*f)/d + 2*fxx]=*Sinh[2%

e - (2xcxf)/d])/(a*xd”2) - (f*Cosh[2%e - (2%c*f)/d]*SinhIntegral [(2xcx*f)/d +
2xfxx])/(axd"2) + (£xSinh[2*e - (2%cx*f)/d]*SinhIntegral [(2*c*f)/d + 2xf*x]

)/ (a*d~2)

Rubi [A] time = 0.213013, antiderivative size = 159, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 4, integrand size = 20, e -

integrand size
0.2, Rules used = {3724, 3303, 3298, 3301}

fChi (fo + 2%() sinh (26 - Z%f) fChi (fo + 2%[) cosh (26 - z%r) fsinh (Ze - z%f) Shi (fo + Z%f) f cosh

ad? ad? ad?

Antiderivative was successfully verified.

[In] Int[1/((c + d*x)~2%(a + axCothl[e + f*x])),x]

[Out] (f*Cosh[2*e - (2xcxf)/d]*CoshIntegral [(2xc*xf)/d + 2*f*x])/(axd”2) - 1/(d*(c
+ d*x)*(a + axCothl[e + f*x])) - (f*CoshIntegral [(2xcx*f)/d + 2*fxx]*Sinh[2%

e - (2xcxf)/d])/(a*xd”2) - (f*Cosh[2*e - (2%c*f)/d]*SinhIntegral [(2xcx*f)/d +
2xf*xx])/(axd~2) + (fxSinh[2xe - (2%cx*f)/d]*SinhIntegral [(2*c*f)/d + 2xf*x]

)/ (a*d™2)

Rule 3724

Int[1/(((c_.) + (d_.)*(x_))"2x((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)1)), x_Sy
mbol] :> -Simp[(d*(c + d*x)*(a + b*Tan[e + fx*x]))~(-1), x] + (-Dist[f/(a*xd)
, Int[Sin[2%e + 2%f*x]/(c + d*xx), x], x] + Dist[f/(b*d), Int[Cos[2%e + 2xfx*
x]/(c + d*xx), x], x]) /; FreeQl{a, b, c, d, e, f}, x] && EqQ[a"2 + b2, 0]

Rule 3303

Int[sinf(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e - cxf)/d], Int[Sin[(c*xf)/d + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cx*f



114

)/d], Int[Cos[(c*f)/d + f*x]/(c + dxx), x], x] /; FreeQl{c, d, e, f}, x] &&
NeQ[d*e - cxf, 0]

Rule 3298

Int[sin[(e_.) + (Complex[0, fz 1)*(f_.)*(x )]1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[(I*SinhIntegral [(c*f*fz)/d + fxfz*x])/d, x] /; FreeQ[{c, d, e, £
, Tz}, x] && EqQ[d*e - cxfxfzxI, 0]

Rule 3301

Int[sin[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[CoshIntegral[(c*f*fz)/d + fxfzxx]/d, x] /; FreeQl{c, d, e, f, fz
}, x] &% EqQld*(e - Pi/2) - cxf*xfz*xI, 0]

Rubi steps

, L , (Zf) f sin(2 zi:dx+21fx) i f f COS(Z(Zi:d3+Zfo) |

(c + dx)?(a + acoth(e + fx)) *= _d(c + dx)(a + a coth(e + fx)) ad - ad

COS. 2Lf+ X

1 (fcosh( Cf))fh(cf—dxzf)dx (fcosl

- _d(c + dx)(a + acoth(e + fx)) ad -
_ feosh (2e - i) Chi (ch + fo) ) FChi (%f ;

ad? " d(c+dx)(a + acoth(e + fx))

Mathematica [A] time = 0.764114, size = 206, normalized size = 1.3

csch(e + fx) (sinh (Cf) + cosh ( )) (Zf(c + dx)Chi (zf(C;dx)) (sinh (e - ﬂc;dx)) — cosh (e - f(C;dx))) +2f(c + dx)S
- b

Antiderivative was successfully verified.

[In] Integratel[1/((c + dxx)~2*(a + a*Cothl[e + fx*x])),x]

[Out] -(Cschle + f*x]*(Cosh[(c*f)/d] + Sinh[(c*f)/d])*(d*(Cosh[e + f*x(-(c/d) + x)
] - Cosh[e + f*(c/d + x)] + Sinh[e + fx(-(c/d) + x)] + Sinh[e + f*x(c/d + x)
1) + 2xfx(c + dxx)*CoshIntegral [(2*f*(c + d*x))/d]l*(-Cosh[e - (fx(c + dx*x))
/d] + Sinh[e - (f*(c + d*x))/d]) + 2+f*x(c + d*x)*(Coshl[e - (fx(c + dx*x))/d]
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- Sinh[e - (f*(c + d*x))/d])*SinhIntegral [(2*f*(c + dxx))/d]))/(2*xa*d 2% (c
+ d*x)*(1 + Cothl[e + f*x]))

Maple [A] time = 0.203, size = 91, normalized size = 0.6

cf —de

1 -2 fx-2e cf—de
- AL W Ei(1,2fx+26+2
2 (dx+c)ad  2da(dfx+cf) ad

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(d*x+c)~2/(ata*xcoth(f*x+e)),x)

[Out] -1/2/d/a/(d*x+c)+1/2/a*xf*xexp(-2xf*x-2%e) /d/ (d*xf*x+cxf)-1/a*xf/d"2*exp (2% (c*f
—-d*e) /d) *Ei (1,2*f*x+2xe+2* (cxf-d*e) /d)

Maxima [A] time = 2.25829, size = 76, normalized size = 0.48
2c
d

) e(—26+—f)E2 (2(d9;+c)f)

+
2 (adzx + acd) 2(dx + c)ad

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c) 2/ (a+a*coth(f*x+e)),x, algorithm="maxima")

[Out] -1/2/(a*xd”2xx + axc*d) + 1/2%xe”(-2xe + 2xc*xf/d)*exp_integral e(2, 2x(d*x +
c)xf/d)/((d*x + c)*a*d)

Fricas [A] time = 2.13375, size = 498, normalized size = 3.13

v ) (225 + et (2] a5 o i 25
(ad3x + acdz) cosh (fx + e) + (t

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(d*x+c)~2/(at+a*coth(f*x+e)),x, algorithm="fricas")
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[Out] ((d*fxx + c*xf)*Ei(-2*(d*f*x + cxf)/d)*cosh(f*x + e)*cosh(-2*(d*xe - c*f)/d)
+ (d¥f*x + c*f)*Ei(-2x(d*f*x + c*f)/d)*cosh(f*x + e)*sinh(-2x(d*xe - cx*xf)/d)

+ ((d*f*xx + cxf)*Ei(-2*%(d*f*x + c*f)/d)*cosh(-2x(d*xe - c*f)/d) + (dxf*x +
cxf)*Ei (-2« (d*f*x + c*f)/d)*sinh(-2*x(d*xe - c*f)/d) - d)*sinh(f*x + e))/((a*
d"3*x + axc*d"2)*cosh(fxx + e) + (a*xd™3*x + a*xcxd™2)*sinh(f*x + e))

Sympy [F] time = 0., size = 0, normalized size = 0.

1
f 2 coth (e+ fx)+c2+2cdx coth (e+ fx)+2cdx+d2x2 coth (e+ fx)+d2x2
a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)**2/(ata*xcoth(f*x+e)),x)

[Out] Integral(l/(c**2xcoth(e + f*x) + c**2 + 2xcxd*x*coth(e + fxx) + 2%c*d*x + d
*xk2xxk*2%coth(e + f*x) + d*x*x2*x**2), x)/a

Giac [A] time = 1.33347, size = 149, normalized size = 0.94

X+C 2ic—e x+c Zﬂc—g
deﬂﬁ(—ig%iﬁ)Jd 2)+2qﬂﬁ(—5@%iﬁ)4d 2¢) , gol-2520)

2 (d3x + cdz)a

1
" 2(dx + c)ad

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)~2/(ata*coth(f*x+e)),x, algorithm="giac")

[Out] 1/2*%(2xd*f*xx*Ei(-2*(d*xf*x + cxf)/d)*xe” (2xc*xf/d - 2%e) + 2xc*xf*xEi(-2*x(d*f*xx
+ cx*xf)/d)xe” (2%cxf/d - 2%e) + d*xe” (-2xf*x - 2%e))/((d"3*%x + c*xd~2)*a) - 1/2

/((d*x + c)*axd)
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1
3.21 f (c+dx)3(a+a coth(e+fx)) ax

Optimal. Leaf size=211

F2Chi (fo N %f) sinh (Ze - 2%’) F2Chi (fo N %) cosh (2e - 2%) f2sinh (Ze - %f) Shi (fo N 2%’)

+

f?co

ads ads - ad?

[Out] -f/(2xa*xd"2x(c + d*x)) - (£f72*%Cosh[2*e - (2%c*f)/d]*CoshIntegral [(2*cx*f)/d

+ 2xf*xx])/(a*d”3) - 1/(2%dx(c + dxx)~2*(a + a*Cothle + fxx])) + £/(d"2x(c +

d*x)*(a + axCothl[e + f*x])) + (£72xCoshIntegral[(2*c*f)/d + 2xf*x]*Sinh[2*
e - (2xcxf)/d])/(a*d”3) + (£f"2xCosh[2*e - (2*cxf)/d]*SinhIntegral [(2*c*f)/d
+ 2xfxx])/(a*d”3) - (£72*Sinh[2*%e - (2*xcxf)/d]*SinhIntegral [(2xc*f)/d + 2%
f*x])/(axd~3)

Rubi [A] time = 0.300802, antiderivative size = 211, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 5, integrand size = 20, e T =

integrand size
0.25, Rules used = {3725, 3724, 3303, 3298, 3301}

f2Chi (fo + 2%() sinh (2e - z%f) f2Chi (fo + 2%:) cosh (Ze - z%f) f?sinh (2@ - 2%() Shi (fo + Z%f)

+

f?co

ad® ad® ad3

Antiderivative was successfully verified.

[In] Int[1/((c + d*x)"3*(a + a*Coth[e + f*x])),x]

[Out] -f/(2*axd"2x(c + d*x)) - (£72*Cosh[2*e - (2%c*f)/d]*CoshIntegral [(2*c*f)/d

+ 2xfxx])/(a*xd”™3) - 1/(2*d*(c + d*x)~2*x(a + axCothl[e + fx*x])) + £/(d"2*(c +
dxx)*(a + a*Coth[e + fxx])) + (£f72xCoshIntegral[(2xc*f)/d + 2%f*x]*Sinh[2x
e - (2%cxf)/d])/(a*d™3) + (f72*%Cosh[2*e - (2xcx*f)/d]*SinhIntegral[(2*cx*f)/d
+ 2xf*x])/(a*d”3) - (£72*Sinh[2%e - (2%cxf)/d]*SinhIntegral [(2%c*f)/d + 2%
fxx])/(a*d"3)

Rule 3725

Int[((c_.) + (d_.)*(x_))"(m_)/((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]), x_Sym
bol] :> Simp[(fx(c + d*x)"(m + 2))/(b*d"2x(m + 1)*(m + 2)), x] + (Dist[(2xb
*f)/(a*xd*(m + 1)), Int[(c + d*x)"(m + 1)/(a + bxTan[e + f*x]), x], x] + Sim
pl(c + d*x)~(m + 1)/(d*x(m + 1)*(a + b*Tanl[e + f*x])), x]) /; FreeQ[{a, b, c
, d, e, £}, x] &% EqQ[a"2 + b~2, 0] && LtQ[m, -1] && NeQ[m, -2]
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Rule 3724

Int[1/(((c_.) + (d_.)*(x_))"2x((a_) + (b_.)*tan[(e_.) + (f_.)*x(x_)]1)), x_Sy
mbol] :> -Simp[(d*(c + d*x)*(a + bxTan[e + fx*x]))~(-1), x] + (-Dist[f/(a*xd)
, Int[Sin[2%e + 2%fxx]/(c + d*x), x], x] + Dist[f/(bxd), Int[Cos[2*e + 2*fx
x]/(c + d*x), x], x]) /; FreeQ[{a, b, c, d, e, £}, x] &% EqQ[a"2 + b2, 0]

Rule 3303

Int[sin[(e_.) + (£_)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e - cxf)/d], Int[Sin[(c*f)/d + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - c*f
)/d]l, Int[Cos[(c*f)/d + fxx]/(c + dx*x), x], x] /; FreeQl{c, d, e, f}, x] &&
NeQ[d*e - cxf, 0]

Rule 3298

Int[sin[(e_.) + (Complex[0, fz 1)*(f_.)*(x )]1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[(I*SinhIntegral [(c*f*fz)/d + fxfz*x])/d, x] /; FreeQ[{c, d, e, £
, Tz}, x] && EqQ[d*e - cxfxfzxI, 0]

Rule 3301

Int[sin[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[CoshIntegral[(c*f*fz)/d + fxfzxx]/d, x] /; FreeQl{c, d, e, f, fz
}, x] &% EqQld*(e - Pi/2) - cxf*xfz*xI, 0]

Rubi steps
1
f 1 dr = — f 3 1 3 ff (c+dx)%(a+a coth(e+fx)) dx
(c+dx)¥(a+acoth(e+ fx)) =~ 2ad?(c+dx) 2d(c+dx)*(a+acoth(e + fx)) d
___f _ 1 N f
2ad?(c +dx)  2d(c + dx)*(a + acoth(e + fx))  d?(c + dx)(a + acoth(e + fx)
___f _ 1 N f
2ad?(c +dx)  2d(c + dx)*(a + acoth(e + fx))  d?(c + dx)(a + acoth(e + fx)
f f? cosh (Ze— 2%[) Chi(z%[ +2fx) 1

- " 2ad?(c +dx) ad® ~ 2d(c + dx)2(a + a coth(e
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Mathematica [A] time = 1.07348, size = 265, normalized size = 1.26

. cf cf ) 2 . [ 2f(c+dx) f(c+dx) . f(c+dx) )
_csch(e + fx) (smh (7) + cosh (E)) (4f (c + dx)*Chi (T) (cosh (e - T) —sinh (e - T)) +4f%(c+

Antiderivative was successfully verified.

[In] Integrate[1/((c + d*x)~3*(a + a*Coth[e + f*x])),x]

[Out] -(Cschle + f*x]*(Cosh[(c*f)/d] + Sinh[(c*f)/d])*(d*(d*Coshl[e + f*(-(c/d) +
x)] + (-d + 2*c*xf + 2xd*f*x)*Cosh[e + f*(c/d + x)] + d*Sinh[e + f*x(-(c/d) +

x)] + d*Sinh[e + f*(c/d + x)] - 2*c*f*Sinh[e + fx(c/d + x)] - 2*d*f*x*Sinh

[e + £x(c/d + x)]) + 4xf72x(c + d*x) " 2*CoshIntegral [(2xf*(c + d*x))/d]*(Cos

hle - (fx(c + d*x))/d] - Sinh[e - (f*(c + d*x))/d]) + 4*xf~2*x(c + d*xx) " 2x(-C
oshle - (fx(c + d*x))/d] + Sinh[e - (f*(c + d*x))/d])*SinhIntegral [(2xf*(c

+ d*x))/d]))/(4*a*xd”3*(c + d*x)~2+%(1 + Coth[e + fxx]))

Maple [A] time = 0.219, size = 210, normalized size = 1.

1 f3e—2fx—2 ey f3e—2fx—2 ec fZe—fo—Ze

- - - +
4da (dx + ) 2da(d2f2x2+2cdf2x+c2f2) Zadz(d2f2x2+2cdf2x+czf2) 4da(d2f2x2+2cdf2x+czf2)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(d*x+c)~3/(atakxcoth(f*x+e)),x)

[Out] -1/4/d/a/(d*x+c) ~2-1/2/axf~3*exp(-2*xf*x-2%e) /d/ (d"2*f " 2*x"2+2xc*xd*f ~2%x+c™2
*x£72) *x-1/2/axf"3xexp (-2xf*x-2%e) /d"2/ (d72%f " 2%xx"2+2*ckd*f ~2%x+c"2%xf72) *c+1
/4/axf~2%exp (-2*f*xx-2%e) /d/ (A" 2*%f " 2%x72+2*kcxd*f " 2xx+c"2+%f72) +1/a*f"2/d " 3*ex

p(2* (cxf-d*e)/d) *Ei (1,2*f*x+2%e+2* (cxf-dx*e) /d)

Maxima [A] time = 3.05869, size = 92, normalized size = 0.44

1 € ]

—2€+Zi{ 2 (dx+c)

o (2w
+ 2

4 (ad3x2 + 2 acd?x + aczd) 2 (dx +c)“ad

Verification of antiderivative is not currently implemented for this CAS.



120

[In] integrate(1/(d*x+c) 3/(a+a*coth(f*x+e)),x, algorithm="maxima")

[Out] -1/4/(a*xd”3*x"2 + 2*axc*d™2%x + a*c™2xd) + 1/2%e”(-2%e + 2*xcxf/d)*exp_integ
ral e(3, 2*x(d*x + c)*f/d)/((d*x + c)~2*axd)

Fricas [A] time = 2.16983, size = 748, normalized size = 3.55

2 (de—c f )
d

cosh(fx+e)sinh(— )+ (clzfx+cdf+2(dzf2x2 +2cdf?x + 2 f

2 (dzfzxz + ZCdeX + szz)Ei (_m)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)~3/(at+a*coth(f*x+e)),x, algorithm="fricas")

[Out] -1/2*%(2%x(d"2*f"2*x72 + 2%c*d*f~2*x + ¢~ 2*xf"2)*Ei (-2x(d*xf*x + c*f)/d)*cosh(f
*x + e)*sinh(-2*x(d*e — c*xf)/d) + (d72*f*x + cxd*f + 2x(d"2*xf72%x72 + 2*c*d*
f72%x + c"2%xf72)*Ei (-2% (d*f*x + c*f)/d)*cosh(-2*x(d*xe - c*f)/d))*cosh(f*x +

e) - (A72*f*x + ckxd*xf — 2% (d72*%f72%x"2 + 2kckd*f72*xx + c¢”2*xf72)*Ei (—2% (d*f*

x + c*f)/d)*cosh(-2x(d*xe - c*xf)/d) - 2%(d"2%f"2%x"2 + 2xc*d*f~2%x + c™2*%f"2
Y*Ei(-2% (d*f*x + c*f)/d)*sinh(-2x(d*e - c*f)/d) - d"2)*sinh(f*x + e))/((a*xd
“Bkx"2 + 2*xaxckd"4xx + axc”2xd"3)*cosh(f*x + e) + (a*xd”"5*x72 + 2xaxcxd"4*x

+ axc”2*d"3)*sinh(f*x + e))

Sympy [F] time = 0., size = 0, normalized size = 0.

1
f 3 coth (e+ fx)+c3+3c2dx coth (e+ fx)+3c2dx+3cd2x2 coth (e+ fx)+30d2x2+d3x3 coth (e+ fx)+d3x3

a
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)**3/(a+taxcoth(f*x+e)),x)

[Out] Integral(1l/(c**3*coth(e + f*x) + c*x*3 + 3xc*x*2xd*xx*coth(e + f*xx) + 3kcx*2xd
*x + 3xckd*x*2xx*kxk2kcoth(e + f*xx) + 3kcxdkx2kxx*x*x2 + d*x*x3kx**x3xcoth(e + f*x)
+ d*x*x3*xx**x3), x)/a
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Giac [A] time = 1.14919, size = 242, normalized size = 1.15

X+C sz X+C sz X+C ZLf
4d?f2x?Ei (—M)e( a ) + 8 cdf?xEi (—@) e( a ) +4c?f2Ei (—M) e( a ) + 2d2fxe(_2fx) +2cdf

4 (ad5xze(2 ) + 2 acd*xee) + ac2d3e 3))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)~3/(at+a*coth(f*x+e)),x, algorithm="giac")

[Out] -1/4*%(4*d"2*xf"2xx"2*Ei (-2* (d*f*x + c*f)/d)*e” (2xc*xf/d) + 8kckxd*f ™~ 2kx*Ei(-2%
(d*f*xx + c*xf)/d)*e” (2%c*xf/d) + 4xc™2xf"2%Ei (-2x (d*f*x + c*xf)/d)*e” (2*c*xf/d)

+ 2%d"2*kFxx¥e” (—2xf*x) + 2kckdxfrxe” (-2%f*xx) - d72xe” (-2xf*x) + d"2*e” (2*e)

)/ (a*xd~5*x"2%e” (2%e) + 2*axcxd~4dxx*xe” (2xe) + axc”2*xd"3*e” (2*e))
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399 [

(a+a coth(e+ fx))2

Optimal. Leaf size=230

3d%(c + dx)e4e-4fx s 3d%(c + dx)e 272/ 3d(c + dx)2e 44> . 3d(c + dx)?e 2-2fx (e dx)3e4e-4fx s (c + dx)3
128a2f3 8a2f3 6442 f2 8a2f? 16a2f 4a?

[Out] (-3*d"3*E~(-4*e — 4xfx*x))/(512*%a"2*f"4) + (3*d"3*E~(-2%e - 2*f*x))/(16*%a"2x%
£f74) - (3*xd"2*+E~(-4%e - 4xf*xx)*x(c + d*x))/(128*a"2%f"3) + (3*d"2*%E~(-2%e -
2xfxx)*(c + d*x))/(8%a~2xf~3) - (3*d*E~(-4%e - 4*xfxx)*x(c + d*xx)~2)/(64*a~2x*

£72) + (B*d*E~(-2xe - 2*f*x)*(c + d*x)72)/(8*xa~2xf~2) - (E~(-4*e - 4*xf*x)*(

c + d*x)73)/(16*a"2*f) + (E~(-2*xe - 2xf*x)*(c + d*x)~3)/(4*a"2xf) + (c + d*

x) "4/ (16xa~2x*d)

Rubi [A] time = 0.26818, antiderivative size = 230, normalized size of antiderivative
number of rules

1., number of steps used = 10, number of rules used = 3, integrand size = 20,
0.15, Rules used = {3729, 2176, 2194}

integrand size

3d2(c + dx)e 44> 3d2(c + dx)e 22f*  3d(c + dx)2e~* Y Bd(c + dx)2e 22 (c +dx)de Y (¢ + dx)3
12842 f3 8a?f3 64a2 f2 8a? f2 16a2f 4a?

Antiderivative was successfully verified.

[In] Int[(c + d*x)~3/(a + axCothle + f*x])~2,x]

[Out] (-3*d"3*E~(-4*e - 4xfxx))/(512%¥a"2*xf"4) + (3*d"3*E~(-2%e - 2xf*x))/(16*a"2*
£f74) - (3*%d"2*+E~(-4*e - 4xf*xx)*(c + d*x))/(128*%a"2%f"3) + (3*d"2*%E~(-2%e -
2xfxx)*(c + d*x))/(8%a~2%xf~3) - (3%d*E~(-4%e - 4*xfxx)*x(c + d*xx)~2)/(64%a~2x

£72) + (B*d*E~(-2xe - 2*f*x)*(c + d*x)72)/(8*xa~2xf~2) - (E~(-4*e - 4*f*x)*(

c + d*x)73)/(16*a"2*f) + (E~(-2*%e - 2xf*x)*(c + d*x)~3)/(4*a"2*xf) + (c + d*

x) "4/ (16xa~2x*d)

Rule 3729

Int[((c_.) + (d_)*(x_))"(m_)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)])"(n_),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x) m, (1/(2xa) + E~((2*ax(e + f*x))
/b)/(2xa))~(-n), x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[a”2 + b2
, 0] && ILtQ[n, O]

Rule 2176
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Int [((b_)*(F_)"((g_.)*((e_.) + (£_)*x_))))"(a_)*((c_.) + (d_.)*(x_)) " (m
_.), x_Symbol] :> Simp[((c + d*x) m*(b*F~(gx(e + f*x))) n)/(fxgxn*Logl[F]),
x] - Dist[(d*m)/(fxg*n*Log[F]), Int[(c + d*x)"(m - 1)*(b*F~(gx(e + f*x))) n
, x1, x] /; FreeQ[{F, b, c, d, e, f, g, n}, x] && GtQ[m, 0] && IntegerQ[2*m
] && !'$UseGamma === True

Rule 2194

Int [((F_)~((c_.)*x((a_.) + (b_.)*(x_))))"(n_.), x_Symbol] :> Simp[(F~(c*(a +
b*x)) ) n/(b*c*nxLog[F]), x] /; FreeQ[{F, a, b, c, n}, xl]

Rubi steps
(c + dx)® (c+dx)3 e * 4 +dx)® e 22/%(c +dx)3
(a + acoth(e + fx))? r= f( 4q? - 442 B 242 ) ax
(c +dx)* f e 44X (¢ + dx)3 dx f e2¢2fx(c + dx)3 dx
T led 172 ) 20
ey dx) e+ dx)®  (c+dn)t (Bd) [e X (c+dx?dx  (3d)
T 16a2f a2f lea2d 16221 }
3de~de4¥(c + dx)?  3de 22X+ dx)2 e * ¥ +dx)® e 2 +dx)®  (c
T ez 8a2f2 T tearr | 4arf B
B MY+ dy)  BdPe 2 H¥(c+dx)  3de*¥(c+dx)?  3de 2 X(c +dx)?
T 128223 8a2f3 - 6442 f2 8a2 2
3dle~de-4fx 3B 2e-2fx  3g2e~4e-AfX(c 4 dx)  3d2e72¢2fX(c 4+ dx)  Bde ¢ 4¥(c
T s T 16t 12880 8a2f3 B 6402 f?

Mathematica [A] time = 1.02336, size = 420, normalized size = 1.83

csch’(e + fx)(sinh(fx) + cosh(fx))? ( fhx (6c%dx + 4¢3 + dcd?x® + d°x%) (sinh(2e) + cosh(2e)) + é(sinh(Ze) — cosh(

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)~3/(a + axCothl[e + f*x])~2,x]

[Out] (Cschle + f*x] 2*x(Cosh[f*x] + Sinh[f*x]) " 2*x((4*c~3*%f~3 + 6*xc™2xd*f"2*x(1 + 2
*f*x) + 6kckd"2xFx (1 + 2xfxx + 2+%f72%x72) + d73*(3 + 6xf*xx + 6xf72%x"2 + 4%
f73%x73) ) *Cosh [2*xf*x] + ((32*%c™3*f~3 + 24*xc™2*d*f~ 2% (1 + 4*f*xx) + 12*%c*xd™2x%
fx(1 + 4xfxx + 8xf"2%x72) + d"3*%(3 + 12*xf*xx + 24*xf"2%x"2 + 32%f " 3*x"3))*Cos
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h[4xf*x]*(-Cosh[2*e] + Sinh[2*e]))/32 + £~ 4xx*(4*c™3 + 6*c™2*xd*x + 4xcxd™2%
x72 + d73%x"3)*(Cosh[2*e] + Sinh[2*e]) - (4%c™3*f~3 + 6*xc™2xd*xf"2*x(1 + 2*fx*
X) + 6xcxd"2xfx (1 + 2%f*x + 2kF72%xx72) + d73%(3 + 6*f*x + 6xf72%x72 + 4*xf”3
*x73) ) *Sinh [2xf*x] + ((32%c™3*%f73 + 24*c™2*d*f" 2% (1 + 4*xf*xx) + 12%c*xd™2+f*(
1 + 4xfxx + 8*xf72%x72) + dA73*%(3 + 12xf*xx + 24xf~2%x"2 + 32*%f " 3*x"3))*(Cosh[
2xe] - Sinh[2xe])*Sinh[4xf*x])/32))/(16*a~2*f~4*(1 + Cothle + f*x])~2)

Maple [B] time = 0.108, size = 2200, normalized size = 9.6

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) 3/ (at+a*xcoth(f*x+e)) 2,x)

[Out] 1/a"2/f*(6/f"2*d"2%exc*x(1/2* (f*x+e)*cosh(f*x+e)*sinh (f*x+e)-1/4*(fxx+e) " 2-1
/4*cosh(f*x+e) ~2)-3*xd"2xe~2/f " 2%c* (1/2*cosh(f*x+e) *sinh (fxx+e)-1/2*f*x-1/2%
e)+3*d*xe/f*xc”2x(1/2*xcosh(f*x+e) *sinh (f*x+e)-1/2xf*x-1/2%e)+6*c~2/f*d*e*x(1/4
*gsinh (f*x+e) "2*cosh(f*x+e) "2-1/4*cosh(f*x+e) ~2) -6*xc~2/f*d*xex (1/4*cosh(f*x+e
) "3xsinh (f*x+e)-1/8*cosh(f*x+e)*sinh (f*x+e)-1/8*f*x-1/8*%e)+12/f " 2*xc*d ™ 2*e*(
1/4% (f*x+e) *sinh (f*x+e) "2*cosh(f*x+e) "2-1/4* (f*x+e) *cosh(f*x+e) "2-1/16*cosh
(f*x+e) "3*sinh (f*x+e)+5/32xcosh (f*x+e) *sinh (f*x+e)+5/32*xf*xx+5/32%e) -12/f 2%
cxd"2%ex* (1/4* (f*x+e) *sinh (f*x+e) *cosh (f*x+e) "3-1/8* (f*x+e) *cosh (f*x+e) *sinh
(f*x+e)-1/16* (f*x+e) "2-1/16*sinh (f*x+e) "2*cosh(f*x+e) "2)+6/f " 2xcxd~2*xe” 2% (1
/4*cosh(f*x+e) "3*sinh(f*x+e)-1/8*cosh(f*x+e)*sinh(f*x+e)-1/8*xfxx-1/8*e)-6/f
~2xcxd”"2%e” 2% (1/4*sinh (fxx+e) "2*cosh (f*x+e) "2-1/4*cosh(f*x+e) ~2)-3/f"2%d~2x*
cx(1/2% (f*x+e) "2*cosh(f*x+e)*sinh (f*x+e)-1/6* (f*x+e) "3-1/2*% (f*x+e)*cosh (f*x
+e) "2+1/4*xcosh(f*x+e)*sinh (f*x+e)+1/4*xf*xx+1/4*xe) -3/ 3*%d"3*e" 2% (1/2* (f*x+e)
*cosh (f*x+e)*sinh(f*x+e)-1/4x (f*x+e) "2-1/4*cosh(f*xx+e)~2)-3/f*xd*xc™ 2% (1/2* (£
*x+e) *cosh (f*x+e) *sinh (fxx+e)-1/4* (f*x+e) "2-1/4*cosh(f*x+e) ~2)+d"3*e~3/f 3%
(1/2*cosh(f*x+e) *sinh(f*x+e)-1/2*xf*x-1/2%e)+3/f"3*d"3*e*x (1/2* (f*x+e) "2*cosh
(f*x+e)*sinh (f*x+e)-1/6* (f*x+e) ~3-1/2% (f*x+e) *cosh(f*x+e) "2+1/4*xcosh (f*x+e)
*gsinh (f*x+e)+1/4xfxx+1/4xe)-1/f73%d"3* (1/2*% (f*x+e) “3*cosh (f*x+e) *sinh (f*x+e
)-1/8% (f*x+e) ~4-3/4* (f*xx+e) "2xcosh(fxx+e) "2+3/4* (f*x+e) *cosh(f*x+e) *sinh (f*
x+e)+3/8* (f*x+e) "2-3/8*cosh (f*x+e) "2)+2/f73*xd"3* (1/4* (f*x+e) "3*sinh (f*x+e) *
cosh(f*x+e) ~3-1/8*(f*x+e) "3*cosh(f*x+e)*sinh (f*x+e)-1/32*%(f*x+e) ~4-3/16*(f*
x+e) "2xsinh (fxx+e) "2*cosh (f*x+e) "2+3/32*% (f*x+e) *sinh (f*x+e) *cosh (f*x+e) ~3-3
/64* (f*x+e) *cosh (f*x+e)*sinh (f*x+e)-3/128* (f*x+e) "2-3/128*sinh (f*x+e) ~2*cos
h(f*x+e)~2)-2/f73+%d"3* (1/4* (f*x+e) “3*sinh (f*x+e) "2*cosh(f*x+e) "2-1/4*x (f*x+e
) "3xcosh (f*x+e) "2-3/16*x (f*x+e) "2*xsinh (f*x+e) *cosh (f*x+e) "3+15/32*% (f*x+e) ~2%
cosh(f*x+e)*sinh (f*x+e)+5/32*% (f*xx+e) ~3+3/32* (f*x+e) *sinh (f*x+e) "2*xcosh (f*x+
e) "2-3/128*cosh (f*x+e) "3*sinh (f*x+e)+51/256*cosh (f*x+e) *sinh (f*x+e)+51/256%
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f*x+51/256%e-3/8x (f*x+e) *cosh(f*x+e) "2)+6/f73*d " 3*ex (1/4* (f*x+e) “2*sinh (f*x
+e) "2xcosh(f*x+e) "2-1/4x (f*x+e) "2*cosh(f*x+e) "2-1/8* (f*x+e) *sinh (f*x+e) *cos
h(f*x+e) ~3+5/16%* (f*x+e) *cosh(f*x+e) *sinh (f*x+e)+5/32* (f*x+e) ~"2+1/32*sinh (f*
x+e) "2xcosh (f*x+e) "2-1/8*cosh(f*x+e) "2)-6/f"3*%d~3*e* (1/4* (f*x+e) "2*sinh (f*x
+e) *cosh(f*x+e) "3-1/8* (f*x+e) "2*cosh(f*x+e)*sinh (f*x+e)-1/24* (f*x+e) "3-1/8%
(f*x+e)*sinh (f*x+e) “2*cosh(f*x+e) "2+1/32*cosh(f*x+e) "3*sinh (f*x+e)-1/64*cos
h(f*x+e)*sinh (f*x+e)-1/64*f*x-1/64*%e)+6/f " 3%d"3*e" 2% (1/4* (f*x+e)*sinh (f*x+e
)Yxcosh(f*x+e) "3-1/8*(f*x+e)*cosh(f*x+e)*sinh (f*x+e)-1/16*(f*x+e) "2-1/16%*sin
h(f*x+e) "2xcosh (f*x+e) "2)+6/f " 2*xcxd" 2% (1/4* (fxx+e) "2*sinh (f*x+e) *cosh (f*x+e
) "3-1/8* (f*x+e) "2*cosh(f*x+e)*sinh (f*x+e)-1/24* (f*x+e) "3-1/8* (f*x+e)*sinh (f
*x+e) “2*%cosh(f*x+e) "2+1/32*cosh(f*x+e) “3*sinh (f*x+e)-1/64*cosh (f*x+e)*sinh(
f*x+e)-1/64xfxx-1/64%e)+6*c~2/f*d* (1/4* (f*x+e)*sinh (f*x+e)*cosh(f*x+e) ~3-1/
8* (f*x+e) *cosh(f*x+e)*sinh (f*x+e)-1/16x(f*x+e) "2-1/16*sinh (f*x+e) "2*cosh(fx*
x+e)"2)-6/f"3*%d"3*%e" 2% (1/4* (f*x+e) *sinh (f*x+e) "2*cosh (f*x+e) "2-1/4*x (f*xx+e) *
cosh(f*x+e) "2-1/16*cosh(f*x+e) "3*xsinh (f*x+e)+5/32*cosh(f*x+e)*sinh (f*x+e)+5
/32xf*x+5/32%e)-2/f"3*d"3*e”"3* (1/4*cosh(f*x+e) "3*sinh (f*x+e)-1/8*cosh(f*x+e
)*sinh (f*x+e)-1/8*f*x-1/8%e)+2/f"3xd"3*e”3* (1/4*sinh (f*x+e) “2*cosh(f*x+e) "2
-1/4*cosh(f*x+e) ~2)-6/f"2xcxd~2* (1/4* (f*x+e) "2*sinh (f*x+e) "2*cosh (f*x+e) ~2-
1/4* (fxx+e) "2*cosh(f*x+e) "2-1/8* (f*x+e) *sinh (f*x+e) *cosh (f*x+e) "3+5/16* (f*x
+e) *cosh(f*x+e)*sinh (f*x+e)+5/32* (f*xx+e) "2+1/32*xsinh (f*x+e) "2*cosh(f*x+e) "2
-1/8*cosh(f*x+e) "2)-6xc~2/f*d* (1/4* (f*x+e) *sinh (f*x+e) "2*xcosh (f*x+e) "2-1/4%
(f*x+e)*cosh(f*x+e) "2-1/16*cosh(f*x+e) “3*sinh (f*x+e)+5/32*cosh (f*x+e) *sinh(
f*x+e)+5/32*f*x+5/32*e) +2%c~3* (1/4*cosh (f*x+e) "3*sinh (f*x+e)-1/8*cosh(f*x+e
)Yxsinh (f*x+e)-1/8*f*x-1/8%e)-2*xc~ 3% (1/4*sinh (f*x+e) "2*cosh(f*x+e) "2-1/4*cos
h(f*x+e)~2)-c~3*(1/2*cosh(f*x+e) *sinh (f*x+e)-1/2*xf*x-1/2%e))

Maxima [A] time = 2.49278, size = 401, normalized size = 1.74

1[4 (fx + e) gpl-2fr=2¢) _ (-4fx-4c)) 3 (szxze(‘“) +8 (foe(ze) + e(ze))e(_zfx) - (4fx + 1)6(_4fx))c2de(‘4‘33
16° a’f " a’f " 64 a2 f2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~3/(ata*coth(f*x+e))”~2,x, algorithm="maxima")

[Out] 1/16xc 3% (dx(f*x + e)/(a"2%f) + (4xe” (-2xf*x — 2%e) - e  (—4xf*xx - 4xe))/(a”
2+%f)) + 3/64*%(8*xf"2xx"2xe” (4*e) + 8+ (2xf*x*e” (2%e) + e~ (2*e))*e” (-2%f*x) -
(Axfxx + 1)*e” (—4*xf*xx))*c™2xd*xe” (-4xe)/(a™2+%f72) + 1/128*%(32*xf~3*x"3*e” (4*e
)+ 48%x (27 2xx"2*%e” (2%e) + 2*kFfxxxe”(2*%e) + e~ (2%e) ) xe” (—2xf*x) - 3% (8xf~2%
X"2 + Axfxx + 1)*e” (—4*f*x))*ckxd"2*xe” (-4*xe)/(a”2+%f73) + 1/512*%(32*xf " 4*xx"4x*e
“(4xe) + 32k (4*f73xx"3xe”(2xe) + 6xf72*xx"2*e” (2*%e) + B6xfxxxe”(2%e) + 3*xe” (2
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xe) ) k" (-2%f*xx) — (32*%f73*%x"3 + 24*%f72%xx"2 + 12*%f*xx + 3)*e” (-4*xf*xx))*d " 3*xe”
(-4xe)/(a~2*xf~4)

Fricas [B] time = 2.17092, size = 1257, normalized size = 5.47

1283 3% + 1283 f% + 192 2df2 + 192 cd? f +96d° +192 (2cd? 3 + B f2)x? + (328 fAx* - 323 f5 - 24 2d 2 - 12,

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~3/(ata*coth(f*x+e))~2,x, algorithm="fricas")

[Out] 1/512*%(128*d"3*f 3%x~3 + 128*c”3*f~3 + 192%c™2xd*f~2 + 192%c*d™2*f + 96*d~3
+ 192 (2*%cxd™2*f73 + d73*xf72)*x72 + (32*%dA73*f"4*xx"4 - 32%c”3%f73 - 24%cT2%
dxf~2 - 12xc*d"2xf + 32%x (4*kcxd™2*%f"4 — A7 3*xf"3)*x"3 — 3*xd"3 + 24% (8xc"2*dx*f
4 - Axckd"2%f73 - A73kFT2)*x7T2 + 4% (32%c”3%f"4 - 24xc”2xd*f"3 - 12%ckxd"2*f
"2 - 3%d73*f)*x)*cosh(f*x + e)72 + 2*%(32+%d"3*xf"4*x"4 + 32*c"3*f"3 + 24*xc"2%
d*f~2 + 12xcxd™2xf + 32% (4*c*d"2*¢f74 + d73*f73)*x"3 + 3*%d"3 + 24*(8*xc”2kxdx*f
T4+ 4xckd72*4F73 + dT3*FT2)*xx72 + 4% (32%cT3*fT4 + 24*%cT2xd*xf T3 + 12%c*xd”2x*f
“2 + 3%d73*xf)*x)*cosh(f*x + e)*sinh(f*x + e) + (32%d"3*f"4xx"4 — 32%c”~3*xf"3
- 24xc”2xd*xf"2 — 12%cxd"2%f + 32% (dkcxd"2xf"4 - d73*%f73)*x"3 - 3*%d"3 + 24
(8*%c™2xd*f"4 - 4xcxd™2%f"3 - A73*f"2)*xx"2 + 4% (32%c”3*%f"4 - 24*xcT2xd*f"3 -
12%c*d™2*xf72 — 3*d73*f)*x)*sinh(f*x + )72 + 1924 (2*c™2%d*f~3 + 2*xcxd ™ 2*f~2
+ d73%f)*x)/(a"2*xf"4*cosh(f*x + e)72 + 2*%a~2xf 4*xcosh(f*x + e)*sinh(f*x +
e) + a"2%f"4xsinh(f*x + e)~2)

Sympy [A] time = 10.8872, size = 2200, normalized size = 9.57

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**3/(ataxcoth(f*x+e))**2,x)

[Out] Piecewise((64xcxx3xf**x4*x*xtanh(e + £*xx)**x2/(256%a*x*2xf**x4*xtanh(e + f*x)**2
+ Bi12*xax*2xfxxdxtanh(e + f*x) + 256*a*x*2xf**x4) + 128*c*x*3*xf**x4*x*+tanh(e + f
*x) / (256*a*x*x2xfxkdxtanh(e + f*x)**x2 + 512*a*xk2xf*rkdxtanh(e + f*x) + 256%a**
2%f*x*x4) + BAxc*3xfx*xdxx/ (256*%ax*x2xfxxdxtanh(e + f*xx)**2 + 512*xax*x2*xf**xdxta
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nh(e + f*xx) + 256%a*x*2*xf**4) - 96kxckx*x3xfxx3xtanh(e + f*x)**2/(256*%ax*x2xf*x*x4
*tanh(e + f*xx)#**2 + 512*%ax*x2xf*xx4+xtanh(e + f*xx) + 256%a*x*x2xf**x4) + 32kcx*3*
f*x3/(266*%ax*x2xfxx4dxtanh (e + f*x)**2 + 512*xax*x2xfxx4xtanh(e + f*x) + 256%ax
*2+xf*x%x4) + 96kck*2xdxfrxdxx*x*x2+xtanh (e + f£*xx)**2/(256*ax*x2xf**x4+xtanh(e + f*x
Yxx2 + 512%a**2*f*kdktanh(e + f*xx) + 256%a*x*2+xf**x4) + 192kckk2kd*rfrkdrxx*x2*
tanh(e + f#*x)/(256*ax*x2*xf*x*xdxtanh(e + f*x)**2 + 512*a*x*x2xf*x*kxdxtanh(e + f*x)
+ 2B6kaxk2xfxkd) + 96kcxx2xd*f**x4*xx**2/ (256%ax*x2xfxx4dxtanh(e + f*x)**2 + 5
12xax*x2xfxx4*xtanh (e + f*x) + 256*%ax*x2xfxx4) — 240*c**2*kd*f**3*x*xtanh(e + f*
x)**2/ (256*ax*x2xfxx4*xtanh (e + f*x)**2 + 512xa*x*x2+xf+*4*tanh(e + f*x) + 256%a
*x2xf*x%x4) + 96kck*2kd*xfr*x3xx*xtanh(e + f*x)/(256*%ax*x2xfrxdxtanh(e + f*x)**2
+ 512%ax*2xf+*xdxtanh(e + f*x) + 256*%a*x*2xf*xx4) + 144*ckx*x2%xd*f*x*x3%x/ (256%a*x*
2%fxx4dxtanh(e + f*xx)**2 + 512*%ax*x2*xf*xx4dxtanh(e + f*xx) + 256%a*x*x2xf**x4) - 12
O*xckk2xdxfx*x2xtanh (e + f*x)*%x2/(256*%a*x*x2xfxxdxtanh(e + f*x)**2 + B12ka*x*x2x*f
**x4xtanh(e + £*xx) + 256*ax*x2*xf**x4) + T2kckk2kd*xF**2/ (256*a*x*2+xf+*4*+tanh(e +
f*x)*%2 + 512*%ax*x2xfxxdxtanh(e + f£*x) + 256*%a*x*2kxf*x*x4) + B4Axckd**2+f**x4*x*
*3xtanh (e + f*x)**x2/(256*a*x*x2xf**x4+xtanh(e + f*x)**2 + 512*a**x2xfxx4*xtanh (e
+ f*xx) + 256%ax*x2xf**x4) + 128kckd**2xf+*x4dxx*x*x3xtanh(e + f*xx)/(256%a*x*x2xf**4
xtanh(e + f*xx)**2 + 512*%ax*x2xf*xx4xtanh(e + f*xx) + 256%ax*x2xf**x4) + 64xcxd**
2+ xx4*xxx %3/ (256%ax*x2xfxx4dxtanh (e + f*x)**2 + 512xaxx2xfxx4xtanh(e + f*x) +
256*kaxk2xfxkd) — 240xckd**2+xf+*x3*xxk*k2xtanh (e + f*xx)**x2/(256*a**2*xf**x4*xtanh
(e + f*x)**2 + Bl12*xa*x*x2xfxxdxtanh(e + f£*x) + 266*%a*x*x2xf*x*x4) + O6*ckd**2*f**
3xx*x*2*xtanh (e + f*x)/(256*ax*x2xf*+*xdxtanh(e + f*x)**2 + 512%a*x*x2xf**xdxtanh (e
+ f*xx) + 256%ax*2xf**xd) + 14dxckxd*x2xF+*x3kxx*x2/ (256*ax*x2xf+*xdxtanh(e + f*x
Yxx2 + B12%a*x*2*kfrkdxtanh(e + fxx) + 256*a*x*2*kf**k4) — 216*ckxd*x*x2*xf**2*x*tan
h(e + f*xx)*x2/(256*a*x*2*«f**x4d*xtanh(e + f*xx)**x2 + 512%a**2*f**xd*xtanh(e + f*xx)
+ 266*%ax*x2xfxx4) + 48kckd**2*xf**k2kx*tanh(e + f*xx)/(256*a*x*2*xf**4d*xtanh(e +
fxx)**x2 + 512*axx2kxf*xxdxtanh(e + f*xx) + 256xa*x*2xf*x*x4) + 168*kckxd**2xf**x2*xx/
(256*xax*x2*xf*xx4xtanh(e + f*xx)**2 + 512*%ax*x2xf*xx4+xtanh(e + f*xx) + 256%ax*x2xf*
*4) - 108*ckd**2*xfxtanh(e + f*x)**2/(256*a*x*2*xf*x*xdxtanh(e + fxx)**2 + 512x*a
*x2xfx*x4*xtanh (e + f*xx) + 256%a*x*x2+xf**4) + 84xcxdx*x2xf/ (256*a*x*2+f**x4*tanh (e
+ fxx)**2 + 512xa*x*x2+xf+*x4*xtanh(e + f*xx) + 256*ax*x2xf**x4) + 16xd*kk3*kfrkdkx*
*4xtanh(e + £#*x)**x2/(256*%a*x*2*xf*xx4*xtanh(e + f*x)**2 + 512*a*x*x2*xf*xx4*tanh (e
+ f*xx) + 256%ax*x2xf**xd) + 32kd*x*x3kf*rxd*xxkkdxtanh(e + f*xx)/(256*%a*x*2xf*xx4*ta
nh(e + f*xx)*x*x2 + 512%a*x*2*xf*r*kdxtanh(e + fxx) + 256*a*x*2kf**x4) + 16xd*x*x3xf**
dxxxxd/ (256xa*x*x2+xf+x4*xtanh (e + £*xx)**x2 + 512%a**x2+xf**4*xtanh(e + f*x) + 256%
ax*¥2+f**x4) - 80*kd**x3xf**x3xx**x3xtanh(e + f*x)**2/(256*ax*x2xf**x4+xtanh(e + f*x
)*%2 + B12*axx2+xf*xxdxtanh(e + f*xx) + 256%a*x*x2xf**x4) + 32kd**x3*+f**x3*x*+*3xtan
h(e + f*xx)/(256xa**2xfx*x4*xtanh(e + f*x)**2 + 512*a*x*2*xfx*x4*xtanh(e + fxx) +
256*a*x*2xf*x*k4) + 48xdx*x3xfxx3xx**3/ (256*a**2xfxxdxtanh(e + fxx)**2 + 512*ax
*2xfx*x4*xtanh(e + £*xx) + 256xa*x*x2+xf**x4) - 108*xd**3*xF*x*x2xx*x*x2xtanh (e + f*x)**
2/ (256*a*x*2*xfxxd*xtanh(e + fxx)**x2 + B512*a*x*x2kxf*xkd*xtanh(e + fxx) + 256*a**2x*
fxk4) + 24xd*x*x3xf*x2¥x**x2xtanh(e + f*xx)/(256*ax*x2xf**x4+xtanh(e + f*x)**2 + 5
12xa*x*x2xf*x*xd*xtanh(e + £*x) + 256*%ax*x2*xf**x4) + 84xd**3xf**xkx*x*2/ (256*a**x2*xf
skdxtanh (e + f£*x)**x2 + 512%a*xx2xf+*xdxtanh(e + f*x) + 256*%ax*x2*xf**x4) - 102x%d
**x3xf*xx*rtanh (e + £*xx)**x2/(256%a*x*2xf+*x4*xtanh(e + £*x)**2 + 512xa*x*x2+xf**x4*ta
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nh(e + f*xx) + 256%a*x*2xf**x4) + 12xd*x*3*xf*xx*xtanh(e + f*xx)/(256%a*x*x2xf**x4d*xtan
h(e + f*xx)**2 + 512*%axx2*xf*x*xdxtanh(e + f*xx) + 256%a*x*x2xf**x4) + 90*xd*x*x3*fx*xx/
(256*a*x*x2xf*x*x4*xtanh (e + f*xx)**x2 + 512%a*x*x2*xf**xd*xtanh(e + f*xx) + 256%a*x*2*f*
*4) - B1*xd**3*xtanh(e + f*xx)*x2/(256*a*x*2*xf**d*xtanh(e + f*x)**x2 + 512%a**x2x*f
**x4xtanh(e + f*x) + 256*%ax*x2xf**x4) + 45%d**3/(256*%a**2xfxxdxtanh (e + f*x)**
2 + bl12*a*x*2xfxxdxtanh(e + f*xx) + 256xaxx2xf*xx4), Ne(f, 0)), ((cx*3*x + 3*c
*k 2k d*xX*k*2/2 + ckdx*2xx*k*3 + d*x*3*x**x4/4)/(axcoth(e) + a)**x2, True))

Giac [A] time = 1.16722, size = 517, normalized size = 2.25

(32 B Fhatel17749) 4 108 ed? fAadel S 7+4e) 1 190 2 f2e(4Sx+4e) 1108 3 £3x36(2/¥+2) _ 30 43 £33 1128 3 fhxel/*

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 3/ (ata*coth(f*x+e))”~2,x, algorithm="giac")

[Out] 1/512*%(32*d"3*f~4xx"4*e” (4*f*x + 4*e) + 128*cxd"2xf 4*x"3*xe” (4*xf*x + 4*e) +
192*%c™2xd*xf ~4xx"2%e” (4*f*x + 4*e) + 128*d"3*f"3xx"3*e” (2+xf*x + 2%e) - 32*d

“3*fT3%x73 + 128*%cT3*f"4dxx¥xe” (dxf*xx + 4xe) + 384*xckd"2*fT3xx"2*%e” (2*xf*xx + 2

xg) — 96%c*xd"2xf73%x"2 + 384xc”2*d*f " 3xxke” (2*fxx + 2%e) + 192%xd73kf "2%x 2%

e~ (2%f*x + 2%e) — 96*%cT2xd*xf"3%x - 24*d73*f72*x72 + 128*%c73xf " 3%e” (2xf*x +

2%e) + 384*xckd"2xf"2xx*e” (2xf*x + 2%e) - 32*%cT3*f73 — 48kckd"2xfT2%x + 192%

cT2xd*xf"2%e” (2% fkx + 2%e) + 192%xd"3xfxx*e” (2+xf*x + 2%e) - 24*xc”2xd*xf"2 - 12

*d"3*f*xx + 192*kckd"2xfxe” (2xf*x + 2%e) - 12*kckd™2*xf + 96*xd"3xe” (2*xf*x + 2x*e

) - 3%xd"3)xe” (-4xfxx - 4xe)/(a~2*f~4)
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393 [

(a+a coth(e+ fx))2

Optimal. Leaf size=170

d(c + dx)e4e4fx s d(c + dx)e 272X (c + dx)2e4e4fx N (c + dx)?e 2e72fx . (c+dx)® d2ete4fx N d2e~2e-2fx
32a%f? 402 f2 16a2f 4a?f 12a2d 12842 f3 8a?f3

[Out] -(d"2*E~(-4*e — 4xfxx))/(128*%a"2*f"3) + (d"2*xE~(-2xe - 2*f*x))/(8*a”2*f~3)
- (d*E"(-4*e - 4*xf*xx)*(c + d*x))/(32*%a"2*%f"2) + (d*E~(-2*e — 2*xf*x)*(c + d*
x))/ (4xa~2xf"2) - (E~(-4*e - 4*xf*xx)*(c + d*x)~2)/(16*%a"2*xf) + (E~(-2*e - 2%
fxx)*x(c + d*x)72)/(4xa~2*f) + (c + d*x)~3/(12*%a~2x*d)

Rubi [A] time = 0.191968, antiderivative size = 170, normalized size of antiderivative =
1., number of steps used = 8, number of rules used = 3, integrand size = 20, number of rules _

integrand size
0.15, Rules used = {3729, 2176, 2194}

d(c + dx)e 4/~ s d(c +dx)e™272/% (¢ + dx)?ete4fx et dx)2e 2¢72f* G dx)3  dPete4fx . d2e2e-2fx
32a%f? 402 f2 16a2f 4a?f 12a2d 12842 f3 8a?f3

Antiderivative was successfully verified.

[In] Int[(c + d*x)~2/(a + axCothl[e + fxx])~2,x]

[Out] -(d"2+E~(-4xe - 4xfxx))/(128%xa"2*xf~3) + (d"2*¢E~(-2*%e - 2*fx*x))/(8*xa”~2xf~3)
- (d*E~(-4%e - 4xf*x)*(c + d*x))/(32xa"2*f"2) + (d*E~(-2%e - 2xf*x)*(c + dx*
X))/ (4xa~2xf72) - (E~(-4*e - 4xf*xx)*(c + d*x)72)/(16*a"2*f) + (E~(-2xe - 2%
fxx)*(c + d*x)72)/(4*a~2+f) + (c + d*xx)~3/(12*xa~2xd)

Rule 3729

Int[((c_.) + (d_)*(x_))"(m_)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x) m, (1/(2xa) + E~((2*xax(e + f*x))
/b)/(2%a))~(-n), x], x] /; FreeQ[{a, b, c, d, e, £, m}, x] && EqQ[a"2 + b~2
, 0] && ILtQ[n, O]

Rule 2176

Int [((b_)*(F_)~((g_.)*x((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m
_.), x_Symbol] :> Simp[((c + d*x) m*(b*xF~(gx(e + f*x))) n)/(f*g*n*Log[F]),

x] - Dist[(d*m)/(f*g*n*Log[F]), Int[(c + d*x)"(m - 1)*(b*F~(g*x(e + f*x)))"n
, xJ, x] /; FreeQ[{F, b, ¢, d, e, f, g, n}, x] && GtQ[m, 0] && IntegerQ[2*m
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] && '$UseGamma === True
Rule 2194

Int[((F)~((c_)*x((a_.) + (b_.)*(x_))))"(n_.), x_Symbol] :> Simp[(F~(c*(a +
b*x))) "n/(b*c*n*xLog[F]), x] /; FreeQ[{F, a, b, c, n}, xl

Rubi steps
(c + dx)? (c+dx)? e ¥ +dx)? e 272¥(c + dx)?
(a + acoth(e + fx))? *= f( " 4a? - 2a? ) ax
(c+dxp® [e* ¥ (c+dn)?dx [ 22+ dx)?dx

T T12a2d 402 - 242
e (e 4 dx)2 e 22X+ dx):  (c+dx)® d f e X e+ dx)ydx  d f e2e-2f
16a2f 402 f 12a2d 8a2f 2
de ¥ (c+dx)  de 2 (c+dx) et Hr(c+dx)? e (c+dx)?  (c+dx)
T a2 f? " 402 f? - 16a2f " 4a?f " 12424
d23—4e—4fx d2e—26—2fx de—4e—4fx(c + dx) de—Ze—fo(C + dx) e—4e—4fx(c + dx)z e
T T8 82 32a2f2 22 l6arf B

Mathematica [A] time = 0.946135, size = 207, normalized size = 1.22

csch’(e + fx) (242 f2(4fx +1) +12cdf (8222 + 4fx +1) + d? (32£%% + 242 +12fx + 3)) sinh(2(e + fx)) + (24

Antiderivative was successfully verified.

[In] Integratel[(c + d*x)~2/(a + a*Cothl[e + f*x])~2,x]

[Out] (Cschle + f*x] 2*x(48%(2%c™2+f"2 + 2kckd*xf*x(1 + 2xfxx) + d72+%(1 + 2kf*x + 2%
£f72%x72)) + (24*xc™2*f72x (-1 + 4*f*x) + 12*xckxd*f*x (-1 - 4xf*x + 8xf~2%xx72) +
d"2x (-3 - 12%f*x - 24*%f~2%x"2 + 32*f~3%x73))*Cosh[2*¥(e + f*x)] + (24*c™2*f"~
2% (1 + 4*f*x) + 12xckxd*xfx (1 + 4*f*x + 8*f72*%x72) + d72%x(3 + 12%f*x + 24*f72
*x72 + 32%f73*x73))*Sinh[2*x(e + £*x)]))/(384*a~2*xf"3*(1 + Cothle + f*x])~2)

Maple [B] time = 0.097, size = 1087, normalized size = 6.4

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) 2/ (a+axcoth(f*x+e))"2,x)

[Out] 1/a~2/fx(-2/f"2%d" 2% (1/4% (f*xx+e) ~2*sinh (f*x+e) "2*cosh(f*x+e) "2-1/4*(f*x+e)”

2xcosh(f*x+e) "2-1/8* (f*x+e) *sinh (f*x+e)*cosh (f*x+e) "3+5/16% (f*x+e) *cosh (f*x
+e) *sinh (f*xx+e)+5/32% (f*x+e) "2+1/32*sinh (f*x+e) “2xcosh (f*x+e) "2-1/8*cosh (f*
x+e)"2)+2/f72xd" 2% (1/4* (£ *x+e) "2*sinh (f*x+e) *cosh (f*x+e) "3-1/8* (f*x+e) "2*co
sh(f*x+e)*sinh(f*xx+e)-1/24* (f*x+e) ~3-1/8* (f*x+e) *sinh (f*x+e) "2*cosh(f*x+e)”
2+1/32*cosh(f*x+e) "3*sinh (f*x+e)-1/64*cosh(f*x+e)*sinh(f*x+e)-1/64*f*x-1/64
*xe)-1/f72xd"2*% (1/2* (f*x+e) "2*cosh (f*x+e) *sinh (f*x+e)-1/6% (f*x+e) "3-1/2* (f*x
+e) *cosh(f*x+e) “2+1/4xcosh(f*x+e) *sinh (f*xx+e)+1/4xfxx+1/4%e)+4/f~2*xd" 2*xex*x (1
/4% (f*x+e) *sinh (f*x+e) "2xcosh (f*x+e) "2-1/4* (f*x+e) *cosh (f*x+e) ~2-1/16*cosh(
f*x+e) “3*sinh (f*x+e)+5/32*cosh(f*x+e) *sinh (f*x+e)+5/32xf*x+5/32xe)-4/f~2%d4"
2%ex (1/4* (f*xx+e) *sinh (f*x+e) *cosh (f*x+e) "3-1/8* (f*x+e) *cosh (f*x+e) *sinh (f*x
+e)-1/16x(f*x+e) "2-1/16*sinh (f*x+e) "2*cosh(f*x+e) ~2)+2/f"2xd"2*e* (1/2* (f*x+
e) *cosh(f*x+e)*sinh (f*x+e)-1/4x (f*x+e) "2-1/4*cosh(f*xx+e) ~2) -2/ 2%d " 2%xe "2 (
1/4*sinh (fxx+e) "2*cosh(f*x+e) "2-1/4*cosh(fxx+e) ~2)+2/f"2*xd"2*xe~2*x (1/4*cosh(
f*x+e) "3*sinh(f*x+e)-1/8*cosh(f*x+e)*sinh(f*x+e)-1/8*f*x-1/8%e)-d"2*e”2/f 2
*(1/2*cosh(f*x+e)*sinh (fxx+e)-1/2%fxx-1/2%e) -4*c/f*xd* (1/4* (f*xx+e) *sinh (f*x+
e) "2xcosh(f*x+e) "2-1/4* (f*xx+e)*cosh(f*x+e) "2-1/16*cosh(f*x+e) “3*sinh (f*x+e)
+5/32*%cosh (f*x+e) *sinh (f*x+e)+5/32*xf*x+5/32*%e) +4xc/T*d* (1/4* (f*x+e) *sinh (f*
x+e)*cosh(fxx+e) "3-1/8* (f*x+e) *cosh(f*x+e)*sinh (f*x+e)-1/16%(f*xx+e) ~2-1/16%
sinh(f*x+e) "2*cosh(f*x+e) ~2)-2/f*d*c* (1/2* (f*x+e) *cosh(f*x+e) *sinh (f*x+e)-1
/4% (fxx+e) "2-1/4*cosh(f*x+e) "2)+4*c/f*d*e*x(1/4*sinh (f*x+e) “2*cosh (f*x+e) ~2-
1/4*cosh(fxx+e) ~2)-4*c/f*d*xex(1/4*cosh(f*x+e) " 3*sinh(f*x+e)-1/8*cosh(f*x+e)
*ginh (f*x+e)-1/8*f*xx-1/8%e)+2*xd*e/f*c*(1/2*cosh(f*x+e)*sinh (f*x+e)-1/2*f*x—
1/2%e) -2xc”2*%(1/4*sinh (f*x+e) "2*cosh(f*x+e) "2-1/4*cosh(f*x+e) ~2)+2xc"2%(1/4
*cosh (f*x+e) "3*sinh(f*x+e)-1/8*cosh(f*x+e)*sinh (f*x+e)-1/8*f*xx-1/8%e)-c~2*(
1/2*cosh(f*x+e)*sinh (f*x+e)-1/2*xf*x-1/2%e))

Maxima [A] time = 2.02766, size = 258, normalized size = 1.52

16° a’f " af

1 (4 (fx + e) 4o(-2fr2¢) _ e(—4fx—4c)] (8f2xze(4e) +8 (foe(ze) + 6(23))6(_2fx) - (4fx + 1)6(_4fx))cde(‘4e)
2
+

3242 f2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~2/(ata*coth(f*x+e))~2,x, algorithm="maxima"

[Out] 1/16%xc™2%x(4x(f*x + e)/(a~2%f) + (4xe” (-2*f*xx — 2%e) - e~ (—4xf*xx - 4xe))/(a”

+



132

2%f)) + 1/32%(8*f~2xx"2*%e”™ (4*e) + 8x(2xf*x*e™(2%e) + e~ (2*e))*e” (-2*f*x) -

(Axf*xx + 1)xe” (—4*fx*x))*xcxd*e” (-4xe)/(a"2*%f72) + 1/384x%(32xf~3*x"3*e” (4xe)

+ 48*% (2xf72xx"2xe” (2%xe) + 2xf*x*e” (2%e) + e7(2*xe))xe” (-2%f*x) - 3k (8*F~2*xx~
2 + 4xf*x + 1)*e” (—4*xf*xx))*d"2xe”~ (-4*e)/(a"2*%f"3)

Fricas [B] time = 2.26552, size = 811, normalized size = 4.77

96 d2f2x2 + 96 22 + 96 cdf + (32d2f3x° = 24 22 ~12cdf + 24 (4cdf> - d2f2)x® - 32 +12(82f° — dcdf? - d2f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~2/(ata*coth(f*x+e))~2,x, algorithm="fricas")

[Out] 1/384*(96xd"2*xf"2xx"2 + 96*c™2*%f"2 + 96*ckxd*f + (32*xd"2+%f73%x"3 - 24*c 2*f"~
2 — 12%c*kd*f + 24*x(dxcxd*f~3 — d72+%f72)*x72 - 3*d"2 + 12%x(8xc”2%f"3 - 4*cx*d
*f72 - d72*xf)*x)*cosh(f*x + e)72 + 2% (32%d"2*xf"3*x"3 + 24*c™2*%f~2 + 12*xcxd*
f + 24%(dxc*xd*f~3 + d72*xf72)*x"2 + 3*%d"2 + 12%(8*c™2*%f~3 + 4xcxd*f~2 + d72%
f)*x)*cosh(f*x + e)*sinh(f*x + e) + (32xd™2*xf~3*%x"3 - 24%c™2+f72 - 12*c*xdx*f
+ 24x(Axcxd*xf~3 - d72+%f72)*x72 - 3*kd72 + 12%(8*cT2xf"3 - 4kckd*f72 - d72x*f
Yxx)*sinh (f*x + e)72 + 48*%d"2 + 96% (2*c*xd*f~2 + A7 2*f)*x)/(a~2*xf " 3*cosh (f*x
+ e)”2 + 2¥a"2xf " 3*cosh(f*x + e)*sinh(f*x + e) + a~2*f " 3*sinh(f*x + e)~2)

Sympy [A] time = 3.46332, size = 1358, normalized size = 7.99

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**2/(ataxcoth(f*x+e))**2,x)

[Out] Piecewise((48*cx*2xf**3*x*tanh(e + f*x)**x2/(192%a**2*xf**3*xtanh(e + f*x)**2
+ 384xax*x2xfx*x3xtanh(e + f*x) + 192*ka*x*2xf**3) + 96xc**2*xf**3*x*tanh(e + fx*
x)/ (192*%a*x*x2xf*x*x3xtanh (e + f*x)**2 + 384*xax*x2xf**x3*xtanh(e + f*xx) + 192%a*xx*2
*T*%x3) + 48kckk2xFx*x3xx/ (192*xa*x*2+xf+x3*xtanh (e + £*x)**2 + 384xa*x*2+xf**3*tan
h(e + f*xx) + 192%a**x2*xf**3) - 72xcx*x2xfxx2xtanh(e + f*x)**2/(192*%a*x*x2xf*x*x3%
tanh(e + fxx)**2 + 384*a*x*2*xf**x3xtanh(e + fxx) + 192%a*x*2*kf**3) + 24xck*x2xf
*%2/ (192*%ax*x2+xf*x*x3xtanh (e + f*x)**2 + 384*ax*x2+xf**x3xtanh(e + f*xx) + 192*ax**
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2%f**3) + 48xckdxf**3*xx*x*x2*xtanh(e + F*xx)**2/(192*ax*x2*xf**x3xtanh(e + f*xx)**2
+ 384*axk2xf*x*x3xtanh(e + f*x) + 192*a**2*xf**3) + 96kxcxdxf**3*x**2+xtanh(e +
£*x)/(192*%ax*x2xf*x*x3xtanh (e + f*x)**2 + 384*xax*x2xf*x3xtanh(e + f*x) + 192x*a

*kQkf*%x3) + 48kxckd*f*xx3xx*x*x2/ (192ka*x*x2*xf*xx3xtanh(e + f£*x)**2 + 384ka*x*x2*f*x

3xtanh(e + f*x) + 192%a**2+xf**3) - 120*kckd*xf**x2xx*xtanh(e + f£*x)**2/(192%ax*x*

2%f**x3xtanh(e + f*xx)**2 + 384*ax*x2*xf**x3xtanh(e + f*xx) + 192%a*x*2xf**3) + 48

*ckdxfx*x2xxxtanh (e + f*xx)/(192*%ax*x2xf*xx3xtanh(e + f*xx)**2 + 384*xax*x2kxf*x*x3*t

anh(e + f*x) + 192*%ax*x2xf*x3) + T2kxckd*f**2*x/ (192%xax*x2xf*x*x3xtanh (e + f*x)*

*2 + 384*axk2xf**x3xtanh(e + f*x) + 192*a*x*2*xf**3) — 60*ckxd*xfxtanh(e + f*x)*

*2/(192*a*x*2xf**3*xtanh(e + f*x)**2 + 384*ax*x2xf**x3xtanh(e + f*x) + 192%a*x*2

*f**3) + 36xckd*f/(192*%ax*x2xf*x*x3xtanh(e + f*xx)**2 + 384*ax*x2*xf**x3xtanh(e +

fxx) + 192%a**2xf**3) + 16kd**x2*f**k3xx*x*3xtanh(e + f*x)**x2/(192%a*x*x2xf**x3*t

anh(e + f*x)**2 + 384*xaxx2xfx*x3xtanh(e + f*x) + 192%ax*x2xf*x3) + 32kd**2*f*

*3*xx*x*x3*xtanh (e + f*xx)/(192xax*x2xf**x3xtanh(e + f*x)**2 + 384*xaxx2xf**3*tanh (

e + f*x) + 192*%a*x*2xf**3) + 16%d**x2+f**x3kx*k*k3/(192*%a**x2xf*x*x3xtanh (e + f*x)*

*2 + 384*axk2xf*k3xtanh(e + fxx) + 192%a**2*xf**3) — BG0*kd**x2xf**x2¥x**2*tanh (

e + fxx)**2/(192*%ax*x2*xf**x3*xtanh(e + f*x)**2 + 384*ax*x2xf*x*x3*xtanh(e + f*x) +
192%a*xx2xf**3) + 24*xd*x*x2+xfx*x2xx*+*x2xtanh(e + f*x)/(192*ax*x2*xf**x3*xtanh(e + f

*x)*%2 + 384*kaxk2xf*x*x3xtanh(e + f*x) + 192*a*x*2xf**3) + 36kd*x*x2xF**2*xx**x2/ (

192*xax*x2xfx*x3xtanh (e + f*x)**2 + 384xax*x2xf**x3+xtanh(e + f*x) + 192%ax*x2xfx*

3) - Bdxd**2xfxxxtanh(e + f£*x)**2/(192*%a**x2xf**x3xtanh(e + f*x)**2 + 384*a*x*

2%f**x3xtanh(e + f*xx) + 192%a*x*2xf**3) + 12*xd**2*xf*xxxtanh(e + f*xx)/(192*a**2

*fx*x3xtanh (e + f*xx)**2 + 384*ax*x2+xf**x3xtanh(e + f*xx) + 192%a*x*2xf*x*x3) + 42%

A*x*k2*xFxx/ (192*ax*x2xfx*x3xtanh (e + f*x)**2 + 384xaxx2xf**3*tanh(e + f*x) + 19

2kxax*x2*xf**x3) — 27*xd**2xtanh(e + f*x)**2/(192*a*x*2xf**x3xtanh(e + f*x)**2 + 3

84*axk2xf**x3xtanh(e + f*x) + 192*axk2*xf**x3) + 21xd**2/(192*a**2*xf**3*xtanh (e
+ f*x)*k2 + 384*xax*x2xfxx3xtanh(e + f*x) + 192*xa*x*x2xf**x3), Ne(f, 0)), ((c**

2xx + ckd*x*x2 + d**2%xxx3/3)/(a*xcoth(e) + a)*x2, True))

Giac [A] time = 1.1428, size = 306, normalized size = 1.8

(32 2 3336 l44) 1 06 e f3x2el44) 1 96 2 F3xel41¥49) 1 96 12 (22262 1¥2¢) _ 04 42 £232 1192 e el 1¥29)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~2/(ata*coth(f*x+e))~2,x, algorithm="giac")

[Out] 1/384*(32xd"2*xf"3*xx"3%e” (4*xf*x + 4*e) + 96xcxd*xf~3*xx"2%e” (4*xf*x + 4*xe) + 96
*CT2+f " 3kxke” (4xfrx + 4dke) + 96%d72+f7T2%x7T2%ke” (2xfkx + 2%e) — 24%d72*f 7 2%x”
2 + 192%ckd*xf " 2kx*xe” (2xf*x + 2%e) — 48xc*d*f72%x + 96%c™2xf " 2*e” (2%f*x + 2%
e) + 96*d"2xfxxke” (2*f*x + 2ke) - 24*xc”2*¢f72 - 12%xd"2*f*x + 96kckd*fre” (2*f
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*xX + 2%e) — 12%ckdxf + 48xd"2%e” (2*f*xx + 2%e) - 3xd"2)*xe” (-4xf*xx - 4xe)/(a”
2%f~3)



135

3 94 f c+dx

(a+a coth(e+ fx))2

Optimal. Leaf size=133

c+dx +x(c+dx) 3d .\ 3dx _d_xz_ c+dx L
4f (az coth(e + fx) + az) 4a? 162 (a2 coth(e + fx) + az) lea?f 8a*> 4f(acoth(e+ fx) +a)* 16

[Out] (3*xd*x)/(16%xa~2*xf) - (d*x~2)/(8xa"2) + (xx(c + d*xx))/(4*xa~2) - d/(16xf~2x(a
+ a*Cothl[e + f*x])72) - (¢ + d*x)/(4*xf*x(a + a*xCothl[e + f*x])"2) - (3xd)/(1
6xf"2x(a"2 + a"2*Cothl[e + f*x])) - (c + d*x)/(4*f*x(a”2 + a~2*Cothl[e + f*x])

)

Rubi [A] time = 0.129456, antiderivative size = 133, normalized size of antiderivative =

. . number of rules
1., number of steps used = 7, number of rules used = 3, integrand size = 18, ——— =

integrand size
0.167, Rules used = {3479, 8, 3730}

c+dx +x(c+dx) 3d . 3dx _d_xz_ c+dx L
4f (az coth(e + fx) + az) 4a? 16f2 (az coth(e + fx) + az) l6a?f 8a®> 4f(acoth(e+ fx)+a)* 16

Antiderivative was successfully verified.

[In] Int[(c + d*x)/(a + axCothl[e + f*x])~2,x]

[Out] (3*xd*x)/(16xa~2%f) - (d*x"2)/(8*a"2) + (x*(c + dx*x))/(4*a~2) - d/(16xf"2x(a
+ a*Cothle + f*x])~2) - (c + d*x)/(4*xfx(a + axCoth[e + f*x])"2) - (3xd)/(1
6xf 2% (a"2 + a~2xCothl[e + f*x])) - (c + dxx)/(4xfx(a"2 + a~2xCothl[e + f*x])

)

Rule 3479

Int[((a_) + (b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[(ax(a +
bxTan[c + d*x]) n)/(2xb*xd*n), x] + Dist[1/(2*a), Int[(a + bxTan[c + d*x]) (
n+ 1), x], x] /; FreeQ[{a, b, c, d}, x] & EqQ[a"2 + b~2, 0] && LtQ[n, 0]

Rule 8
Int[a_, x_Symbol]l :> Simpla*x, x] /; FreeQ[a, x]

Rule 3730
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Int[((c_.) + (A_D)*(x_))"(m_.)*x((a_) + (b_.)*tanl[(e_.) + (f_)*(x_)1)"(n_),
x_Symbol] :> With[{u = IntHide[(a + b*Tan[e + fx*x])"n, x]}, Dist[(c + dx*x)
“m, u, x] — Dist[d*m, Int[Dist[(c + d*x)"(m - 1), u, x], x], x]J] /; FreeQ[{
a, b, ¢, d, e, f}, x] && EqQ[a"2 + b~2, 0] && ILtQ[n, -1] && GtQ[m, O]

Rubi steps
c+dx x(c + dx) c+dx c+dx f X
x = - - - B —
(a + acoth(e + fx))? 4q2 4f(a+acoth(e+ fx))*  4f (QZ + a2 coth(e + fx)) 402 Af(a+a
P 1
X s x(c + dx) c+dx c+dx N / (a-+a coth(e
8a2 4q2 4f(a+ acoth(e + fx))? Af (,12 + a2 coth(e + fx)) 4f
X s x(c + dx) d c+dx 1
82 442 16f2(a + acoth(e + fx))>  4f(a+acoth(e+ fx))? gf2 (a2 +a2
_dx dx? .\ x(c + dx) d c+dx
 8a2f 8a? 4q? 16f2(a + acoth(e + fx))>  4f(a+acoth(e+ fx))? 162 (‘
3dx  dx*>  x(c+dx) d c+dx

B 1642 f - 8a2 - 402 16f2(a + a coth(e + fx))? - 4f(a+ acoth(e + fx))? - 16f2

Mathematica [A] time = 0.521503, size = 114, normalized size = 0.86

cschz(e + fx) ((4cf(4fx +1)+d (8f2x2 +4fx+ 1)) sinh(2(e + fx)) + (4cf(4fx -1)+d (8f2 2 _Afx- 1)) cosh(2(e -
64a?f2(coth(e + fx) +1)?

Antiderivative was successfully verified.

[In] Integratel[(c + d*x)/(a + a*Cothle + f*x])~2,x]

[Out] (Cschl[e + f*xx] 2%x(8%(d + 2%c*f + 2kdxfxx) + (4d*ckxfx(-1 + 4xf*xx) + d*x(-1 - 4
*fxx + 8%xf"2%x"2))*Cosh[2*(e + f*xx)] + (dxcxfx(1 + 4xf*xx) + d*(1 + 4xfxx +
8xf"2xx"2))*Sinh[2*(e + f*x)]))/(64*%a~2%f"2%(1 + Cothl[e + f*xx])~2)

Maple [A] time = 0.122, size = 74, normalized size = 0.6

dx?  cx (deX+2cf+d)e‘2fx‘2€ (4dfx+4cf+d)e—4fx—4e

4+ +
8a2  4a? 842 f? 64 a2 f?
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c)/(at+a*coth(f*x+e)) ~2,x)

[Out] 1/8*d*x~2/a"2+1/4/a~2*c*x+1/8* (2xd*xf*x+2*xcxf+d)/a~2/f 2*exp(-2*xf*x-2%e)-1/6
4x (4xdxfxx+4xcxf+d) /a~2/f 7 2%exp (-4*f*x—4*e)

Maxima [A] time = 1.50981, size = 144, normalized size = 1.08

1 (4 (fx + e) g p(-2fx2¢) _ (-4 fx-4e) (8 f2x2e™) 1+ 8 (2 fxe®O + 6(26))3(_2fx) - (4 fx+ 1)6(_4fx))de(‘4€)
16| 22 f " a’f i 64 a2 f2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(at+axcoth(f*x+e))”2,x, algorithm="maxima"

[Out] 1/16%cx(4x(f*xx + e)/(a"2*%xf) + (4dxe” (-2*xf*xx — 2%e) — e (-4xf*xx - 4xe))/(a~2x*
£)) + 1/64%x(8xf~2xx"2%e” (4*e) + 8x(2kxfxx*xe”(2*%e) + e~ (2%xe))*xe” (-2xf*xx) - (4
*f*xx + 1)*e” (—4*xfx*xx))*xdxe~(-4xe)/(a~2%f"2)

Fricas [A] time = 2.03748, size = 454, normalized size = 3.41

16dfx + (Sdf2 2 —él:cf+4:(4|:cf2 —df)x—d)cosh(fx+e)2 +2(8df2x2 +4:cf+4|:(4:cf2 +df)x+d)cosh(fx+e
64 (a2f2 cosh (fx+e)2 +2a%f? cosh (fx+e) sinh (fx+n

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(a+axcoth(f*x+e))~2,x, algorithm="fricas")

[Out] 1/64*x(16*dxfxx + (8%d*f~2%x"2 - 4xc*xf + 4*x(dxcxf~2 — d*f)*x - d)*cosh(f*x +
e) 72 + 2% (8xd*xf~2xx72 + 4xckxf + 4k (4dkckxf~2 + dxf)*x + d)*cosh(f*x + e)*sin

h(f*x + e) + (8*%d*f~2*x"2 - 4xc*xf + 4x(4dxcxf~2 - d*f)*x - d)*sinh(f*x + e)”

2 + 16*c*f + 8xd)/(a"2xf " 2xcosh(f*x + e)72 + 2*a”~2xf " 2*xcosh(f*x + e)*sinh(f

*X + e) + a"2%f " 2xsinh(f*x + e)~2)
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Sympy [A] time = 2.84553, size = 700, normalized size = 5.26

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(at+taxcoth(f*x+e))**2,x)

[Out] Piecewise((4xc*f*x*x2xx*tanh(e + fxx)**2/(16*a*x*x2*xf*x*x2xtanh(e + f*x)**2 + 32%
ax*x2+xf*+*x2xtanh(e + f*xx) + 16%a*x*x2+xf**2) + Bkxckxf**x2xx*xtanh(e + f*x)/(16*a*x*2
*f+x2xtanh(e + £*xx)**2 + 32xax*x2*xf**x2+xtanh(e + f*x) + 16*ax*x2xf*xx2) + 4xcx*f
*x2xx/ (16%axk2xfx*x2xtanh (e + f*x)**2 + 32kaxk2xf*x*x2xtanh(e + f*x) + 16*a*x*2
*fxx2) + 12xckf*rtanh(e + £*x)/(16*xax*x2xf+*x2xtanh(e + f*x)**2 + 32%a*x*x2xf**2
xtanh(e + f*xx) + 16%a*xx2xf**x2) + 8kcxf/(16*ax*x2xf**x2xtanh(e + f*x)**2 + 32%
ax*x2+xf*x*x2*xtanh(e + f*xx) + 16xax*x2+xf*%x2) + kA*f**2kx**2xtanh(e + f*x)**x2/(1
Grax*x2*xf*xx2xtanh (e + f*xx)**x2 + 32kxa*x*2*xf*x*x2xtanh(e + f*xx) + 16*xa*x*2*xf**x2) +
4xdxfrx2xxxx2xtanh (e + f£*x)/(16*ax*x2xfx*x2xtanh(e + f*x)**x2 + 3kakkkf*r*k*
tanh(e + £*x) + 16*%ax*x2%xf**x2) + 2xd*xf*+x2xx**2/ (16*xax*x2xf+*2xtanh(e + f*x)x*x*
2 + 32xaxk2xf+*x2xtanh(e + f*x) + 16*ax*x2xf**x2) - bxd+xfrxxtanh(e + f*xx)*x*x2/(
16xax*x2xfxx2xtanh (e + f*x)**2 + 32xax*x2xfxx2xtanh(e + f*x) + 16*%ax*x2xf*x*x2)
+ 2*xdxf*xx*tanh(e + f*xx)/(16*a**2*xf*+*2*xtanh(e + f*xx)**x2 + 32ka*x*2*f**x2*xtanh (
e + f*x) + 16*%ax*x2xf**x2) + 3xd*f*x/(16*a*x*x2xf**x2xtanh(e + fxx)**x2 + 32ka*x*2
*fxx2xtanh(e + f*x) + 16xa*x*2*xf*x%x2) + 5xdxtanh(e + £*x)/(16*a*x*x2xf**x2xtanh (
e + fxx)**2 + 32xax*x2xf*x*x2xtanh(e + f*xx) + 16xa*x*x2xf**x2) + 4*xd/ (16*a*xkx2xf**
2xtanh(e + f*x)**2 + 32xaxx2xf**x2+xtanh(e + f*x) + 16*xaxx2xfxx2), Ne(f, 0)),
((c*x + d*x**x2/2)/(axcoth(e) + a)**x2, True))

Giac [A] time = 1.145, size = 147, normalized size = 1.11

(8d 2,20(4fx+4e) | 16 szxe(4fx+4e) +16 dfxe(zf“ze) —4dfx+16 cfe(zf“ze) —dcf + 8 del2f¥+2¢) d)e(_4fx_4e)
64 a2 f2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(at+axcoth(f*x+e))~2,x, algorithm="giac")

[Out] 1/64%(8xd*xf~2%xx"2%e” (4*xf*xx + 4%e) + 16%xc*xf " 2*x*xe” (4*f*xx + 4*e) + 16*xd*f*xx*e
T(2xfxkx + 2%e) - 4xdxfxx + 16kckxfxe” (2xf*xx + 2%e) — 4dxcxf + 8kdxe” (2*f*xx +
2%e) - d)*e” (-4xfxx — 4xe)/(a~2%f"2)
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325 : dx

(c+dx)(a+a coth(e+ fx))2

Optimal. Leaf size=297

Chi (fo + 2%[) sinh (Ze - z%f) Chi (4xf + 4%:) sinh (46 - 4%() Chi (fo + Z%f) cosh (Ze - zﬂc) Chi (4xf +

d
+
2a2d 4a2d 2a%d

[Out] -(Cosh[2*e - (2*cxf)/d]*CoshIntegral [(2xcxf)/d + 2*f*x])/(2*xa~2+d) + (Coshl[
4xe - (4xcxf)/d]*CoshIntegral [(4*c*f)/d + 4xfxx])/(4*a"2%d) + Loglc + d*x]/
(4*%a”2xd) - (CoshIntegral[(4*cxf)/d + 4xf*x]*Sinh[4*e - (4xcx*f)/d])/(4*xa~2%

d) + (CoshIntegral [(2xcx*f)/d + 2*f*xx]*Sinh[2*e - (2%cxf)/d])/(2xa~2xd) + (C
osh[2*e - (2%c*f)/d]*SinhIntegral [(2xc*f)/d + 2*xfxx])/(2*xa~2*d) - (Sinh[2x*e

- (2*c*f)/d]*SinhIntegral [(2xc*xf)/d + 2xf*x])/(2*a"2xd) - (Cosh[4*e - (4x*c
*xf)/d]*SinhIntegral [(4*xcxf)/d + 4xfxx])/(4*a~2%d) + (Sinh[4xe - (4*cx*f)/d]*
SinhIntegral [(4*cxf)/d + 4xfx*xx])/(4*a~2x*d)

Rubi [A] time = 0.703588, antiderivative size = 297, normalized size of antiderivative =

1., number of steps used = 21, number of rules used = 5, integrand size = 20, number of rules _

0.25, Rules used = {3728, 3303, 3298, 3301, 3312}

integrand size

Chi (fo + 2%’) sinh (2e - %f) Chi (4xf + ‘%f) sinh (4e - %f) Chi (fo + %) cosh (2e - zﬁ) Chi (4xf +

d
+
2a2d 4a2d 2a%d

Antiderivative was successfully verified.

[In] Int[1/((c + d*x)*(a + a*xCoth[e + f*x])~2),x]

[Out] -(Cosh[2xe - (2*xcx*f)/d]*CoshIntegral [(2*xcxf)/d + 2*f*x])/(2*a~2*d) + (Coshl[
4xe - (4xcxf)/d]*CoshIntegral [(4*xcxf)/d + 4xfxx])/(4*a~2*d) + Loglc + d*x]/
(4xa~2*d) - (CoshIntegral[(4*c*f)/d + 4xfxx]*Sinh[4xe - (4xcx*f)/d])/(4*xa~2x

d) + (CoshIntegral[(2*c*f)/d + 2xf*x]*Sinh[2*e - (2%cx*f)/d])/(2xa~2xd) + (C
osh[2*e - (2%c*f)/d]*SinhIntegral [(2xc*f)/d + 2*xfxx])/(2%xa"2*%d) - (Sinh[2%*e

- (2xcx*f)/d]*SinhIntegral [(2xcxf)/d + 2*f*x])/(2*a~2*d) - (Cosh[4*e - (4x*c
xf)/d]*SinhIntegral [(4*c*xf)/d + 4xfx*x])/(4*a~2xd) + (Sinh[4xe - (4xcx*f)/d]*
SinhIntegral [(4xc*f)/d + 4*xfxx])/(4*a~2xd)

Rule 3728

Int[((c_.) + (d_)*(x_))"(m_)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2*a) + Cos[2xe + 2xf*xx]/(
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2%a) + Sin[2*e + 2*fxx]/(2*b))~(-n), x], x] /; FreeQ[{a, b, c, d, e, f}, x]
&& EqQ[a‘Q + b72, 0] && ILtQ[m, O] && ILtQ[n, O]

Rule 3303

Int[sin[(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e - cxf)/d]l, Int[Sin[(cxf)/d + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cx*f
)/d]l, Int[Cos[(c*f)/d + f*x]/(c + d*x), x], x] /; FreeQl{c, d, e, £}, x] &&
NeQ[d*e - c*xf, 0]

Rule 3298

Int[sin[(e_.) + (Complex[0, fz_ ])*(f_.)*x(x_)]1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[(I*SinhIntegral [(c*xf*fz)/d + fxfz*x])/d, x] /; FreeQ[{c, d, e, £
, Tz}, x] && EqQ[d*e - cxf*xfzxI, 0]

Rule 3301

Int[sinl[(e_.) + (Complex[0, fz 1)*(f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[CoshIntegral [(c*f*fz)/d + f*xfz*x]/d, x] /; FreeQ[{c, d, e, f, fz
}, x] &% EqQld*(e - Pi/2) - cxf*xfz*xI, 0]

Rule 3312

Int[((c_.) + (d_)*(x_)) " (m )*sin[(e_.) + (f_.)*(x )1 (n_), x_Symbol] :> In
t [ExpandTrigReduce[(c + d*x)"m, Sinl[e + f*x]°n, x], x] /; FreeQl{c, d, e, f
, mt, x] && IGtQ[n, 1] && ( !'RationalQ[m] || (GeQ[m, -1] && LtQ[m, 1]))

Rubi steps
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1 = f 1 _ cosh(2e +2fx) N cosh?(2e + 2fx) N sinh(2e + 2fx) N sinh
(c + dx)(a + acoth(e + fx))? *= 4a2(c + dx) 2a%(c + dx) 4a2(c + dx) 2a%(c + dx) 4

cosh? (2e+2fx) sinh? (2e+2fx) sinh(4e+4fx) cosh
:log(c+dx) f—c+dx dx f—d f—dx f—

c+dx c+dx _
4a2d 4402 4q2 4a2
1 cosh(4e+4fx) 1 cosh(4e+4fx)
_ log(c +dx) ~ f (2(c+dx) T 2(c+dy) ) dx f (2(c+dx) + 2(c+dx) ) B f
402 4q2 4q2

2cf . [4cf . .
 coshi (26~ 2) oni (2 + 2fx) logte + Chi (<4 + 4fx)sinh (4e -

2a2d 4a2d 4a2d
COSh (23 — —f) Ch (ZCf + ZfX) log(c + dX) Chl ( + 4fX) SlIlh (48 — '.

T 2a%d 4a2d 4a2d

cosh (Ze - z%f) Chi (z%f + 2fx) log(c +dx) Chi ( + 4fx) sinh (46 -
2a%d 4a%d 4a%d

Mathematica [A] time = 0.439323, size = 199, normalized size = 0.67

(cosh (Ze - 2%() —sinh (23 - zﬂ[)) (Ch (4f(C;dx)) (cosh (Ze - 2%[) —sinh (26 - Z%f)) —2Chi (2f(C;dx)) + sinh (26 -

Antiderivative was successfully verified.

[In] Integrate[1/((c + d*x)*(a + a*Cothle + fx*x])~2),x]

[Out] ((Cosh[2xe - (2xcxf)/d] - Sinh[2*%e - (2%cxf)/d])*(-2*CoshIntegral [(2xf*(c +
dxx))/d] + Cosh[2xe - (2xc*f)/d]l*Logl[f*(c + d*x)] + CoshIntegral[(4xfx*(c +
d*x))/d]*(Cosh[2*e - (2xcxf)/d] - Sinh[2*e - (2xcx*f)/d]) + Logl[fx(c + dx*x)
1*Sinh[2%e - (2xc*f)/d] + 2+SinhIntegral [(2xf*(c + dx*x))/d] - Cosh[2*e - (2

xcxf) /d]*SinhIntegral [(4*f*(c + d*x))/d] + Sinh[2xe - (2%c*f)/d]*SinhIntegr
al[(4xfx(c + d*x))/d]))/(4*a~2xd)

Maple [A] time = 0.27, size = 106, normalized size = 0.4

In(d 1 f—de d 1 cf—de —d
n(dx+c) o El(l 4fx+4e+4 of - e)+2a2dez d Ei(l,fo+2€+2Cfd ‘

4a%d 4 azd d
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(d*x+c)/(a+axcoth(f*x+e))"2,x)

[Out] 1/4*1n(d*x+c)/d/a"2-1/4/a"2/d*exp(4*(cxf-d*e)/d)*Ei(1,4*xf*x+4xe+d* (cxf-d*e)
/d)+1/2/a~2/d*exp (2% (cxf-d*xe) /d) *Ei (1, 2*f*x+2%e+2* (cxf-dxe) /d)

Maxima [A] time = 3.38104, size = 109, normalized size = 0.37
~te* L) 4(axrof 2e+22L) (2 (dx+o)f
6( d )E1 (—d ) N e( d )El( ] ) . 10g(dx+c)

4 a2d 2a%d 4a2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(ata*coth(f*x+e))~2,x, algorithm="maxima"

[Out] -1/4x%e”(-4%e + 4*cxf/d)*exp_integral e(l, 4x(d*x + c)*f/d)/(a"2%d) + 1/2%e”
(-2*%e + 2xcxf/d)*exp_integral e(1l, 2x(d*x + c)xf/d)/(a"2xd) + 1/4xlog(d*x +

c)/(a~2xd)

Fricas [A] time = 2.19348, size = 304, normalized size = 1.02
- - de- d
2 Ei (——2 (df;+cf)) cosh (——2 (dz Cf)) - Ei (—4—(df;+cf)) cosh (—4—(d2 Cf)) + 2 Ei (——2 (df;+cf)) sinh (——2( Z Cf)) - Ei (—4(—f

4a%d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(ata*xcoth(f*x+e))~2,x, algorithm="fricas")

[Out] -1/4%(2*Ei(-2*x(d*fxx + c*f)/d)*cosh(-2*x(d*e - cxf)/d) - Ei(-4x(dxf*x + cxf)
/d)*cosh(-4*(d*e - cxf)/d) + 2*Ei(-2%(d*f*xx + c*f)/d)*sinh(-2*(d*e - c*xf)/d
) - Ei(-4x(d*f*x + c*f)/d)*sinh(-4*(d*e - c*f)/d) - log(d*x + c))/(a~2xd)

Sympy [F] time = 0., size = 0, normalized size = 0.
f 1
ccoth? (e+fx)+20 coth (e+fx)+c+dx coth? (e+fx)+2dx coth (e+fx) +dx

dx

a2
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(ata*xcoth(f*x+e))**2,x)

[Out] Integral(l/(c*coth(e + f*xx)**2 + 2xcxcoth(e + f*x) + c + dxx*coth(e + f*x)x*
*2 + 2xdxx*xcoth(e + f*x) + d*x), x)/ax*2

Giac [A] time = 1.19066, size = 105, normalized size = 0.35

4cf 2cf
(Ei (—M) e(T) -2FKi (—M) e(7+26) + 49 log (dx + c))e(“”)

4a%2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(ata*coth(f*x+e))~2,x, algorithm="giac")

[Out] 1/4*%(Ei(-4*x(d*f*xx + c*f)/d)*e” (4d*c*xf/d) - 2*Ei(-2x(d*f*xx + c*f)/d)*e” (2%cx*f
/d + 2xe) + e~ (4xe)*log(d*x + c))*e”(-4xe)/(a~2*d)
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326 [ : dx

(c+dx)?(a+a coth(e+fx))?

Optimal. Leaf size=420

d d d

fChi (4xf + 4%[) sinh (46 - 4ﬂ[) fChi (fo + 2%[) sinh (Ze - Zi() fChi (fo + z%r) cosh (26 - zif) fChi (4xJ'
a?d? - a?d? i a?d? -

[Out] -1/(4*a"2*xd*(c + d*x)) + Cosh[2xe + 2xfx*x]/(2%a"2*d*x(c + d*x)) - Cosh[2*e +
2xf*x] "2/ (4%a~2*%d*x(c + d*x)) + (f*Cosh[2xe - (2*xcx*f)/d]*CoshIntegral [(2*c*
f)/d + 2xfxx])/(a”2*%d"2) - (f*Cosh[4*e - (4x*c*f)/d]*CoshIntegral [(4*xcx*f)/d
+ 4xf*xx])/(a"2xd"2) + (fxCoshIntegral [(4xc*f)/d + 4*xfxx]*Sinh[4xe - (4xcxf)
/d])/(a"2+%d"2) - (f*CoshIntegral[(2*c*f)/d + 2xf*x]*Sinh[2%e - (2xcx*f)/d])/
(a™2*%d"2) - Sinh[2%e + 2*fxx]/(2%a”2xd*(c + d*x)) - Sinh[2xe + 2x%fx*xx]~2/(4*
a"2xd*(c + d*x)) + Sinh[4xe + 4xfxx]/(4*a”2xd*(c + d*x)) - (f*Cosh[2xe - (2
xc*f)/d]*SinhIntegral [(2xcxf)/d + 2*f*x])/(a"2xd"2) + (f*Sinh[2%e - (2%cxf)
/d]*SinhIntegral [(2xc*f)/d + 2xfxx])/(a”2*d"2) + (f*Cosh[4xe - (4xc*f)/d]*S
inhIntegral [(4xc*f)/d + 4*xfxx])/(a”2xd"2) - (fxSinh[4*e - (4*c*f)/d]*SinhIn
tegral [(4*xcxf)/d + 4xfx*x])/(a~2*d"2)

Rubi [A] time = 0.732656, antiderivative size = 420, normalized size of antiderivative =

1., number of steps used = 24, number of rules used = 7, integrand size = 20, number of rules _

0.35, Rules used = {3728, 3297, 3303, 3298, 3301, 3313, 12}

integrand size

FChi (4x fr 47]() sinh (4e - %f) FChi (Zx fe %f) sinh (Ze - %f) FChi (fo n %f) cosh (2e - %f) £Chi (4x J-
— + —

a2d? a2d? a2d?

Antiderivative was successfully verified.

[In] Int[1/((c + d*x) 2x(a + a*xCothl[e + fx*x])~2),x]

[Out] -1/(4xa”2*dx(c + d*x)) + Cosh[2xe + 2xfx*x]/(2%a"2*d*(c + d*x)) - Cosh[2xe +
2xfxx] "2/ (4%a~2*%d*x(c + d*x)) + (f£xCosh[2xe - (2*xcx*f)/d]*CoshIntegral [(2*c*
f)/d + 2xfxx])/(a”2*%d"2) - (f*Cosh[4*e - (4*cxf)/d]*CoshIntegral [(4xcxf)/d
+ 4xfxx])/(a"2*%d"2) + (f*CoshIntegral[(4xcxf)/d + 4*f*x]*Sinh[4*e - (4*cxf)
/d]1)/(a~2%d"2) - (f*CoshIntegral[(2%c*f)/d + 2*xf*x]*Sinh[2*e - (2xcxf)/d])/
(a”2%d"2) - Sinh[2%e + 2xfx*x]/(2*a"2+d*(c + d*x)) - Sinh[2%e + 2xfxx]~2/(4x
a"2xdx(c + dxx)) + Sinh[4*e + 4xfx*x]/(4xa~2*d*(c + d*x)) - (fxCosh[2xe - (2
xcxf) /d]*SinhIntegral [(2%c*f)/d + 2*xf*xx])/(a”2+%d"2) + (fxSinh[2%e - (2%c*f)
/d]*SinhIntegral [(2*c*f)/d + 2*xf*xx])/(a"2%d"2) + (f*Cosh[4*e - (4xcxf)/d]*S
inhIntegral [(4xcx*f)/d + 4xfxx])/(a”2%d”2) - (f*xSinh[4*e - (4*c*f)/d]*SinhIn
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tegral [(4xc*xf)/d + 4xfxx])/(a~2*d"2)

Rule 3728

Int[((c_.) + (d_)*(x_))"(m_)*((a_) + (b_.)xtan[(e_.) + (f£_.)*(x_)1)"(n_),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2%a) + Cos[2%e + 2xfxx]/(
2%a) + Sin[2*e + 2xf*xx]/(2*b))~(-n), x], x] /; FreeQ[{a, b, c, d, e, £}, x]
&% EqQ[a~2 + b~2, 0] && ILtQ[m, O] && ILtQ[n, O]

Rule 3297

Int[((c_.) + (d_.)*(x_)) " (m_d)*sinl(e_.) + (£f_.)*(x_)], x_Symbol] :> Simp[((
c + d*x) " (m + 1)*Sin[e + fx*x])/(d*(m + 1)), x] - Dist[f/(d*(m + 1)), Int[(c
+ d*x)"(m + 1)*Cos[e + f*x], x], x] /; FreeQl{c, d, e, £}, x] && LtQ[m, -1
]

Rule 3303

Int[sin[(e_.) + (f_)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e - cxf)/d], Int[Sin[(c*f)/d + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cx*f
)/d], Int[Cos[(c*xf)/d + fxx]/(c + d*x), x], x] /; FreeQ[{c, d, e, f}, x] &&
NeQ[d*e - cx*f, 0]

Rule 3298

Int[sin[(e_.) + (Complex[0, fz 1)*(f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[(I*SinhIntegral [(c*f*fz)/d + fxfz*x])/d, x] /; FreeQ[{c, d, e, £
, £z}, x] && EqQ[dxe - cxf*xfzxI, 0]

Rule 3301

Int[sin[(e_.) + (Complex[0, fz 1)*(f_ .)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[CoshIntegral [(cxf*fz)/d + f*xfz*x]/d, x] /; FreeQ[{c, d, e, f, fz
}, x] &% EqQldx(e - Pi/2) - cxf*xfz*xI, 0]

Rule 3313

Int[((c_.) + (d_)*(x_)) " (m_)*sinl[(e_.) + (f_.)*(x_)]"(n_), x_Symbol] :> Si
mp[((c + d*x)"(m + 1)*Sin[e + f*x]"n)/(d*(m + 1)), x] - Dist[(f*n)/(d*x(m +
1)), Int[ExpandTrigReduce[(c + d*x)"(m + 1), Cos[e + f*x]*Sin[e + f*x] (n -
1), x1, x1, x] /; FreeQl{c, d, e, f, m}, x] & IGtQ[n, 1] && GeQ[m, -2] &&
LtQ[m, -1]

Rule 12



Int[(a_)*(u_), x_Symbol]

QLu, (b )*(v_) /; FreeQ[b, x]]

Rubi steps

1
f (c + dx)?(a + acoth(e + fx))? ax =

cosh(2e + 2fx)

:> Dist[a, Int[u, x], x] /; FreeQla, x] &&

coshZ(Ze +2fx)
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Match

sinh(2e +2fx)  sink

1
f (4a2(c +dx)2  2a%(c + dx)?

f COSh2(2€+2 fx)

442 (c + dx)?

f sinh2(26+2fx)

+
2a%(c + dx)? 4q
f sinh(4e+4fx) f c

_ 1 (c+dx)? (c+dx)2 (crdx)? )T
4a2d(c + dx) 4q? 442 4q2

B 1 cosh(2e + 2fx) cosh2(2e +2fx) sinh(2e +2fx) sinhz(f

© 4a2d(c+dx)  2a2d(c + dx) 4a2d(c + dx) 2a2d(c + dx) 4a2d

1 N cosh(2e + 2fx) _ cosh2(2e +2fx) sinh(2e + 2fx) ~ sinhz(f

T 4a2d(c+dx)  2a2d(c + dx) 4a2d(c + dx) 2a%d(c + dx) 4a2d

ni2 2cf Chi 2

B 1 cosh(2e +2fx)  cosh®(2e +2fx) N f cos ( €- 7) ! (_c
© 4a2d(c+dx)  2a2d(c + dx) 4a2d(c + dx) a2d?

2cf . [ 2

) 1 cosh@e+2fx) cosh’@e+2fy) fcosh (26 - 7) Chi (7
© 4a2d(c+dx)  2a2d(c + dx) 4a2d(c + dx) a2d?

Mathematica [A]

(ni (27 = ) ) —conb (2 (e 5) ) (47 0 (52 (cos {20~ 252 s (20— 25

time = 1.41906, size = 442, normalized size = 1.05

Antiderivative was successfully verified.

[In] Integrate[1/((c + d*x)~2*(a + a*Cothl[e + fxx])~2),x]

[Out] ((-Cosh[2x(e + f*(-(c/d) + x))] + Sinh[2*(e + f*x(-(c/d) + x))])*(-2*d*Cosh[
(2%cxf)/d] + d*Cosh[2*(e + f*x(-(c/d) + x))] + d*Cosh[2*(e + fx(c/d + x))] +
2xd*Sinh [(2*c*f) /d] - 4xf*(c + d*x)*CoshIntegral [(2xfx(c + dxx))/d]*(Coshl[
2+%f*x] + Sinh[2*f*x]) + d*Sinh[2*(e + f*(-(c/d) + x))] - d*Sinh[2*(e + fx*x(c
/d + x))] + 4xf*x(c + d*x)*CoshIntegral [(4*xfx(c + d*x))/d]*(Cosh[2%e - (2%fx
(c + d*x))/d] - Sinh[2*e - (2xf*x(c + d*x))/d]) + 4*xcxf*Cosh[2*xf*x]*SinhInte
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gral [(2*xf*x(c + d*x))/d] + 4xd*f*xx*Cosh[2xf*x]*SinhIntegral [(2*f*(c + d*x))/
d] + 4xcxfxSinh[2+f*x]*SinhIntegral [(2*xf*(c + d*x))/d] + 4*d*xf*x*xSinh[2*f*x
1*SinhIntegral [(2xf*(c + d*x))/d] - 4xc*f*Cosh[2*e - (2*f*x(c + d*x))/d]*Sin
hIntegral [(4xfx(c + dxx))/d] - 4*xdxf*x*Cosh[2*e - (2xfx(c + d*x))/d]*SinhIn
tegral [(4xfx(c + dxx))/d] + 4*xcxfxSinh[2%e - (2%f*(c + d*x))/d]*SinhIntegra
1[(4*f*x(c + d*x))/d] + 4*d*f*x*Sinh[2%e - (2xf*(c + d*x))/d]*SinhIntegral[(
4xfx(c + d*x))/d]))/(4xa”2xd"2*(c + d*x))

Maple [A] time = 0.282, size = 164, normalized size = 0.4

1 —4 fx—4e cf~de -d -2 fx-2e cf-de
- - v L% Ei(1,4fx+4e+4cf e)+ fe 5 Ei(l,
4a’d(dx+c)  4a2d (dfx+cf) ad d 20%d (dfx +cf) a%d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(d*x+c) 2/ (at+a*coth(f*x+e))~2,x)

[Out] -1/4/a"2/d/(d*x+c)-1/4/a~2*f*xexp(-4*xfxx-4*e)/d/ (d*xf*xx+cxf)+1/a~2xf/d™2xexp(
4x (cxf-dxe) /d) *Ei (1,4xf*x+4*e+dx (cxf-d*xe) /d)+1/2/a~2xfxexp (-2xf*xx-2xe) /d/ (d
xfxx+cxf)-1/a"2%f/d"2xexp (2% (cxf-d*e) /d) *Ei (1, 2xf*x+2%e+2x (c*xf-d*e) /d)

Maxima [A] time = 6.0564, size = 135, normalized size = 0.32

4cf 2cf
~de+=L) [ 4(dx+c) —2e+=2) _ (2(dx+c)
. e( d)Ez(xch) e( d)EZ( Zcf)

4(2d2x+acd)  A(dx+oa2d 2 (dx + c)a?d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)”2/(ataxcoth(f*x+e))”2,x, algorithm="maxima"

[Out] -1/4/(a"2xd"2*x + a~2xc*d) - 1/4*xe”(-4xe + 4xcxf/d)*exp_integral_ e(2, 4*(dx*
x + ¢c)*xf/d)/((d*x + c)*a”2xd) + 1/2%e”(-2%e + 2*c*f/d)*exp_integral e(2, 2%
(d*x + c)*f/d)/((d*x + c)*a”2*d)

Fricas [A] time = 2.24221, size = 1413, normalized size = 3.36

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)~2/(ataxcoth(f*x+e))”2,x, algorithm="fricas")

[Out] 1/2*(2*x(d*xf*x + c*xf)*Ei(-2*%(d*f*x + c*f)/d)*cosh(f*x + e) 2*sinh(-2*(d*e -
cxf)/d) - 2x(d*f*x + c*f)*Ei(-4*x(d*f*x + c*f)/d)*cosh(f*x + e) 2*xsinh(-4x(d
xe — cxf)/d) + (2x(d*f*x + c*xf)*Ei(-2x(d*f*x + c*f)/d)*cosh(-2x(d*¥e - cxf)/
d) - 2x(dxf*xx + cxf)*Ei(-4*(d*f*x + c*f)/d)*cosh(-4*x(d*e - c*f)/d) - d)*cos
h(f*x + e)72 + (2+(d*f*x + c*xf)*Ei(-2x(d*xf*x + c*f)/d)*cosh(-2*x(d*e - c*xf)/
d) - 2x(d*f*x + cxf)*Ei(-4*(d*f*x + c*f)/d)*cosh(-4*x(d*xe - c*f)/d) + 2*x(dx*f
*xX + c*xf)*Ei(-2x(d*xf*x + c*f)/d)*sinh(-2*(d*xe - c*f)/d) - 2*%(dxfxx + c*xf)*E
i(-4*x(d*f*x + c*f)/d)*sinh(-4*(d*xe - c*f)/d) - d)*sinh(f*x + e)”2 + 4x((d*f
*x + c*f)*Ei(-2x(dxf*x + cxf)/d)*cosh(f*x + e)*sinh(-2x(d*xe - cx*f)/d) - (d*
f*x + cxf)*Ei(-4x(d*xf*x + c*f)/d)*cosh(f*x + e)*sinh(-4*(d*e - c*f)/d) + ((
dxf*xx + c*xf)*Ei(-2x(d*f*x + c*f)/d)*cosh(-2x(d*xe - c*f)/d) - (d*f*x + c*f)x*
Ei(-4*(d*xf*x + c*f)/d)*cosh(-4*(d*xe - c*f)/d))*cosh(f*x + e))*sinh(f*x + e)
+ d)/((a”2%d"3*x + a"2xc*d"2)*cosh(f*x + e)72 + 2x(a”2*d"3*x + a”~2%cxd”2)*
cosh(f*x + e)*sinh(f*x + e) + (a”2%d"3*x + a"2xc*d"2)*sinh(f*x + e)~2)

Sympy [F] time = 0., size = 0, normalized size = 0.

1
f ¢ coth? (e+fx)+2c2 coth (e+ fx)+c2+2cdx coth? (e+ fx)+4cdx coth (e+ fx)+2cdx+¢7lzx2 coth? (e+ fx)+2d2x2 coth (e+ fx)+dzx2

22
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)**2/(ata*xcoth(f*x+e))**2,x)

[Out] Integral(l/(c**2%coth(e + f*xx)**2 + 2kck*2kcoth(e + f*x) + c*k*2 + 2kckd*x*c
oth(e + f*x)**2 + 4xckdxx*coth(e + f*x) + 2xckxd*x + d**2xx**2*xcoth(e + f*x)
*%2 4+ 2kdx*x2kx*kk2xcoth(e + f*xx) + dx*2xx**x2), x)/a*x*2

Giac [A] time = 1.92818, size = 255, normalized size = 0.61

4dfxEi (—‘M) A 4) 4dfxEi (—M) A7), 4cfFi (—‘M) A7) 4cfEi (_Z(df"”f)) I

d

4 (a2d3x + azcdz)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(d*x+c) 2/ (a+a*coth(f*x+e))”2,x, algorithm="giac")

[Out] -1/4%(4xdxfrx*Ei(-4*(d*f*x + c*xf)/d)*e” (4dxcxf/d - 4d¥e) - 4dkdxfrxxEi(-2%(d*f
*x + c*xf)/d)*xe” (2xc*f/d - 2*xe) + 4dxcxfxEi(-4*(d*fxx + c*f)/d)*e” (d*xc*xf/d -

dxe) - Axcxf*EL(-2%(dxf*x + c*f)/d)xe”(24cxf/d - 2¥e) - 2xd*e” (-2%f*x - 2%e

) + dke” (—4xfxx - 4%e))/(a”2%d"3*x + a2xc*xd"2) - 1/4/((d*x + c)*a”2xd)
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397 [l

(a+a coth(e+fx))3

Optimal. Leaf size=336

d?(c + dx)e 00f*  9d2(c + dx)e~4e-4f* s 9d2(c + dx)e~2-2f* s d(c + dx)%e~00f*  9d(c + dx)2e~4e-4f* . 9d(c + dx)
288a3f3 256433 32a%f3 96a3 2 12843 f2 3243

[Out] (d"3*E~(-6*xe — 6xfxx))/(1728*a"3*f"4) - (9*d"3*E~(-4xe - 4*fx*x))/(1024*a" 3%
£f74) + (9*d"3*E~(-2xe - 2%fx*x))/(64*a"3*f"4) + (d"2*xE~(-6%e - 6*%f*x)*(c + d
*x))/(288%a~3*%f~3) - (9*%d"2*E~(-4*e - 4xfxx)*(c + d*xx))/(256%a~3*xf"~3) + (9%
d"2+E" (-2%e - 2xfxx)*(c + d*x))/(32*%a~3*f~3) + (d*E~(-6*e - 6xf*x)*(c + d*x
)7"2)/(96%a~3%xf"2) - (9xd*E~(-4*e - 4xfxx)*(c + d*xx)~2)/(128%a”~3*xf~2) + (9%d
*E7(-2%e - 2*xf*xx)*(c + d*x)~2)/(32%a"3*f"2) + (E~(-6*xe — 6xf*xx)*(c + d*x)"3

)/ (48%a~3+f) - (3*E~(-4*e — 4xfxx)*(c + d*x)~3)/(32*%a"3*f) + (3*E~(-2%e - 2
xfxx)*(c + d*x)~3)/(16%a~3%f) + (c + d*x)~4/(32%a"3%d)

Rubi [A] time = 0.369896, antiderivative size = 336, normalized size of antiderivative =

1., number of steps used = 14, number of rules used = 3, integrand size = 20, number of rules

0.15, Rules used = {3729, 2176, 2194}

integrand size

d?(c + dx)e 06/ 942(c + dx)e4e4f* . 9d%(c + dx)e 2¢-2fx . d(c + dx)2e™076/*  9d(c + dx)2e4e4f* . 9d(c + dx)
28843 f3 25643 f3 32a3f3 96a3 2 128432 3248

Antiderivative was successfully verified.

[In] Int[(c + d*x)~3/(a + axCothl[e + f*x])~3,x]

[Out] (d"3*E~(-6%e - 6xf*xx))/(1728*%a"3*xf"4) - (9*d"3*E~(-4xe - 4xfxx))/(1024*xa”~3*
£74) + (9*d"3*E~(-2*%e - 2xfxx))/(64*a~3xf~4) + (d"2*xE~(-6*e - 6xf*x)*(c + d
*x))/(288%a~3*f~3) - (9*d"2*E~(-4*xe - 4*xfxx)*(c + d*x))/(256%a~3*f~3) + (9%
d"2+E" (-2*%e — 2xf*xx)*(c + d*x))/(32*%a"3*f~3) + (d*E~(-6xe - 6*f*x)*(c + d*x
)72)/(96%a"3*%f72) - (9*d*E~(-4*xe - 4xf*x)*(c + d*x)~2)/(128*xa~3xf~2) + (9%d
*E7(-2%e - 2*xf*x)*(c + d*x)"2)/(32*%a"3*%f"2) + (E"(-6*xe — 6xf*x)*(c + d*x)"3

)/ (48%a~3*f) - (3*E~(-4*e - 4xf*xx)*(c + d*x)~3)/(32*%a"3*f) + (3*E~(-2%e - 2
*fxx)*(c + d*x)"3)/(16*%a~3*f) + (c + d*x)~4/(32*a"3*d)

Rule 3729

Int[((c_.) + (d_D*(x_))"(m_)*((a_) + (b_.)*tan[(e_.) + (£_)*(x_)1)"(n ),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2*a) + E~((2xax(e + f*x))
/b)/(2*%a))~(-n), x], x] /; FreeQ[{a, b, c, d, e, £, m}, x] && EqQ[a"2 + b~2
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, 0] && ILtQ[n, O]

Rule 2176

Int [((b_)*(F_)"((g_.)*x((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m
_.), x_Symbol] :> Simp[((c + d*x) m*(b*F~(gx(e + f*x))) n)/(f*g*n*LoglF]),

x] - Dist[(d*m)/(fxg*n*xLog[F]), Int[(c + d*x)"(m - 1)*(b*F~(gx(e + f*x))) n
, x1, x] /; FreeQ[{F, b, ¢, d, e, f, g, n}, x] && GtQ[m, 0] && IntegerQ[2*m

] && !'$UseGamma === True
Rule 2194

Int [((F_)~((c_.)*x((a_.) + (b_.)*(x_))))"(n_.), x_Symbol] :> Simp[(F~(c*(a +
b*x)) ) n/(b*c*nxLog[F]), x] /; FreeQ[{F, a, b, c, n}, xl]

Rubi steps
(c + dx)3 (c+dx)® e %X +dx)® Be**(c+dx)® 3722+ dx)?
(a+ acoth(e + fx))3 r= f( 8a3 8a3 " 8a3 - 8a3 ) ax

(c+dxyt [ c+dn)ddx 3 [e 4 (c+dn)’dx 3 [e 22 +dx) dx

T TRaAd 843 " 84 - 843

e (o4 dx)? Be e (e +dx)®  3e XX (c+dx)?®  (c+do)t d [ebeofx(c

T 48a3f 32a3f i 16a3f 32a%d 1643

_de (e dx? 9de™d M X (c +dx)? 9deT* X (e +dx)? e (c+dx)®  3e

T geadfz | 128@f2 0 3282 B83f

P (v dx)  9dPe MY (c+dx)  9dPe XM X(c+dx)  de O (c+dx)? 9

T 288233 256433 32a3f3 9643 2 o
qBe6e-6fx  gBp—4e—4fx  g3,-2e-2fx d26—6e—6fx(c + dx) 9d26—4e—4fx(c + dx) 94

T 17283 1024035 | edadfr | 288a3f3 25683 ~

Mathematica [A] time = 2.26326, size = 615, normalized size = 1.83

csch’(e + fx) (81 (24c2df2(4fx + 3) + 323 f2 + 12cd2 f (8242 +12fx + 7) + d° (32%x° + 72222 + 84fx + 45) ) cos

Antiderivative was successfully verified.

[In] Integratel[(c + d*x)~3/(a + a*Cothl[e + f*x])~3,x]
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[Out] (Cschle + f*x] 3*(81%(32*c™3*f"3 + 24*xc™2*xd*xf 2% (3 + 4*f*xx) + 12xc*xd™2xf*(7
+ 12xf*x + 8*xf72%x72) + d73*%(45 + 84xfxx + 7T2+xf " 2xx"2 + 32%f~3*x~3))*Cosh[
e + f*xx] + 16%(36*%c™3*f 3% (1 + 6+f*x) + 18*c™2xd*f~2%x (1 + 6xfxx + 18%f ~2*x”
2) + 6*xckd72xfx (1 + 6xf*xx + 18*%f72%x72 + 36*%f"3*x"3) + d~3*x(1 + 6+f*x + 18%
£f72%x72 + 36*xf"3%x"3 + 54*xf"4%x74))*Cosh[3*(e + f*x)] + 4131*d"3*Sinh[e + f
*x] + 8748*%cxd"2*xf*Sinh[e + f*x] + 9720%c”2*xd*f~2*Sinh[e + f*x] + 7776*xc~3*
f~3*Sinh[e + f*x] + 8748%d"3*f*x*Sinh[e + f*x] + 19440*c*d~2*f " 2*x*Sinh[e +
f*x] + 23328*c”2xd*f " 3*x*Sinh[e + f*x] + 9720%d"3*f 2*x~2*Sinh[e + f*x] +
23328*c*d"2*f"3*x"2*Sinh[e + f*x] + 7776*d"3*f"3*x"3*Sinh[e + f*x] - 16*d"3
*3inh[3*%(e + f*x)] - 96*c*xd~2*%f*Sinh[3*(e + f*x)] - 288*c~2*xd*f~2+Sinh[3* (e
+ f*x)] - 576%c”3*%f"3*Sinh[3*(e + f*x)] - 96*d"3*f*x*Sinh[3*(e + f*x)] - 5
T6xc*xd™2xf "2*x*Sinh[3*(e + f*x)] - 1728*c”2xd*f " 3*x*Sinh[3*(e + f*x)] + 345
6*%c”3*%f"4*x*Sinh[3*(e + f*xx)] - 288+d"3*f " 2*x"2*Sinh[3*(e + fxx)] - 1728*c*
d"2*xf"3*x"2*Sinh [3*x (e + f*x)] + 5184*c™2xd*f~4*xx~2xSinh[3*(e + f*x)] - 576%
d"3*f"3*x"3*Sinh[3*x(e + f*x)] + 3456*c*xd"2*xf " 4*xx"3*Sinh[3*(e + f*x)] + 864x*
d"3*f"4*xx"4*Sinh[3*x (e + £*x)]))/(27648*%a"~3*xf~4*x(1 + Coth[e + f*x])~3)

+ + +

Maple [A] time = 0.183, size = 368, normalized size = 1.1

Br cd?3 32dx2 By (12 dBx3f3 +360d? f3x% + 36 2df3x + 182 f2x% + 123 f3 + 36 cd? f2x + 18 ¢?df2 +
+ + +—+
3243 84° 16a%  8a 64 a3 f4

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) 3/ (at+a*xcoth(f*x+e)) ~3,x)

[Out] 1/32/a73%d"3*%x"4+1/8/a”3*c*d™2%x"3+3/16/a"3*c™2xd*x"2+1/8/a"3*c~3*x+3/64%* (4
*d"3*E T3k T3+12%ckd T 2% E T 3% x T2+ 1 2% cT 2k d*E T3 kx+6xd T 3% E T 2xx T 2+4xcT3*E T 3+12%c*d

T2%f T 24x+6%CT2xdA*f T2+6%d "3 fkx+6*xckd"2*%f+3+%d"3) /a~3/f " 4*exp (-2xf*x-2%e)-3/1

024* (32xd~3*f ~3*x"3+96*Cckd 2% f ~3xx"2+96* T 2xd*f T3k x+24*d 3% f T2%x " 2+32*% " 3% f
T3+48%cxd 2% f T2*kx+24x T 2xd*f T2+12xd "3k fxx+12%cxd"2x£+3%d73) /a”3/f "4*xexp (-4
fxx-4%e)+1/1728% (36*%d~3*f ~"3xx"3+108*c*xd~2*f " 3*x~2+108*c~2*d*f ~3xx+18xd"3*f~
2%xX"2+36%C73*f "3+36*ckd"2*f T24x+18%cT2*xd*f "2+6%d "3k fxx+6xc*d"2xf+d"3) /a~3/f
“4xexp (-6*f*x-6%*e)

Maxima [A] time = 7.63276, size = 548, normalized size = 1.63

2
1 (20 18 J2fr2e) _ g (-4frde) | o [-6fr-6e) ) (72 22609 1108 (2 freO) + e49)el 21 27 (4
9% | af 3f 38407
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~3/(ata*coth(f*x+e))~3,x, algorithm="maxima"

[Out] 1/96*xc™3*x(12x(f*x + e)/(a~3*f) + (18*e” (-2*xf*x — 2xe) - 9*xe” (-4*f*x -
+ 2%e” (-6xf*xx — 6%xe))/(a~3*f)) + 1/384*x(72*xf"2xx"2*xe”~ (6%e) + 108* (2*f*xx*e™(
dxe) + e~ (4xe))xe” (—2xf*x) - 27*(dxfxx*xe”(2%e) + e~ (2*e))*xe” (-4xf*x) + 4*(6
*f*xx + 1)*e” (—6*xf*xx))*c"2xd*xe” (-6%e)/(a"3*f72) + 1/2304*(288*f~3*x"3*e” (6*e
) + 648% (2+¢f72%x"2%e” (4*ke) + 2xfxx*xe” (4*e) + e~ (4*e))*e” (-2*xf*x) — 81*(8xf~
2%x"2%e” (2%e) + 4dxfxxxe”(2%e) + e~ (2%e))*e” (—4*f*xx) + 8x(18*f~2%x"2 + 6xfx*x
+ 1)xe” (—6xf*x) ) *xcxd"2*xe” (-6*e)/(a”"3*xf~3) + 1/27648%(864*xf " 4*x"4xe” (6%e) +
1296 (4*f~3*x"3%e” (4d*e) + 6xf 2*%x"2xe” (4d*e) + 6xfxx*e” (4xe) + 3*e” (4xe))*e
T(-2%f*x) - 81x(32*xf"3*xx"3xe” (2%e) + 24*f72*x72*xe” (2%e) + 12xfxx*e”(2%e) +
3ke” (2*xe) ) *xe” (—4xfxx) + 16%(36+%f 3*%x"3 + 18*f"2*x"2 + 6xf*x + 1)*e” (—6*f*x)
)*d"3%e” (-6%e) /(a"3*f"4)

Fricas [B] time = 2.22475, size = 1877, normalized size = 5.59

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~3/(ata*coth(f*x+e))~3,x, algorithm="fricas")

[Out] 1/27648%(16*(54*d~3%f"4*x~4 + 36%c”3*f~3 + 18%c™2*xd*f~2 + 6xc*xd™2xf +
xcxd"2xf74 + d73*f73)*x73 + d73 + 18%(18*c”2*d*f"4 + 6*xc*d"2*xf"3 + d73*%f72)
*xX72 + 6*%(36%cT3*fT4 + 18%cT24d*f73 + 6*kckd"2*xf72 + d73*f)*x)*cosh(f*x + e)
3 + 48%(54xd"3*f"4xx"4 + 36%c”3*%f"3 + 18*cT2xd*f"2 + 6*xcxd"2*f + 36%(6xcxd
“2%f74 + d73%f73)*x”3 + d73 + 18%(18%cT2%d*f"4 + 6xckd"2*xf"3 + d73*xf72)*xx"2
+ 6% (36*c"3*%f"4 + 18*%c™2*d*f~3 + 6xcxd"2*xf"2 + d73%f)*x)*cosh(f*x + e)*sin
h(f*x + e)72 + 16%(54*%d"3*f"4*x"4 - 36*%c™3*f~3 - 18*c™2*d*f~2 - 6kxcxd™2xf +
36* (6*ckxd"2*f~4 — d73*xf"3)*x"3 - d73 + 18*%(18*c™2xd*f~4 - 6xcxd"2+%f~3 - 4~
3*fT2)*x72 + 6% (36%c”3*%f74 - 18*%c”2*xd*f"3 - 6xcxd"2xf72 - d73*f)*x)*sinh(fx*
X + e)73 + 81%(32%d"3*xf"3*x"3 + 32%c"3*%f"3 + T72xc"2*xd*xf"2 + 84xcxd"2xf + 45
*d"3 + 24*(4dkckd"2*xf73 + 3*xd"3*%fT2)*x72 + 124 (8*xcT2xd*f"3 + 12%c*kd"2*xf72 +
T*d"3*f)*x)*cosh(fxx + e) + 3*%(2592*d"3*f~3*x"3 + 2592%c~3*f~3 + 3240*c”2x*d
*f72 + 2916xc*xd”2xf + 1377+%d"3 + 648*%(12*%c*xd™2+xf~3 + 5xd"3*xf"2)*x"2 + 16%(5
Axd"3*f"4%x"4 — 36*%c”3*%f73 — 18*%cT2xd*f"2 - 6xcxd"2*xf + 36%(6xcxd"2xf"4 - d
“3*f73)*x"3 - d73 + 18%x(18*c”2xd*f"4 — 6*xckd"2*%f"3 - d73*kfT2)*x"2 + 6% (36%*cC
“3*xf74 - 18*%cT2*xd*f"3 — 6xcxd"2+%f72 - d73*f)*x)*cosh(f*x + e)”2 + 324%(24x*c
“2xd*xf"3 + 20%ckd"2*%f"2 + 9xd”"3*f)*x)*sinh(f*x + e))/(a"3*f 4xcosh(f*x + e)
~3 + 3%a”"3*%f"4xcosh(f*x + e) 2xsinh(f*x + e) + 3*xa " 3xf 4xcosh(f*x + e)*sinh

4xe)

36%(6
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(f*x + e)72 + a~3*xf " 4xsinh(f*x + e)~3)

Sympy [A] time = 13.2819, size = 3925, normalized size = 11.68

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((dxx+c)**3/(ataxcoth(f*x+e))**3,x)

[Out] Piecewise((864*cxx3xf**xdxx*xtanh(e + f*xx)**3/(6912*ax*x3xf*x*xdxtanh(e + f*x)**
3 + 20736*xax*x3xfxx4dxtanh(e + f*x)**2 + 20736*ax*x3xf**4+xtanh(e + f*x) + 6912
*a*xx3xf**x4) + 2592xckx*x3xfrx4dxx*xtanh(e + £*x)**2/(6912*xax*x3xfxx4xtanh(e + f*
x)**3 + 20736*a*x*3*xf*+*x4*xtanh(e + f*xx)**x2 + 20736*a**3*f*r*x4d*xtanh(e + f*xx) +
6912*%ax*3*xf*x4) + 2592%cx*x3xf**kd*xx*xtanh(e + f*x)/(6912*a**3xfx*xd*xtanh(e + f
*x) **3 + 20736*ax*x3xf*rxdxtanh(e + f*x)**x2 + 20736*ax*x3*f*x*x4+xtanh(e + f*x) +
6912*a*x*3kfk*k4d) + 864xcxx3*xf+*x4*x/(6912*%a*x*3xF*rxdxtanh(e + f*x)**x3 + 20736
*a*x*x3xfx*xdxtanh(e + F*xx)**x2 + 20736*a**3*xf*r*kd*xtanh(e + f*x) + 6912%a*x*3*f**
4) - 2592xcxx3xf**x3xtanh(e + f*x)**3/(6912*xax*x3xf**x4+xtanh(e + f*x)**3 + 207
36*kaxk3xfrkdxtanh(e + f*x)**x2 + 20736*a*x*3*xfrxdxtanh(e + f*x) + 6912*ax*3x*f
*%4) — 1728*c**3xf*x*x3*xtanh(e + f*x)**2/(6912*xa*x*3xfx*x4*xtanh(e + f*x)**3 + 2
0736*a*x*3xfxxdxtanh (e + f*x)**2 + 20736*a*x*x3xfxx4dxtanh(e + f*x) + 6912*%a*x*3
*f*x4) + 288*kckx*k3xF**x3/(6912xa*x*3xfxx4*xtanh(e + £*xx)**3 + 20736*a**3xf**x4x*t
anh(e + f*x)**2 + 20736*ax*x3xf**x4+xtanh(e + f*x) + 6912*axx3xfxx4) + 1296*c*
*2kd*fxkdkxkk2xtanh (e + f*xx)**x3/(6912*a**3*xf*xkxd*xtanh(e + f*x)**3 + 20736*ax*
*3*xf*x*x4*xtanh(e + f*xx)**x2 + 20736%a*x*3*xf**4*xtanh(e + f*x) + 6912%xa**3*xf*x4)
+ 3888*ck*2xdxfxxdxx**2xtanh (e + f*x)**2/(6912xaxx3*xf**4*xtanh(e + f*x)**3 +
20736*ax*3xfxkdxtanh(e + fxx)**2 + 20736*a*x*3*xf*x*xdxtanh(e + f*x) + 6912*ax
*3*xf**4) + 3888 cx*x2xdxfxx4xx*+*x2+xtanh(e + £*x)/(6912*xax*x3xf**x4+xtanh(e + f*x
)*x3 + 20736*a**3*xfrkdxtanh(e + f*xx)**x2 + 20736*a**3*xf*x*xd*xtanh(e + f*xx) + 6
912%a*x*3*xf**x4) + 1296 cr*x2xd*f**4*x**2/(6912*%ax*3xfrkxdxtanh(e + f*x)**3 + 2
0736*a*x*3xfxxdxtanh (e + f*x)**2 + 20736*a*x*x3xfxx4dxtanh(e + f*x) + 6912*%a*x*3
*fxkd) - 6264*ck*2xd*f**x3xx*tanh(e + f*xx)**3/(6912*a*x*3xf*x*x4+xtanh(e + f*xx)*
*3 + 20736*ax*3*xfrxdxtanh(e + f*x)**2 + 20736*a*x*3*xf*x*x4dxtanh(e + f*x) + 691
2kxax*x3*xf**x4) - B648*kcx*x2xdxfx*x3kxx*xtanh(e + f*x)**2/(6912*xax*x3xfx*x4+xtanh(e +
fxx)**3 + 20736*a*x*x3xf**x4+xtanh(e + f£*xx)**2 + 20736*a*x*x3*xf**x4+xtanh(e + f*x)
+ 6912*%axk3xf*x*x4) + 4536*c**2*xd*f**3xx*tanh(e + f*xx)/(6912*a*x*3*xf**x4d*xtanh(e
+ £*x)**3 + 20736*xax*x3xfxx4+xtanh(e + f*x)**2 + 20736*ax*x3xfx*x4+xtanh(e + f*
X) + 6912xaxx3xf*%x4) + 2376*kck*2kd*xF**x3xx/ (6912%a*x*3xf*+*4*xtanh(e + f*x)**3
+ 20736*xax*x3xfxx4dxtanh(e + f£*x)**2 + 20736*xax*x3xfxx4xtanh(e + f*x) + 6912*a
**x3xf*x%4) — 3240*ckx*x2xd*xf*x*x2+xtanh(e + f*x)**3/(6912*xa*x*x3xf**x4+xtanh(e + f*x)
**%3 + 20736*xa*x*3*xfx*x4*xtanh(e + f*x)**2 + 20736*a*x*3xf**dxtanh(e + f*x) + 69
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12%a*x*3xf**4) — 3456%c**2xd*xf+*2xtanh(e + f*x)**x2/(6912%xa*x*3xf**4dxtanh(e +
f*x)**3 + 20736*axx3xf**4+xtanh(e + £*x)**2 + 20736xax*x3*xf**x4xtanh(e + f*x)
+ 6912*%ax*3xfxx4) + TO2kck*2xd*f**2/(6912*xax*x3xfxx4dxtanh (e + f*x)**3 + 2073
B6rxax*3*xf*r*kd*xtanh(e + f*xx)**x2 + 20736*a**3*f*x*xd*xtanh(e + f*xx) + 6912%a**3*f*
*4) + 864*ckdrk2xfrkdrx*k*x3xtanh (e + f£*x)**3/(6912*%a**x3xfrxdxtanh(e + f*x)**
3 + 20736*xa*x*3*xfxx4*xtanh(e + f*x)**2 + 20736*a**3xf**xdxtanh(e + f*x) + 6912
*axk3xf*kd) + 2592kxckdx*2xfHkdxx*x*x3xtanh (e + f*x)**x2/(6912*xa*x*3xf**x4*xtanh (e
+ £*x)**3 + 20736*ax*x3xfxx4*xtanh(e + £*x)**2 + 20736*a*x*x3xfx*x4+xtanh(e + f*
X) + 6912xaxx3xf*x4) + 2592kckd**2xfxxdxx*x*x3xtanh (e + f*x)/(6912*%ax*x3xf*x4*
tanh(e + fxx)**3 + 20736*a*x*3*xf*x*kxdxtanh(e + f*x)**x2 + 20736*a*x*3*xf*r*xdxtanh (
e + fxx) + 6912*%axx3*xf*x*x4) + 864xckdx*x2+xf**xdxx**3/(6912*ax*x3xf**x4dxtanh(e +
f*x)**3 + 20736*axx3xf**4xtanh(e + £*x)**2 + 20736*xax*x3*xf**x4+xtanh(e + f*x)
+ 6912*%ax*3xfx*x4) — 6264*ckd**2*xf*+*k3kxk*k2xtanh(e + Fxx)**3/(6912*kax*k3*kfr*kdx*
tanh(e + fxx)**x3 + 20736*a*x*3*xf*x*xdxtanh(e + f*x)**2 + 20736*a*x*3*xf*x*x4dxtanh (
e + f*x) + 6912*%a*x*3xf*x*x4) — 648*ckd*+*2*f**3kx*x*k2xtanh(e + f*xx)**x2/(6912*ax*
*3*xf*+*x4*xtanh(e + f*x)**x3 + 20736*a*x*3*xf**k4d*xtanh(e + f*xx)**x2 + 20736*a**3*f*
x4xtanh(e + f*x) + 6912*%a*x3xf*x4) + 4536*ckxd**x2xf**x3kx*x*x2xtanh(e + f*x)/(6
912*a*x*3*xf**d*xtanh(e + f*xx)*x3 + 20736*a**3*xf*r*xdxtanh(e + f*xx)*x*x2 + 20736*a
**x3xfx*x4*xtanh (e + f*xx) + 6912%a*x*x3xf**4) + 2376*kcrxd*x*x2xf*xx3xx*%2/ (6912*a*x*3
*f+x4*xtanh(e + £*x)**3 + 20736*a*x*3*xf**kd*xtanh(e + f*x)**x2 + 20736*a**3*kf**x4
xtanh(e + f*x) + 6912*%a**x3xfxx4) - 5004*c*d**2xf**x2*kx*tanh(e + f*x)**x3/(691
2%xa*x*3*xf*r*kd*xtanh(e + f*xx)*x3 + 20736*a*x*3*xf**dxtanh(e + f*xx)*x*x2 + 20736*a**
3xfxx4*xtanh(e + f*x) + 6912*%ax*x3*xf**x4d) - 2484*cxdx*x2*xf*x*x2*x*kxtanh (e + f*x)**
2/ (6912*a*x*3*xf*x*xd*xtanh(e + f*x)**3 + 20736*a*x*3*xf*xxdxtanh(e + f*x)**x2 + 207
36*kaxk3kfrxkdxtanh(e + f*x) + 6912*a*xk3xf*x*x4) + 4428xc*d**2+xf*+*2*x*tanh(e +
f*x)/(6912*%a*x*3xfxxdxtanh (e + f*xx)**3 + 20736*a*x*3xfx*xdxtanh(e + f*x)**x2 +
20736xa**3xfx*x4*xtanh(e + f*x) + 6912*%ax*x3*xf**x4) + 3060*ckd*x*x2*xf**x2xx/(6912%
a*x*x3*xf**x4d*xtanh(e + f*x)**x3 + 20736*a*x*3*xf**d*xtanh(e + f*xx)**x2 + 20736*a**3*
frxd*xtanh(e + f*xx) + 6912%a*x*3*xf**4) - 2916*xckxd*x*x2xf+tanh(e + f*x)**3/(6912
*axx3*xfr*kdxtanh(e + f*xx)**x3 + 20736*a**3*xf*x*kxd*xtanh(e + f*xx)**x2 + 20736*a*x*3
*f+xx4*xtanh(e + f*x) + 6912*xa*xx3*xf*x4) - 3744*ckd*x*2xfxtanh(e + f*x)**x2/(691
2%axx3xfrkdxtanh (e + f*xx)**3 + 20736*ax*3*xf*x*x4dxtanh(e + £*xx)**2 + 20736*xax**
3xfxx4*xtanh(e + f*xx) + 6912*%ax*x3*xf**x4) + 1020*ckxd*x*x2*f/(6912*a*x*3*xf**x4dxtanh
(e + f*x)**x3 + 20736*a*x*x3xfxx4dxtanh(e + f£*x)**2 + 20736*ax*x3xfxx4+xtanh(e +
f*x) + 6912*%ax*x3xfxx4) + 216«d**3*kfrkdkxkkdxtanh(e + F*x)**x3/(6912*ka*x*k3*kf*x*
4xtanh(e + f*x)**3 + 20736*a*x*3*xf*rxdxtanh(e + f*x)**2 + 20736*a*x*x3xfrx4dxtan
h(e + f*xx) + 6912%a*x*x3xf**x4) + 648*xd**3xfx*x4d*xx*x*x4*xtanh(e + F*xx)**2/(6912*ax
*3xf*+*x4*tanh(e + f*xx)**3 + 20736*a*x*3*xf**4d*xtanh(e + f*xx)**x2 + 20736*a**3*f*
*4xtanh(e + £*x) + 6912*xaxx3xf*%x4) + 648*dA**3*kxfrxdxxxxdxtanh(e + £*x)/(6912
*a*xx3*xfr*kdxtanh(e + f*xx)**x3 + 20736*a**3*xf*x*kxd*xtanh(e + f*xx)**x2 + 20736*a**3
*fxx4*xtanh(e + £*x) + 6912xa*x*x3*xf**x4) + 216kdA**3kFrkdrxk*4/ (691 2%a**3+f **x4x*
tanh(e + fxx)**3 + 20736*a*x*3*xf*x*kxdxtanh(e + f*x)**x2 + 20736*a*x*3*xf*r*xdxtanh (
e + f*x) + 6912*%ax*x3xf*x*x4) - 2088*d**3*xf**3*xx*k*3*xtanh(e + fxx)**x3/(6912*ax**
3xfrkdxtanh(e + f*xx)**x3 + 20736*a**3*xfrkdxtanh(e + Fxx)**2 + 20736k a*x*k3*xf*x*
4xtanh(e + fxx) + 6912%a**3*f**4) - 216*d*x*x3*xf*x*x3*xx*+*x3xtanh(e + £*x)**x2/(69
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12xax*x3xfxx4*xtanh (e + f*x)**3 + 20736*axx3*xf**4+xtanh(e + f*x)**2 + 20736*a*
*3xfxx4*xtanh(e + fxx) + 6912*%ax*x3*xf*x*x4) + 1512+¢d**x3xf**x3xx**3*xtanh(e + f*x)
/ (6912*a**3*xfxxd*xtanh(e + fxx)**3 + 20736*a*x*3*xf*x*xdxtanh(e + f*x)**x2 + 2073
6xax*3*xf*rxdxtanh(e + f*xx) + 6912%a**3*xf**x4) + 792kd**3xf*x*x3xx**3/(6912*a**3
*f+xx4*xtanh(e + f*x)**x3 + 20736*a**3*xf**kd*xtanh(e + f*xx)**x2 + 20736*a**3*kf**x4
*tanh(e + f*x) + 6912%a*x*x3%xf**x4d) - 2502%d**3*xf+*2xx*x*2*xtanh (e + f*x)**3/(69
12xax*x3xfxx4+xtanh (e + f*x)**3 + 20736*axx3*xf**4xtanh(e + *x)**2 + 20736*a*
*3xfx*x4*xtanh(e + £*xx) + 6912%a*x*x3xf**4) - 1242*xd**3xf*x*x2xx**2*xtanh(e + f*x)
*%x2/(6912*%a*x*3xfxxdxtanh(e + f*x)**3 + 20736*a*x*3xfrxdxtanh(e + £*x)**2 + 2
0736*a*x*3xfrxdxtanh(e + f*x) + 6912*ax*3*kf*x*x4) + 2214*d**3+f**2*kx**x2*xtanh (e
+ f*x)/(6912*xa*x*x3*xf**x4*xtanh(e + f*x)**x3 + 20736%a*x*3*xf**4*xtanh(e + f*x)**2
+ 20736*a*x*3xfxxdxtanh(e + f*x) + 6912ka*x*k3*xf*x*x4) + 1530xd**3+L**x2*xx**2/ (6
912*a*x*3*xf*x*d*xtanh(e + f*xx)*x3 + 20736*a**3*f*r*xdxtanh(e + f*xx)*x*x2 + 20736*a
**x3xf*x*x4*xtanh(e + f*xx) + 6912xa*x*x3*xf**x4) - 2211*xd**3*xf*rx*xtanh(e + f*x)**x3/(
6912*a*x*3*xfxkd*xtanh(e + f*xx)**x3 + 20736*a**3*xf*x*kxd*xtanh(e + f*xx)**2 + 20736%
a*x*x3*xf**k4d*xtanh(e + f*x) + 6912%a**3*xf**x4) - 1629*d**3xfrxrxtanh(e + f*x)**2/
(6912*a*x*3*xf**x4*xtanh(e + f*xx)**x3 + 20736*a*x*3*xf**4d*xtanh(e + f*xx)**x2 + 20736
*axx3xfrkdxtanh(e + f*x) + 6912%a*x*3xfx*x4) + 2115xd**x3*xf*xx*xtanh(e + f*x)/(6
912*a*x*3*f**xd*xtanh(e + f*xx)**x3 + 20736*a**3*f*x*xd*xtanh(e + f*xx)*x*x2 + 20736*a
**x3xfx*x4*xtanh (e + f*x) + 6912xa*x*x3xf**4) + 1725xd**3*xf*xx/(6912*xa*x*x3xf+*x4*ta
nh(e + f*xx)**x3 + 20736*a**3*xf*rxd*xtanh(e + fxx)**x2 + 20736*a*x*3*xf*r*xd*xtanh (e

+ £*x) + 6912%ax*x3xfxx4) - 1377*d**3*tanh(e + f*xx)**x3/(6912%a**3*f**4d*xtanh (
e + f*x)**3 + 20736*xax*x3xfxx4dxtanh(e + f*x)**2 + 20736*ax*x3xfxx4xtanh(e + f
*x) + 6912*a*x*3*kf*x*x4) — 1920*d**3*tanh(e + f*xx)**2/(6912*xax*x3*xf**x4*xtanh(e +
f*x)**3 + 20736*xax*x3xfxx4xtanh(e + f*x)**2 + 20736*ax*x3xf**x4+xtanh(e + f*x)
+ 6912*%a*x*x3xfxx4) + 575%d**3/(6912*%a*x*3xfrxdxtanh(e + f£*x)**3 + 20736*a*x*3
*fxkdxtanh(e + f*x)**2 + 20736*xa*x*3*xf*x4*xtanh(e + fxx) + 6912*ax*x3*xf**x4), N
e(f, 0)), ((c**3xx + 3Ikck*2kd*x**2/2 + ckxd**2*x**3 + d**3xx**4/4)/(a*xcoth(e
) + a)*xx3, True))

Giac [A] time = 1.24129, size = 774, normalized size = 2.3

(864 B patel0F3469) | 3456 o2 pax3el6/760) 4 5184 (2 par2el6£7+60) 4 5184 B 31341 x+4e) _ 2507 8 3x3,(2/742¢)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~3/(ata*coth(f*x+e))~3,x, algorithm="giac")

[Out] 1/27648%(864*d"3*f 4*xx"4*xe” (6xf*xx + 6%e) + 3456%ckd " 2%xf "4*xx " 3xe” (6*f*xx + 6%
e) + B5184xc”2xd*xf " 4xx"2%xe” (6xf*xx + 6%e) + 5184*d"3*xf " 3*xx"3%e” (4xfxx + 4x*e)
- 2592xd"3%f"3*x"3%e” (2xf*xx + 2%e) + B576xd"3kf"3*xx"3 + 3456*%c”3xf " 4dxxxe” (6%
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fxx + 6%e) + 15552%ckd™2%f " 3xx"2%e” (4xf*x + 4%e) — TT776xc*xd™2*xf " 3*x"2%xe™ (2%
f*x + 2%e) + 1728*cxd™2+%f73*%x™2 + 15552*%c™2xd*f ~3xx*xe” (4*xf*x + 4*e) + T776x%
A"3*f72xx7T2%e” (Axfxx + 4%e) — TTT76*xc™2xd*f " 3xx*xe”™ (2xfxx + 2%e) - 1944*d"3x*f
T2%xT2%e” (2xfxx + 2%e) + 1728*%cT2xd*f"3%x + 288*dA"3*xf"2*xx"2 + 5184%c”3xf 3%
e~ (4*f*x + 4*e) + 15552xc*xd"2+%f " 2*x*e” (4xf*xx + 4d*xe) — 2592%c”3*f " 3*e” (2xf*x
+ 2%e) - 3888*ckxd”2+f " 2xx¥e” (2xf*x + 2%e) + B576*c”3%f"3 + 576*xckd"2*xf T 2%x

+ TT76xc™2xd*xf~2xe”™ (4xf*x + 4*e) + T776xd"3xfxxxe™ (4xf*x + 4xe) - 1944*c™2x%
d*f~2*%e” (2xf*xx + 2xe) - 97247 3*f*x*ke” (2xf*xx + 2xe) + 288*c™2*d*f~2 + 96*d~
3kf*kx + TT76xcxd™2xfxe” (4+f*x + 4*e) - 972xcxd"2xfxe” (2+xf*x + 2%e) + 96*cx*d
~2+f + 3888*d"3*e” (4dxf*xx + 4xe) - 243+%d"3*ke” (2xf*x + 2*%e) + 16%d"3)*e” (-6*f
*xX — 6%e)/(a~3%f"4)
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398 [

(a+a coth(e+fx))3

Optimal. Leaf size=246

d(c + dx)e0=6fX  3d(c + dx)e4e-4fx . 3d(c + dx)e 2e-2fx . (c + dx)2e 06/ 3(c + dx)2e~4-4%  3(c + dx)2e 22
144a3f2 64a3f2 1643 f2 48a3f 32a3f 16a3f

[Out] (d"2*E~(-6%e - 6xf*xx))/(864*a~3*xf~3) - (3*d"2*xE~(-4*xe - 4xfxx))/(256%a”~3xf"
3) + (3%d"2*E~(-2%xe - 2%fx*x))/(32%a"~3*f"3) + (d*E~(-6%e - 6xf*x)*(c + d*x))
/(144*%a~3*%f72) - (3*d*E~(-4*e - 4xf*x)*x(c + d*x))/(64*a"3*f~2) + (3*d*E~(-2

xe — 2xf*x)*(c + d*xx))/(16%xa~3*xf72) + (E~(-6*e - 6xf*x)*(c + d*x)~2)/(48*a”

3*xf) - (3*E~(-4*xe - 4xf*x)*(c + d*x)72)/(32*xa"3*f) + (3*E~(-2*e - 2*xf*x)*(c

+ d*x)"2)/(16*xa~3*f) + (c + d*x)~3/(24*a"3*d)

Rubi [A] time = 0.257589, antiderivative size = 246, normalized size of antiderivative

. . ber of rul
1., number of steps used = 11, number of rules used = 3, integrand size = 20, e .

0.15, Rules used = {3729, 2176, 2194}

integrand size

d(c + dx)e %=0f%  3d(c + dx)e %% 3d(c + dx)e™272%  (c + dx)2e 0 0fX  3(c + dx)2e Y 3(c + dx)2e %2
144432 64a3f2 16432 48a3f 32a3f 16a3f

Antiderivative was successfully verified.

[In] Int[(c + d*x)~2/(a + axCothl[e + f*x])~3,x]

[Out] (d"2*E~(-6*e — 6xfxx))/(864*a"3*f"3) - (3*xd"2*xE~(-4*e - 4xfx*x))/(256*%a"~3*f"~
3) + (3%d"2*E~(-2%xe - 2%fx*x))/(32%a"~3*f"3) + (d*E~(-6%e - 6xf*x)*(c + d*x))
/(144%a~3*%f72) — (3*d*E~(-4*xe - 4xf*x)*x(c + d*x))/(64*a"3*xf72) + (3*d*E~(-2

xe — 2xf*x)*(c + d*xx))/(16%a~3*xf72) + (E~(-6*e - 6xf*x)*(c + d*x)~2)/(48*a”

3*xf) - (3*E~(-4*xe - 4xf*x)*(c + d*x)~2)/(32*xa~3*f) + (3*E~(-2*e - 2*xf*x)*(c

+ d*x)"2)/(16*xa~3%f) + (c + d*x)~3/(24*a"3*d)

Rule 3729

Int[((c_.) + (d_)*(x_))"(m_)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)])"(n_),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x) m, (1/(2xa) + E~((2*ax(e + f*x))
/b)/(2xa))~(-n), x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[a”2 + b2
, 0] && ILtQ[n, O]

Rule 2176
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Int [((b_)*(F_)"((g_.)*((e_.) + (£_)*x_))))"(a_)*((c_.) + (d_.)*(x_)) " (m
_.), x_Symbol] :> Simp[((c + d*x) m*(b*F~(gx(e + f*x))) n)/(fxgxn*Logl[F]),
x] - Dist[(d*m)/(fxg*n*Log[F]), Int[(c + d*x)"(m - 1)*(b*F~(gx(e + f*x))) n
, x1, x] /; FreeQ[{F, b, c, d, e, f, g, n}, x] && GtQ[m, 0] && IntegerQ[2*m
] && !'$UseGamma === True

Rule 2194

Int [((F_)~((c_.)*x((a_.) + (b_.)*(x_))))"(n_.), x_Symbol] :> Simp[(F~(c*(a +
b*x)) ) n/(b*c*nxLog[F]), x] /; FreeQ[{F, a, b, c, n}, xl]

Rubi steps
(c + dx)? (c+dx)?2 e 0¥+ dx)?  Be 4 +dx)2  3e272%(c + dx)?
(a + acoth(e + fx))3 r= f( 8a3 8a3 - 8a3 - 843 ) ax
_ (c+dx)? [ e7%e=0fx(c + dx)? dx .\ 3 [edet¥(c+dx)?dx 3 [e 2 H¥(c +dx)? dx
24a3d 843 843 843

e 66X (4 dx)2 e X (e +dx)?  3e 2 x4 dx)?  (c+dx)?  d [e o

TV NV Py 16a3f 2403 2403 ]
de 00fX(c + dx) 3de **(c+dx) 3de 22X +dx) e O +dx)? 3e ¥

T T sz eadr ¢ 1edsr | 48df
d2e~6e-6fx  3g2e~dedfx  3g2p2e-2fx  go=6e-6fx(c 4 dx)  3de~de-4X(c +dx) 3de

T 865 256a3fe T 32a3fp | afE | 6Adf?

Mathematica [A] time = 1.37168, size = 371, normalized size = 1.51

csch’(e + £x) (81 (862f2 +4cdf(4fx +3) + d? (8f2x2 +12fx + 7)) cosh(e + fx) +8 (18c2f2(6fx +1) + 6cdf (18f2x:

Antiderivative was successfully verified.

[In] Integratel[(c + d*x)~2/(a + axCothl[e + f*x])~3,x]

[Out] (Cschle + f*xx] 3%(81*(8*xc™2*f"2 + 4dxcxd*f*(3 + 4xf*xx) + d™2%x(7 + 12%fxx + 8
*f72xx72) ) *Coshl[e + f*x] + 8*x(18%c™2xf 2% (1 + 6*f*x) + Gxcxd*f*x(1 + BGxfxx +
18*xf72xx72) + d72%(1 + 6xf*xx + 18%f~2%x"2 + 36*f~3%x"3))*Cosh[3*(e + f*x)]
+ 729*%d"2*Sinh[e + f*x] + 1620*ckd*f*Sinh[e + fxx] + 1944*c”2*f"2*Sinh[e +
f*x] + 1620%d"2*xf*x*Sinh[e + f*x] + 3888*ckd*f~2*x*Sinh[e + f*x] + 1944%4"
2%f"2xx"2*Sinh[e + f*x] - 8+*d"2*Sinh[3*(e + f*x)] - 48*cxd*f*Sinh[3*(e + f*
x)] - 144x%c™2*xf~2+Sinh[3*(e + f*x)] - 48*d"2*f*x*Sinh[3*(e + f*x)] - 288*cx*
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d*xf"2xx*Sinh[3*%(e + f*x)] + 864*c™2*xf " 3*x*Sinh[3*(e + f*xx)] - 144xd"2*%f " 2%*x
~2%Sinh[3*%(e + f*xx)] + 864xcxd*xf " 3*x"2*xSinh[3*(e + f*xx)] + 288*%d~2*f " 3%x"3*
Sinh[3*%(e + £*x)]))/(6912%a"3*xf"3*%(1 + Coth[e + fx*x])~3)

Maple [B] time = 0.125, size = 2098, normalized size = 8.5

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) 2/ (at+axcoth(f*x+e)) ~3,x)

[Out] 1/a"3/f*x(-4/f72xd" 2% (1/6* (f*x+e) "2*sinh (f*x+e) "3*xcosh (f*x+e) "3-1/8*(f*x+e)”
2*sinh (f*x+e) *cosh(f*x+e) "3+1/16%* (f*x+e) "2*cosh(f*x+e) *sinh (f*x+e)+1/48* (f*
x+e) "3-1/18* (f*x+e) *sinh (f*x+e) "2*cosh (f*x+e) ~4+13/144* (f*x+e) *sinh (f*x+e)”
2%xcosh(f*x+e) "2+1/36* (f*x+e)*cosh (f*x+e) "2+1/108*sinh (f*x+e)*cosh(f*x+e) "5-
43/1728xcosh(f*x+e) “3*sinh (f*x+e)-7/1152*cosh(f*x+e) *sinh (f*x+e)-7/1152*f*x
=T7/1152%e)+4/f~2xd"2* (1/6* (f*x+e) "2*sinh (f*x+e) "2*cosh(f*x+e) “4-1/12* (f*x+e
) "2xginh (f*x+e) "2*%cosh(f*x+e) "2-1/12x (f*x+e) "2*cosh(f*x+e) "2-1/18* (f*x+e) *s
inh (f*x+e) *cosh(f*x+e) "5+1/18* (f*x+e)*sinh (f*x+e) *cosh(f*x+e) ~3+1/108*sinh(
fxx+e) "2*xcosh(f*x+e) "4-1/216*xsinh (f*x+e) “2*xcosh(f*x+e) "2-5/108*cosh (f*x+e)”
2+1/12* (f*x+e) *cosh (f*x+e) *sinh (f*x+e)+1/24* (f*xx+e) "2)+1/£72%d" 2% (1/4* (£*xx+
e) "2*cosh(f*x+e) *sinh (f*x+e) ~3-3/8* (f*x+e) "2*cosh(f*x+e)*sinh (f*x+e)+1/8*(f
*x+e) "3-1/8* (f*x+e) *sinh (f*x+e) "2*xcosh (f*x+e) "2+1/2*% (f*x+e) *cosh (f*x+e) "2+1
/32*cosh(f*x+e) "3*sinh (f*x+e)-17/64*cosh(f*x+e) *sinh (f*x+e)-17/64*f*x-17/64
*xe)-3/f72+%d"2x (1/4* (f*x+e) "2*sinh (f*x+e) "2*cosh (f*x+e) "2-1/4x (f*x+e) "2*cosh
(fxx+e) "2-1/8* (f*x+e) *sinh (f*x+e) *cosh(f*x+e) "3+5/16* (f*x+e)*cosh (f*x+e) *si
nh(f*xx+e)+5/32% (f*x+e) "2+1/32*sinh (f*x+e) “2xcosh (f*x+e) "2-1/8*cosh(f*x+e) "2
)+8/f72%d"2%e* (1/6* (f*x+e) *sinh (f*x+e) “3*cosh (f*x+e) "3-1/8* (f*x+e)*sinh (f*x
+e) *cosh(f*x+e) "3+1/16%* (f*x+e) *cosh(f*x+e) *sinh (f*xx+e)+1/32* (f*x+e) "2-1/36%
sinh (f*x+e) "2*cosh(f*x+e) ~4+13/288*sinh (f*x+e) "2*cosh(f*x+e) "2+1/72*cosh (f*
x+e)"2)-8/f72xd"2%ex* (1/6* (f*x+e) *sinh (f*x+e) “2*%cosh (f*x+e) "4-1/12*% (f*xx+e) *s
inh (f*x+e) "2*cosh(f*x+e) "2-1/12*% (f*x+e) *cosh (f*x+e) "2-1/36*sinh (f*x+e) *cosh
(f*x+e) "5+1/36*cosh(f*x+e) "3*xsinh (f*x+e)+1/24*cosh(f*x+e)*sinh (f*x+e)+1/24%
fxx+1/24%e)-2/f72xd"2*e* (1/4x (f*x+e) *cosh(f*x+e) *sinh (f*x+e) "3-3/8* (f*x+e) *
cosh(f*x+e)*sinh (f*x+e)+3/16* (f*x+e) "2-1/16*sinh (f*x+e) "2*xcosh(f*x+e) "2+1/4
*cosh(f*x+e) ~2)+6/f"2xd"2xex (1/4%* (f*x+e) *sinh (f*x+e) "2*cosh(f*x+e) ~2-1/4*(f
*x+e)*cosh (f*x+e) “2-1/16*xcosh(f*x+e) "3*xsinh (f*x+e)+5/32*cosh (f*x+e) *sinh (f*
x+e)+5/32xfxx+5/32%e) -4/f"2*d"2*e” 2% (1/6*sinh (f*x+e) “3*cosh (f*x+e) “3-1/8*co
sh(f*x+e) "3*sinh(f*x+e)+1/16*cosh(f*x+e) *sinh(f*x+e)+1/16xf*xx+1/16%e)+4/f"2
*d"2%e” 2% (1/6*sinh (f*x+e) "2*xcosh (f*x+e) "4-1/12*sinh (f*x+e) "2*cosh (f*x+e) ~2-
1/12*%cosh(f*x+e) "2)+1/£72xd"2%e" 2% ((1/4*sinh (f*x+e) "3-3/8*sinh (f*x+e)) *cosh
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(fxx+e)+3/8*f*x+3/8%e)-3/f"2xd"2xe~ 2% (1/4*sinh (f*x+e) “2*cosh (f*x+e) “2-1/4%c
osh(f*x+e) ~2)-8xc/f*d* (1/6* (f*x+e)*sinh (f*x+e) “3xcosh(f*x+e) "3-1/8* (f*x+e)*
sinh(f*x+e)*cosh(f*x+e) ~3+1/16* (f*x+e) *cosh(f*x+e)*sinh (f*x+e)+1/32* (f*x+e)
~2-1/36*sinh (f*x+e) "2*xcosh(f*x+e) "4+13/288*sinh (f*x+e) "2xcosh (f*x+e) "2+1/72
*xcosh(f*x+e) ~2)+8*c/f*d* (1/6* (f*x+e)*sinh(f*x+e) "2xcosh(f*x+e) "4-1/12% (f*x+
e)*sinh (f*x+e) "2*%cosh(f*x+e) "2-1/12* (f*x+e) *cosh (f*x+e) "2-1/36*sinh (f*x+e) *
cosh(f*x+e) “5+1/36*cosh(f*x+e) "3*sinh (f*x+e)+1/24*cosh(f*x+e)*sinh (f*x+e)+1
/24xf*xx+1/24%e) +2*xc/fxd* (1/4* (f*x+e) *cosh (f*x+e) *sinh (f*x+e) ~3-3/8* (f*x+e) *
cosh(f*x+e)*sinh (f*x+e)+3/16* (f*x+e) "2-1/16*sinh (f*x+e) "2*xcosh(f*x+e) "2+1/4
*cosh (f*x+e) "2)-6*xc/fxd*(1/4* (f*x+e)*sinh (f*x+e) "2*xcosh(fxx+e) "2-1/4* (f*x+e
)*cosh(f*x+e) "2-1/16*cosh(f*x+e) “3*sinh (f*x+e)+5/32*cosh(f*x+e) *sinh (f*x+e)
+5/32xf*x+5/32%e) +8*c/f*d*ex (1/6*sinh (f*xx+e) “3*cosh(f*x+e) "3-1/8*cosh(f*x+e
) "3xginh (f*x+e)+1/16*cosh(f*x+e)*sinh (f*x+e)+1/16*f*x+1/16*%e)-8*xc/fxd*xex (1/
6*sinh (f*x+e) "2*cosh(f*x+e) ~4-1/12*sinh (f*x+e) "2*cosh(f*x+e) "2-1/12*cosh (f*
x+e) "2)-2xc/fxd*e* ((1/4*sinh (f*x+e) "3-3/8*sinh (f*x+e)) *cosh(f*x+e)+3/8*f*x+
3/8%xe)+6*xc/f*d*ex(1/4*sinh (f*x+e) "2*cosh(f*x+e) "2-1/4*cosh(f*x+e) ~2) -4*c™ 2%
(1/6*sinh (f*x+e) "3*cosh(f*x+e) "3-1/8*cosh (f*x+e) "3*sinh (f*x+e)+1/16*cosh(f*
x+e)*sinh (fxx+e)+1/16*%f*x+1/16%e) +4xc™2*(1/6*sinh (f*x+e) "2*cosh(f*x+e) ~4-1/
12*sinh (f*x+e) "2*cosh(f*x+e) "2-1/12*cosh(f*x+e) "2)+c~ 2% ((1/4*sinh (f*x+e) ~3-
3/8*sinh (f*x+e) ) *cosh (f*x+e)+3/8*f*x+3/8%e)-3*xc~2*(1/4*sinh (f*x+e) "2*cosh(f
*x+e) "2-1/4*cosh(f*x+e)~2))

Maxima [A] time = 5.60223, size = 343, normalized size = 1.39

-2
1 (12 (frre) ) 18ol25126) g (-4ra) | o -6 fr6e) ) (72 22660 1108 (2 frette) + e49)el2/%) 27 (4.
9% | @f B f 5764

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 2/ (ata*coth(f*x+e))~3,x, algorithm="maxima")

[Out] 1/96*xc™2x(12x(f*x + e)/(a~3*f) + (18%e” (—2*xf*xx — 2xe) - Oxe” (-4*f*x - 4x*e)
+ 2xe” (—6*xf*xx - 6%xe))/(a”3*f)) + 1/576%(72xf " 2*xx"2xe” (6*e) + 108* (2*xf*x*xe” (
dxe) + e~ (4xe))xe” (—2xf*x) - 27*(dxfxx*xe”(2%e) + e~ (2*e))*e” (-4xf*x) + 4*(6
*fxx + 1)*e” (-6*xf*x))*ckxdxe” (-6*e)/(a~3*xf"2) + 1/6912*(288*f~3xx"3*e” (6%*e)
+ 648 (2xf"2xx"2xe” (4*e) + 2+f*x*e” (4*e) + e (4xe))*xe” (-2+f*x) - 81*(8*xf~2x%
x"2*%e” (2xe) + 4xfxxxe”(2%e) + e (2*e))*e” (—4xfxx) + 8% (18*f " 2*x"2 + 6xf*x +

1) *e” (-6xf*x) ) *d"2*e” (-6%e) /(2" 3*f"3)
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Fricas [B] time = 2.13223, size = 1215, normalized size = 4.94

8(36d2f3x® +18c2f2 + 6.cdf +18(6cdf® + d2f2)x® + d? + 6 (182 f° + 6 cdf? + d2 f)x) cosh (fx + e)3 +24 (36423

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~2/(ata*coth(f*x+e))~3,x, algorithm="fricas")

[Out] 1/6912%(8*%(36*%d"2*xf 3*x"~3 + 18*c™2*f~2 + 6*xcxd*f + 18*(6xcxd*f~3 + d~2xf~2)
*x72 + 472 + 6% (18%cT2*xf"3 + B*ckd*f”2 + d72*f)*x)*cosh(fxx + e)~3 + 24%(36
*dQ72+f"3*%xX73 + 18*%cT2xf72 + Bxckd*f + 18%(6*kckd*f~3 + d72xf72)*xx"2 + 472 +
6% (18*%c™2*%f"3 + 6xcxd*xf~2 + d72+f)*x)*cosh(f*x + e)*sinh(f*x + e)”2 + 8%(36
*Q"2%xf"3%x"3 - 18%cT2*%f72 - Gkxckxd*f + 18*%(Bxckxd*f"3 - d72xf"2)*xx"2 - 472 +
6% (18*%c™2*f~3 - 6xckxd*f~2 - d72*f)*x)*sinh(f*x + e)~3 + 81*x(8xd™2*xf " 2*xx"2 +
8xcT2+xf"2 + 12kckxd*xf + 7x*d"2 + 4x(4dxcxd*f"2 + 3kd"2%f)*x)*cosh(f*x + e) +
3% (648*%d"2*xf"2*xx"2 + 648%c”2*xf"2 + B54A0*ckdxf + 8% (36%d72*xf"3*x"3 - 18*%c 2x*f
"2 - 6kckd*xf + 18%(6xcxd*f~3 - d72*%f72)*x72 - d72 + 6% (18%c”2xf"3 - Bkckd*f
"2 - d72*f)*x)*cosh(f*x + e)72 + 243+%d"2 + 108*(12*cxd*f~2 + 5xd~2*f)*x) *si
nh(f*x + e))/(a"3*f"3*cosh(f*x + e)~3 + 3%a”~3*%f 3*cosh(f*x + e) 2*sinh(fx*x
+ e) + 3*a”3*xf " 3xcosh(f*x + e)*sinh(f*x + e)72 + a~3*xf " 3*sinh(f*x + e)~3)

Sympy [A] time = 5.25176, size = 2448, normalized size = 9.95

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((dxx+c)**2/(ataxcoth(f*x+e))**3,x)

[Out] Piecewise((216*cxx2xf**3*x*tanh(e + f*x)**3/(1728*ax*x3*xf**x3xtanh(e + f*x)*x*
3 + 5184*ax*3xfxx3xtanh(e + f*x)**2 + 5184*xax*x3xfxx3xtanh(e + f*x) + 1728%a
**%3xf**3) + 648*kck*x2xfx*x3xxxtanh (e + f£*x)**2/(1728*ax*3xf*x*x3xtanh(e + f*x)*

*3 + 5184*ax*3xf**x3xtanh(e + f*x)**2 + 5184*a*x*x3*xf**x3xtanh(e + f*x) + 1728%
a*x*3*xf**3) + 648*kckx*x2xfxx3xx*xtanh(e + f*x)/(1728*a**x3xf**x3xtanh(e + f*x)**3

+ 5184*a*x*3*xf**3xtanh(e + f*x)**2 + 5184*a*x*3*xf**3xtanh(e + f*x) + 1728*ax
*3xf*%3) + 216kck*2xFx*x3xx/ (1728*a*x*3*xf*+*3*xtanh(e + £*x)**x3 + 5184*a*x*3*f**
3*xtanh(e + f*xx)**x2 + 5184*a*x*3*xf**3*xtanh(e + f*xx) + 1728*a*x*3*f**3) - 648*c
*x2xfxx2%tanh (e + f*xx)**x3/(1728*a*x*3*xf**3*xtanh(e + f*x)**x3 + 5184*a**3*xf**3
xtanh(e + f*x)**2 + 5184*a*x*x3*xf**x3*xtanh(e + f*x) + 1728*a*x*x3xf**x3) - 432%c*
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*2xf*+*x2*xtanh (e + f*xx)**x2/(1728*a*x*3*xf**3*xtanh(e + £*xx)**3 + 5184*a*x*3*f**3*
tanh(e + fxx)**x2 + 5184*a**3*xf**3*xtanh(e + f*xx) + 1728*a**3*f**3) + 7T2kc*x*2
*T%x2/(1728*%a**3xF*x*x3xtanh(e + f*x)**3 + 5184*a*x*3xf**x3xtanh(e + f*x)**2 +
5184*a**3*xf**x3*xtanh(e + fxx) + 1728*a*x*3*xf**3) + 216*cxd*xf**3*xx**2*tanh(e +
f*x)*%3/(1728*a*x*x3xf*x*x3xtanh (e + f*x)**3 + 5184*ax*x3xf*xx3xtanh(e + f*x)**2
+ 5184*axx3xf**3xtanh(e + f*xx) + 1728%a**3xf**3) + 648*cxd*f**x3*xx*+*x2xtanh (
e + T*x)**2/(1728*ax*x3xfxx3xtanh (e + f*x)**3 + 5184*axx3xf**3*xtanh(e + f*x)
*%2 + 5184*ax*3xf**x3xtanh(e + f*x) + 1728*a*x*3*xf**3) + 648kcxd*xf**3*xx*x*2*ta
nh(e + f*xx)/(1728*a**3*xf**3*tanh(e + f*x)**3 + 5184*a**3*f**3*xtanh(e + f*x)
*%2 + 5184*axk3xf**x3xtanh(e + f*x) + 1728*a*x*3*xf**3) + 216*ckd*xf**x3*xx**x2/ (1
728xa*x*3xfx*x3*xtanh (e + f*x)**3 + 5184*a**3xf**3*xtanh(e + f*x)**x2 + 5184*a*xx*
3xf**k3*xtanh(e + f*xx) + 1728*a**3*f**3) - 1044d*xcxdxfxx2xx*tanh(e + f*x)**3/(
1728*ax*x3xf*x*x3*xtanh (e + f*x)**3 + 5184*xaxx3*xf**x3*xtanh(e + f*x)**2 + 5184xax*
*3xf+*x3*xtanh(e + f*xx) + 1728*a*x*x3*xf**x3) - 108*kckdxf**2xx*xtanh(e + f*x)**x2/(
1728*ax*x3xf*x*x3xtanh (e + f*x)**3 + 5184*ax*x3*xf**x3xtanh(e + f*x)**2 + 5184xa*
*3xf*+*x3ktanh(e + f*xx) + 1728*a**3*xf**3) + 756*xckd*xf**x2xx*xtanh(e + f£*x)/(172
8xax*3xf*x*x3xtanh(e + f*x)**3 + 5184*a*x*3xf**x3xtanh(e + f*x)**2 + 5184*a*x*3x%
fx*3*xtanh(e + f*xx) + 1728*a*x*3*xf**3) + 396*xckxd*xf**x2xx/ (1728*a**3*f**3*xtanh (
e + f*x)**3 + 5184*xax*x3xfx*x3xtanh(e + f*x)**2 + 5184*axx3xf**x3*xtanh(e + f*x
) + 1728*a**3*xf**3) - B540*ckxdxfxtanh(e + f*x)**3/(1728*a*x*3xf**x3xtanh(e + f
*x)**%3 + 5184*a*x*x3xfx*x3xtanh(e + f*x)**x2 + 5184*a*x*x3*xf**x3xtanh(e + f*x) + 1
728*a*x*3xf**3) — 576xckd*f+tanh(e + f*x)**2/(1728*ax*x3*xf**x3*xtanh(e + f*x)*x*
3 + 5184*xax*3xf*x3xtanh(e + f*x)**2 + 5184*xax*x3xf*xx3xtanh(e + f*x) + 1728%a
*%3xf*%%3) + 132kckd*f/(1728*a*x*x3*xf*+*x3*xtanh(e + f*x)**3 + 5184xa*x*3*xf**3*tan
h(e + f*xx)*x2 + 5184*a**3*xf**x3*xtanh(e + fxx) + 1728*a*x*3*xf**3) + 72xd*x*x2xf*
*3*xx*x*x3*ktanh (e + f*xx)**x3/(1728*a**3xf**3*xtanh(e + f*x)**3 + 5184*a**3*f**3*
tanh(e + f*x)**2 + 5184%a*x*3xf**x3xtanh(e + f*x) + 1728xa**3xf**3) + 216*xd*x*
2% +*x3*xx*x*3*xtanh (e + f*xx)**x2/(1728*a*x*3*f**3*tanh(e + f*x)**x3 + 5184*a*x*3*f
**x3xtanh(e + £*xx)**2 + 5184xa**x3*xf**3*xtanh(e + f*xx) + 1728xa*x*x3+xf*x3) + 216
*Qxx2xFkx3kxkk3*tanh (e + f*xx)/(1728*a**3*xf**3*xtanh(e + f*x)**x3 + 5184*a**3*
f**3*xtanh(e + f*xx)**x2 + 5184*a**3xf**x3*xtanh(e + fxx) + 1728*a*x*3*xf**3) + 72
*Qkk2xF 4k 3kx**3/ (1728 *ax*x3*xf*x*x3xtanh (e + f*x)**3 + 5184*ax*x3*xf**x3xtanh(e +
fxx)**x2 + 5184*ax*x3*xf**x3xtanh(e + f*xx) + 1728*a*x*x3*xf**3) — 522xd**2kfx*kx*
*2xtanh (e + £*x)**3/(1728*ax*x3xf**x3xtanh(e + f*x)**3 + 5184*axx3*xf**3*xtanh (
e + f*x)**2 + 5184*xax*x3xf*xx3xtanh(e + f*x) + 1728*%ax*3xf*xx3) — B4xd**2kf**2
*x*k*x2%xtanh (e + £*xx)**x2/(1728*a*x*x3xf*+*x3*xtanh(e + f*x)**3 + 5184xa*x*3*xf**3*ta
nh(e + f*x)**2 + 5184xa*x*3xf*x*x3*xtanh(e + f*x) + 1728*%ax*3*f**x3) + 378*d**2x
frx2kxkk2xtanh (e + fxx)/(1728*a**3*xf**3*xtanh(e + fxx)**3 + 5184*a*x*3*kf**x3x*t
anh(e + f*x)**2 + 5184*axx3xf**3*xtanh(e + f*x) + 1728*axx3xf**3) + 198*d**2
* T4k 2xxx%2/ (1728*%ax*x3xfxx3xtanh (e + f*x)**3 + 5184*ax*x3xfx*x3xtanh(e + f*x)*
*2 + 5184*ax*x3xf**x3xtanh(e + f*x) + 1728*%a*x*3*xf**x3) — 417xd**x2+xf*x*tanh(e +
f*x)*%3/(1728*a*x*x3xfx*x3xtanh (e + f*x)**3 + 5184*a**x3xf*x3xtanh(e + f*x)**2
+ 5184*a*x*3*xf**x3xtanh(e + f*x) + 1728*a*x*3*xf**3) - 207*d**2*xf*x*tanh(e + f
*x) *%2/ (1728*%a*x*3xf*x*x3xtanh (e + f*x)**3 + 5184*xax*x3xf*xx3xtanh(e + f*x)**2 +
5184*a*x*3*xf**x3xtanh(e + f*x) + 1728*a*x*3*xf**3) + 369*xd*x*x2*xf*x*tanh(e + f*x
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)/ (1728*a*x*3*f**3*tanh(e + f*x)**x3 + 5184*a**3*f**3*xtanh(e + f*xx)**x2 + 5184
*a*xx3*xf*x*3*xtanh(e + f*xx) + 1728*a*x*3xf**3) + 255xd**x2xf*xx/ (1728*a**3xf**3*t
anh(e + f*x)**3 + 5184*axx3xf**x3*xtanh(e + f*x)**2 + 5184xa*x*3*xf**3*tanh(e +
f*x) + 1728*%a**3xf**x3) — 243*d**2*tanh(e + f*x)**x3/(1728*a**3*f**3*tanh (e
+ f*x)**3 + 5184*ax*x3xf**x3xtanh(e + f*x)**2 + 5184*a*x*x3*xf+*x3xtanh(e + f*x)
+ 1728*a**x3*xf**3) - 312xd**2*xtanh(e + f*x)**2/(1728%a**3xf**3*xtanh(e + f*x)
*%3 + 5184*ax*3*xf*x*x3xtanh(e + f*x)**2 + 5184*a*x*3xf**x3xtanh(e + f*x) + 1728
*a*xx3xf**x3) + 85xd**2/(1728*a*x*x3*xf*+*x3*xtanh(e + f*x)**3 + 5184xa*x*3*xf**3*tan
h(e + f*xx)**2 + 5184x*ax*3*xf*x*x3*xtanh(e + f*xx) + 1728*xax*x3*xf**x3), Ne(f, 0)),
((cx*2%x + cxdxx**2 + dx*x2xx**3/3)/(axcoth(e) + a)**3, True))

Giac [A] time = 1.25946, size = 447, normalized size = 1.82

(288 23306 1760) 4 864 0 133206 /7%6¢) 4 g6 (2 f3xpl6£¥+6) | 1296 42 f2320(4fx+4e) _ 648 g2 202,21 342¢) 4 144 g2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)~2/(ata*coth(f*x+e))~3,x, algorithm="giac")

[Out] 1/6912*%(288*d~2xf " 3*xx"3*e” (6*f*x + 6%e) + 864xcxd*xf~3*x"2%e” (6*f*x + 6*e) +
864*c”2*xf " 3kx*ke” (6xfxx + 6xe) + 1296*%d " 2*f " 2*xx"2*xe” (4xfxx + 4%e) - 648*%d"2
*f724x72%e” (2xFkx + 2%e) + 144+d72+f72%x72 + 2592*%ckxdxf " 2xx*e” (4*xf*x + 4*e)

- 1296*ckd*f"2*xx*e” (2*xfxx + 2%e) + 288*ckd*f"2*x + 1296%c”2%f " 2%e” (4*f*x +

4xe) + 1296xd"2xfxx*e” (4*f*x + 4*e) - 648%xc™2xf " 2xe” (2*f*x + 2%e) - 324*d”
2%fxxxe” (2xfxx + 2%e) + 144%c™2*xf72 + 48+d"2xf*x + 1296*ckxd*xf*e” (4*f*x + 4%

e) - 324kcxdxfxe” (2%xf*x + 2%e) + 48kckxd*xf + 648*d"2xe” (4dxfxx + 4xe) - 81xd~

2%e” (2*%f*x + 2%e) + 8xd"2)*e” (-6xf*x - 6%e)/(a"3*f"3)
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3 99 f c+dx

(a+a coth(e+fx))3

Optimal. Leaf size=183

c+dx . x(c+dx) 11d . 1dx dx? _ c+dx _
8f (a3 coth(e + fx) + a3) 8a’ 9612 (a3 coth(e + fx) + a3) 96a°f 164>  8af(acoth(e + fx) +a)?

[Out] (11%d*x)/(96*%a~3*f) - (d*x~2)/(16*a~3) + (xx(c + d*x))/(8*xa”~3) - d/(36*xf~2x
(a + axCothl[e + f*x])~3) - (c + dxx)/(6%f*x(a + a*Coth[e + f*x])~3) - (5xd)/
(96*a*xf~2+(a + a*Cothl[e + f*x])~2) - (c + d*x)/(8*axf*(a + axCothl[e + f*x])

~2) - (11*d)/(96xf~2%(a"3 + a~3*Cothle + f*x])) - (c + d*xx)/(8xf*x(a"3 + a~3
*xCoth[e + f*x]))

Rubi [A] time = 0.205172, antiderivative size = 183, normalized size of antiderivative =
1., number of steps used = 11, number of rules used = 3, integrand size = 18, number of rules _

integrand size
0.167, Rules used = {3479, 8, 3730}

c+dx . x(c + dx) 11d . 1dx  dx? c+dx
8f (a3 coth(e + fx) + a3) 8a’ 962 (a3 coth(e + fx) + a3) 96a°f 16a®> 8af(acoth(e+ fx)+a)?

Antiderivative was successfully verified.

[In] Int[(c + d*x)/(a + a*Coth[e + f*x])~3,x]

[Out] (11%d*x)/(96*%a~3*f) - (d*x~2)/(16*a~3) + (x*x(c + d*x))/(8*xa~3) - d/(36*xf~2x
(a + axCothl[e + f*x])~3) - (c + d*x)/(6xfx(a + axCoth[e + f*x])~3) - (5xd)/
(96*a*xf~2+(a + a*Cothl[e + f*x])~2) - (c + d*x)/(8*axf*x(a + a*xCothl[e + f*x])

~2) - (11%d)/(96xf~2x(a~3 + a~3*Cothl[e + f*x])) - (c + d*x)/(8*fx(a"3 + a~3
xCoth[e + f*xx]))

Rule 3479

Int[((a_) + (b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(a*x(a +
bxTan[c + d*x])"n)/(2xb*d*n), x] + Dist[1/(2*a), Int[(a + bxTan[c + d*x]) (
n+ 1), x], x] /; FreeQ[{a, b, c, d}, x] && EqQ[2a"2 + b2, 0] && LtQ[n, 0]

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]
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Rule 3730

Int[(Cc_.) + (d_.)*(x_))"(m_.)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]1)"(n_),
x_Symbol] :> With[{u = IntHide[(a + bxTan[e + f*x])“"n, x]}, Dist[(c + d*x)
“m, u, x] - Dist[d*m, Int[Dist[(c + d*x)~(m - 1), u, x], x], x]] /; FreeQ[{
a, b, ¢, d, e, f}, x] && EqQ[a”2 + b~2, 0] && ILtQ[n, -1] && GtQ[m, O]

Rubi steps

c+dx _ x(c+dx) c+dx c+dx

c+dx

(a + acoth(e + fx))3 Tl 6f(a + acoth(e + fx))3 - 8af(a + acoth(e + fx))? - 8f (a3 + a3 coth(e + f

dx?>  x(c + dx) c+dx c+dx

dx?>  x(c + dx) d c+dx

Tl T 8@ 6f(a+acoth(e + fx))®  8af(a+ acoth(e + fx))2 8f (a3 +a3c

- 16 " 8a3 36f2(a + acoth(e + fx))3 - 6f(a + acoth(e + fx))3 - 32af?(a + ¢

dx x> x(c + dx) d c+dx

- 16a3f - 16a° - 8a3 36f2(a + acoth(e + fx))3 - 6f(a + acoth(e + fx))3 - 96a

3dx  dx*  x(c+dx) d c+dx

- 32a3f 1643 - 8a® 36f%(a + acoth(e + fx))3 - 6f(a + acoth(e + fx))3 - @

1dx  dx*>  x(c+dx) d c+dx

- 96ad f 164 - 8a3 36f2%(a + acoth(e + fx))3 - 6f(a + acoth(e + fx))3 - @

Mathematica [A] time = 0.701283, size = 185, normalized size = 1.01

esch(e + fx) (4 (6cf(6fx +1) +d (18222 + 6fx +1)) cosh(3(e + fx)) + 27(4cf +d(4fx + 3)) cosh(e + fx) +144cf>

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)/(a + a*Coth[e + f*x])~3,x]

[Out] (Cschle + f*xx] " 3%(27x(4*cxf + d*x(3 + 4xfx*xx))*Coshl[e + f*xx] + 4*x(6*xc*xf*x(1 +

6xf*x) + d*x(1 + 6xf*xx + 18*xf~2%x"2))*Cosh[3*(e + f*xx)] + 135*%d*Sinh[e + fx*x
] + 324*xcxf*Sinh[e + f*x] + 324*d*f*x*Sinh[e + f*x] - 4*d*Sinh[3*(e + f*x)]
- 24*cxf*Sinh[3*(e + f*x)] - 24*d*f*x*Sinh[3*(e + f*x)] + 144*c*f " 2*x*Sinh
[Bx(e + f*x)] + 72xd*f~2%x"2*Sinh[3*(e + f*x)]))/(1152*xa~3*%f~2%(1 + Cothle
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+ £*x])73)

Maple [B] time = 0.107, size = 791, normalized size = 4.3

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c)/(ataxcoth(f*x+e)) 3,x)

[Out] 1/a"3/f*x(-4/f*xd*(1/6%* (f*x+e)*sinh(f*x+e) "3*cosh(f*x+e) ~3-1/8*(f*x+e)*sinh(f
xx+e)*cosh (f*x+e) "3+1/16% (f*xx+e) *cosh (f*x+e) *sinh (f*x+e)+1/32x (f*x+e) "2-1/3
6*sinh (f*x+e) "2*cosh(f*x+e) ~4+13/288*sinh (f*x+e) "2*cosh (f*x+e) ~2+1/72*cosh(
fxx+e) "2)+4/f*d* (1/6* (f*x+e)*sinh (f*x+e) “2*xcosh(f*x+e) "4-1/12% (f*x+e) *sinh (
f*xx+e) "2*cosh(f*x+e) "2-1/12* (f*x+e) *cosh(f*x+e) "2-1/36*sinh (f*x+e) *cosh (f*x
+e) "5+1/36*xcosh(f*x+e) "3*sinh (f*x+e)+1/24*cosh(f*x+e)*sinh (f*x+e)+1/24*f*x+
1/24xe)+1/f*xd* (1/4* (f*xx+e) *cosh (f*x+e) *sinh (f*x+e) "3-3/8* (f*x+e) *cosh (f*x+e
Yxsinh (f*x+e)+3/16* (f*xx+e) "2-1/16*sinh (f*x+e) "2*cosh(f*x+e) "2+1/4xcosh (f*x+
e) "2)-3/f*d*(1/4*x(f*x+e)*sinh (f*x+e) "2*cosh(f*x+e) "2-1/4x (f*x+e) *cosh(f*x+e
)"2-1/16*cosh(f*x+e) "3*sinh (f*x+e)+5/32*cosh(f*x+e) *sinh (f*x+e)+5/32*xf*x+5/
32%e)+4*xd*xe/f*(1/6xsinh (f*x+e) "3*cosh(f*x+e) ~3-1/8*cosh(f*x+e) "3*sinh (f*x+e
)+1/16*cosh(f*x+e)*sinh (f*xx+e)+1/16xfxx+1/16%e)-4*d*e/f*(1/6*sinh (f*x+e) ~2%
cosh(f*x+e) "4-1/12*sinh (f*x+e) “2xcosh (f*x+e) "2-1/12*cosh(f*x+e) ~2) -d*e/f* ((
1/4*sinh (f*x+e) ~3-3/8*sinh (f*x+e) ) *cosh(f*x+e)+3/8*f*x+3/8*e) +3xd*e/f*(1/4%
sinh (f*x+e) "2*cosh(f*x+e) "2-1/4*cosh(f*x+e) ~2) -4*c*(1/6*sinh (f*x+e) ~3*cosh(
f*x+e) ~3-1/8*cosh(f*x+e) "3*sinh(f*x+e)+1/16*cosh(f*x+e)*sinh(f*x+e)+1/16*f*
x+1/16%e) +4xcx (1/6*sinh (f*x+e) "2*cosh(f*x+e) “4-1/12*sinh (f*x+e) “2*cosh (f*x+
e)"2-1/12*cosh(f*x+e) "2)+c*((1/4*sinh (f*x+e) ~3-3/8*sinh (f*x+e))*cosh(f*x+e)
+3/8*f*x+3/8%e) -3*cx (1/4*sinh (f*x+e) "2*cosh(f*x+e) "2-1/4*cosh(f*x+e) "2))

Maxima [A] time = 3.25172, size = 186, normalized size = 1.02

1 (12(fr+e) 18622 Jgplarete) o 6reee) (72 f22e©9 +108 (2 frete) + e<46>)e(‘2f ¥ -7 (4f
9%l @r ° B f i 1152 4°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(ata*xcoth(f*x+e))~3,x, algorithm="maxima"
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[Out] 1/96*cx(12x(f*x + e)/(a~3*f) + (18*e” (-2*xf*xx — 2%e) - O*e”(-4*f*xx - 4*e) +
2%e” (=6*f*xx - 6%e))/(a”"3*f)) + 1/1152%x(72*xf~2%x"2*%e”~ (6*e) + 108*(2*f*xx*xe” (4

xe) + e~ (4x*e))*e” (—2xf*xx) — 27+ (4*xf*x*xe”(2*e) + e~ (2*xe))*e” (-4xf*x) + 4% (6%

fxx + 1)*e” (-6*xf*xx))*d*e” (-6%e)/(a"3*f"2)

Fricas [A] time = 2.09015, size = 709, normalized size = 3.87

4(18df2x2 +6cf+6(6cf2 +df)x+d)cosh(fx+e)3 4—12(18df2x2 +6cf+6(6cf2 +df)x+d) cosh(fx+e)sin1

1152 (a3f2 cosh

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(ataxcoth(f*x+e))~3,x, algorithm="fricas")

[Out] 1/1152*%(4*(18*d*xf~2%x"2 + 6*c*f + 6x(6xcxf~2 + dxf)*x + d)*cosh(f*x + e)~3
+ 12%(18*d*f~2*x"2 + 6*c*xf + 6% (6*%c*xf~2 + d*xf)*x + d)*cosh(f*x + e)*sinh(fx*

X + e)72 + 4x(18*d*f"2%x"2 - 6*xckf + 6x(6xcxf~2 - d*f)*x - d)*sinh(f*x + e)

“3 + 27*(4dxdxf*x + 4*cxf + 3*d)*cosh(f*xx + e) + 3*x(108*d*xf*xx + 4*x(18*xd*xf~2%

X"2 — 6xcxf + 6% (6*c*f~2 - d*f)*x — d)*cosh(f*x + e)72 + 108*c*xf + 45%d)*si
nh(f*x + e))/(a~3*%f " 2xcosh(f*x + e)~3 + 3*xa~3*xf " 2xcosh(f*x + e) " 2*sinh(fx*x

+ e) + 3*xa~3*xf"2xcosh(f*x + e)*sinh(f*x + e)”2 + a~3*f " 2*sinh(f*x + e)~3)

Sympy [A] time = 4.70043, size = 1290, normalized size = 7.05

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(at+a*xcoth(f*x+e))**3,x)

[Out] Piecewise((36xcxfx*x2kx*tanh(e + f*xx)**3/(288*ax*x3xf**x2+xtanh(e + f*x)**3 + 8
B64*xa*x*3*xfxk2xtanh(e + f*xx)**x2 + 864*a*x*3*xf**x2xtanh(e + fxx) + 288ka**3*xf**2
) + 108*ckf**2*x*tanh(e + f*x)**x2/(288*a**3xf**x2xtanh(e + f*x)**x3 + 864*ax*
3xfx*x2xtanh(e + f*x)**2 + 864*xa*x*3xfx*x2*xtanh(e + f*x) + 288*ax*x3*xf**x2) + 10
8xcxfxx2xx*xtanh(e + fxx)/(288*a**3*xf**x2*xtanh(e + f*xx)**3 + 864*a*x*3*xf**x2*ta
nh(e + f*xx)*x2 + 864*a*x*3*f**x2*xtanh(e + f*xx) + 288ka*x*3*f**2) + 36*kckxf**2*xx
/ (288*a*x*3*xf*x*x2*xtanh(e + f*xx)**3 + 864*a*x*3*xf**x2xtanh(e + fxx)**x2 + 864*a**
3kfrk2xtanh(e + f*xx) + 288*a**3*xf**2) - 108kcxfrxtanh(e + f*x)**3/(288*a*x*3x*
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fx*2xtanh(e + f*x)*x3 + 864*a**3*xf**2xtanh(e + f*xx)*x*x2 + 864*a*x*3*f**x2*xtanh
(e + f*x) + 288*ax*3*xf**x2) — 72xcxfxtanh(e + f*x)**2/(288*ax*x3xfxx2*xtanh (e
+ £*x)**3 + 864*axx3xf**x2+xtanh(e + f*x)**2 + 864*axx3*xf**x2+xtanh(e + f*x) +

288*a*x*3*xf**x2) + 12xcxf/(288*a*x*3xf**x2xtanh(e + f*x)**3 + 864*a*x*x3*xf**x2xtan
h(e + f*xx)**x2 + 864*a**3*xf**x2*xtanh(e + fxx) + 288*a**3*kf**2) + 18kd*fr*x2xx*
*2*xtanh(e + f#*x)**x3/(288*a*x*3*xf**x2xtanh(e + f*x)**3 + 864*a*x*3*xf*x2*tanh (e
+ fxx)**2 + 864*xax*x3xfxx2xtanh(e + f*xx) + 288*ax*x3xf**2) + Bdxdxf*x2kx**x2*t
anh(e + f*x)**2/(288*ax*x3xfx*x2xtanh(e + f*x)**3 + 864*ax*x3xfxx2xtanh(e + f*
X)**2 + 864xax*x3xf+*x2xtanh(e + f*xx) + 288*ax*x3*xf**2) + Bokd*xf**2kx*x*x2xtanh (
e + f*x)/(288*%a*x*x3xfx*x2xtanh(e + f*x)**3 + 864*ax*x3xfxx2xtanh(e + f*x)**x2 +
864xa*x*x3xfxx2xtanh(e + f*xx) + 288*a*x*x3*xf**2) + 18xd*xf**x2xx**2/(288*ax*3xf*
*2xtanh(e + f*x)**3 + 864*xaxx3*xf+*x2xtanh(e + f*x)**2 + 864*axx3*xf**x2xtanh (e
+ f£*x) + 288*ax*x3xf*x2) - 87+d*f*x*tanh(e + f*x)**x3/(288*a**3*f**2*xtanh (e

+ £*xx)**3 + 864*axx3xf**x2+xtanh(e + f*x)**2 + 864*axx3*xf**x2+xtanh(e + f*x) +

288*a*x*3*xf**2) — 9xdxfrxxtanh(e + f*x)**2/(288*ax*x3xf*xx2xtanh(e + f*x)**3 +
864*a*x*x3xfxk2xtanh(e + fxx)**2 + 864*a*x*3xf*x*x2*xtanh(e + fxx) + 288ka**3*f*
*2) + 63*d*f*x*tanh(e + f*xx)/(288*a**3*xf**2*xtanh(e + f*x)**x3 + 864*a*x*3*f**
2xtanh(e + f*x)**2 + 864*xaxx3xf**2+xtanh(e + f*x) + 288*axx3xf*x%x2) + 33*xd*f*
x/ (288*ax*x3xf*x*x2xtanh (e + f*x)**3 + 864*ax*x3*xf+*x2xtanh(e + £*x)**2 + 864xa*
*3xf+*x2*%tanh (e + f*xx) + 288*a*x*3*xf**2) - 45kd*xtanh(e + f*xx)**x3/(288*a**3*f*
*2xtanh (e + f*x)**3 + 864*ax*x3*xf+*x2+xtanh(e + f*x)**2 + 864*ax*x3*xf**x2xtanh (e
+ f*xx) + 288*a*x*3xf**2) - 48*xdxtanh(e + f*x)**x2/(288*a*x*3xf**2xtanh(e + f*
X)**3 + 864xax*x3*xf**x2xtanh(e + £*xx)**x2 + 864*a*x*x3xf**2*xtanh(e + f*xx) + 288%
a*x*x3*xf**2) + 11*xd/(288*ax*x3xf**x2+xtanh(e + f*x)**3 + 864*ax*x3xfx*x2+xtanh(e +

fxx)**x2 + 864*axx3*xf*xx2xtanh(e + f*xx) + 288xa*x*x3xf*x2), Ne(f, 0)), ((c*xx +

d*x**2/2)/(a*xcoth(e) + a)**3, True))

Giac [A] time = 1.16859, size = 204, normalized size = 1.11

(72 dF22e67%60) 4 144 ¢ p20p67%69) 4 016 dfrel* 440 108 dfxe®29) 4 24 fx + 216 cfel 749 108 cfel2f
115232

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)/(at+axcoth(f*x+e))~3,x, algorithm="giac")

[Out] 1/1152%(72*xd*xf~2*xx"2%e” (6*xf*x + 6%e) + 144*xcxf~2*x*xe” (6xf*x + 6*e) + 216xd*
frxke”™ (4xfxx + 4xe) - 108*d*xf*x*e” (2xf*xx + 2%e) + 24xd*xf*x + 216*c*kf*e” (4xf

*x + 4*e) - 108*ckxf*xe” (2xfxx + 2%e) + 24*c*xf + 108*d*e” (4xfxx + 4xe) - 27*d

xe” (2%f*x + 2%e) + 4xd)*e” (-6xf*x - 6%e)/(a”"3*f"2)
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330 [ : dx

(c+dx)(a+a coth(e+fx))3

Optimal. Leaf size=437
3Chi (fo n %f) sinh (Ze - %f) Chi (6xf N %f) sinh (66 - %f) 3Chi (4xf n %) sinh (4e - ‘if) 3Chi (fo-

d
+
8add 8a3d 8a3d

[Out] (-3*Cosh[2xe - (2*c*f)/d]l*CoshIntegral [(2%c*f)/d + 2*xf*x])/(8xa~3xd) + (3*C
osh[4*e - (4*cxf)/d]*CoshIntegral [(4xc*f)/d + 4*xfxx])/(8*a~3*d) - (Cosh[6*e
- (6*xcxf)/d]*CoshIntegral [(6*xcxf)/d + 6xf*x])/(8*a~3*d) + Loglc + d*xx]/(8%
a~3xd) + (CoshIntegral[(6*c*f)/d + 6+f*x]*Sinh[6xe - (6*c*f)/d])/(8*a~3xd)
- (3*CoshIntegral [(4*c*f)/d + 4xf*xx]*Sinh[4*e - (4*cxf)/d])/(8*a~3xd) + (3%
CoshIntegral [(2xc*f)/d + 2*f*x]*Sinh[2*e - (2xcxf)/d])/(8xa~3*d) + (3*Coshl[
2xe - (2%cxf)/d]*SinhIntegral [(2%c*f)/d + 2xfx*x])/(8%a~3*d) - (3*Sinh[2*e -
(2%c*f)/d]*SinhIntegral [(2xc*f)/d + 2*xfxx])/(8%a~3*d) - (3*Cosh[4xe - (4xc
*xf)/d]*SinhIntegral [(4*xcxf)/d + 4xfxx])/(8*%a"3%d) + (3*Sinh[4xe - (4*cx*f)/d
]1*SinhIntegral [(4*c*f)/d + 4xfxx])/(8%a~3+d) + (Cosh[6*e - (6*cxf)/d]*SinhI
ntegral [(6*c*f)/d + 6%xfxx])/(8%a"3*d) - (Sinh[6*e - (6*c*f)/d]*SinhIntegral
[(6*cxf)/d + 6%f*x])/(8%a~3*d)

Rubi [A] time = 1.76455, antiderivative size = 437, normalized size of antiderivative =

1., number of steps used = 53, number of rules used = 7, integrand size = 20, number of rules _

integrand size
0.35, Rules used = {3728, 3303, 3298, 3301, 3312, 5448, 5470}

. 2cf\ . 2cf . 6cf\ . 6cf . def\ . 4cf .
3Chi (fo + 7) sinh (Ze - 7) X Chi (6xf + 7) sinh (66 - 7) ) 3Chi (4xf + 7) sinh (46 - 7) ) 3Chi (fo -
8a3d 8a3d 8a3d

Antiderivative was successfully verified.

[In] Int[1/((c + d*x)*(a + axCothl[e + fx*x])~3),x]

[Out] (-3*Cosh[2xe - (2*c*f)/d]l*CoshIntegral [(2%c*f)/d + 2*xf*x])/(8xa~3xd) + (3*C
osh[4*e - (4*cxf)/d]*CoshIntegral [(4xc*f)/d + 4*xfxx])/(8%a~3*d) - (Cosh[6*e

- (6%cxf)/d]*CoshIntegral [(6*xcxf)/d + 6xf*x])/(8*a~3*d) + Loglc + d*xx]/(8%
a~3xd) + (CoshIntegral[(6*c*xf)/d + 6xf*x]*Sinh[6*xe - (6xc*xf)/d])/(8*a~3*d)
- (3*CoshIntegral [(4*c*f)/d + 4xfxx]*Sinh[4*e - (4*xc*f)/d])/(8%a~3xd) + (3%
CoshIntegral [(2xc*f)/d + 2*f*xx]*Sinh[2*e - (2xcxf)/d])/(8xa~3*d) + (3*Coshl[
2xe - (2%cxf)/d]*SinhIntegral [(2*c*f)/d + 2xfx*x])/(8%a~3*d) - (3*Sinh[2*e -
(2%c*f)/d]*SinhIntegral [(2xc*f)/d + 2*xfxx])/(8%a~3*d) - (3*Cosh[4xe - (4xc
xf)/d]*SinhIntegral [(4*c*xf)/d + 4xf*x])/(8%a~3xd) + (3*Sinh[4*e - (4*cxf)/d
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]*SinhIntegral [(4*c*f)/d + 4*xfxx])/(8*a~3%d) + (Cosh[6xe - (6%c*f)/d]*SinhI
ntegral [(6*cxf)/d + 6xf*x])/(8%a"3*d) - (Sinh[6%e - (6*c*f)/d]*SinhIntegral
[(6xcxf)/d + 6xf*x])/(8*a~3%d)

Rule 3728

Int[((c_.) + (d_)*(x_))"(m_)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)“m, (1/(2%a) + Cos[2*e + 2xfxx]/(
2%a) + Sin[2xe + 2*xf*xx]/(2%b))~(-n), x]1, x] /; FreeQ[{a, b, c, d, e, f}, x]
&& EqQ[a”2 + b~2, 0] && ILtQ[m, 0] && ILtQ[n, O]

Rule 3303

Int[sin[(e_.) + (f_)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(d*
e - cxf)/d], Int[Sin[(c*f)/d + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - c*f
)/d], Int[Cos[(c*xf)/d + fxx]/(c + d*x), x], x] /; FreeQ[{c, d, e, f}, x] &&
NeQ[d*e - cx*f, 0]

Rule 3298

Int[sin[(e_.) + (Complex[0, fz 1)*(f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[(I*SinhIntegral [(c*f*fz)/d + f*xfz*x])/d, x] /; FreeQ[{c, d, e, £
, Tz}, x] && EqQ[d*e - cxfxfzxI, 0]

Rule 3301

Int[sin[(e_.) + (Complex[0, fz 1)*(f_.)*(x )]1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[CoshIntegral [(cxf*fz)/d + f*xfz*x]/d, x] /; FreeQ[{c, d, e, f, fz
}, x] &% EqQld*(e - Pi/2) - cxf*xfz*xI, 0]

Rule 3312

Int[((c_.) + (d_.)*(x_)) " (m_)*sinl[(e_.) + (f_.)*(x_ )] (n_), x_Symbol] :> In
t [ExpandTrigReduce[(c + d*x)"m, Sin[e + f*x]°n, x], x] /; FreeQ[{c, d, e, f
, m}, x] && IGtQ[n, 1] && ( 'RationalQ[m] || (GeQ[m, -1] && LtQ[m, 11))

Rule 5448

Int[Cosh[(a_.) + (b_.)*(x )] (p_.)*((c_.) + (d_.)*(x_)) " (m_.)*Sinh[(a_.) +
(b_)*(x_)]"(n_.), x_Symbol] :> Int[ExpandTrigReduce[(c + d*x)"m, Sinh[a +
b*x] “n*Cosh[a + b*x]7p, x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[n, 0] &
& IGtQ[p, 0]

Rule 5470
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Int[(Ce_.) + (£_.)*(x_))"(m_.)*Sinh[(a_.) + (b_.)*(x_)] " (p_.)*Sinh[(c_.) +
(d_.)*(x_)]"(q_.), x_Symbol] :> Int[ExpandTrigReduce[(e + f*x)“m, Sinh[a +
b*x] “p*Sinh[c + d*x]17q, x], x] /; FreeQ[{a, b, ¢, d, e, £}, x] && IGtQ[p, O
1 && IGtQlq, 0] && IntegerQ[m]

Rubi steps

1 dy — 1 3cosh(2e+2fx) 3 coshz(Ze +2fx) cosh3(Ze +2fx)
(c +dx)(a + acoth(e + fx))3 *E f 8a3(c+dx)  8ad(c+dx) " 8a3(c+dx)  8a3(c+dx)

cosh® (2e+2fx) sinh® (2e+2fx) sinh(2e+2fx) smh(4€+4fx)
_ log(c + dx) f—de dx f—d 3f

— c+dx
8a3d 8a3 8ad 1643
3isinh(2e+2 fx) isinh(6e+6fx) d 3cosh(2e+2fx)  cosh(6e+6f:
_ log(c +dx) f 4(c+dx) 4(c+dx) f 4(c+dx) 4(c+dx)
= + —
8a3d 8ad 8a3
3 cosh (Ze— zif) Chi (Zf +2fx) . log(c + dx) 3Ch1( +4fx) sinh (4.6—
B 8add 8a3d 8a3d

SCosh( e—ZLf) Chi (zf +2fx) log(c + dx) SChi(A%f +4fx) sinh (43—
8a3d 8a3d 8a3d

3 cosh (Ze - 2%[) Chi (% + 2fx) ) cosh( 6cf) Chi (6cf + 6fx) ) log(c +
8a3d 8a3d 8a3

Mathematica [A] time = 0.648873, size = 312, normalized size = 0.71

csch3(e + fx)(sinh(fx) + cosh(fx))? ((sinh (e - 4%[) — cosh (e - 4%{)) (—Chi (@) sinh (Ze - 2%() + Chi (6f(C;dx)

Antiderivative was successfully verified.

[In] Integrate[1/((c + d*x)*(a + a*Coth[e + f*x])~3),x]

[Out] (Cschle + fxx]~3*(Cosh[f*x] + Sinh[f*x]) 3*%(Cosh[3*e]*Log[f*(c + d*x)] + Lo
glf*(c + d*x)]*Sinh[3*e] + (-Coshl[e - (4*c*f)/d] + Sinh[e - (4*cxf)/d])*(-3
*xCoshIntegral [(4*xf*(c + d*x))/d] + Cosh[2xe - (2%c*f)/d]*CoshIntegral [(6*fx*
(c + d*x))/d] - CoshIntegral[(6*f*(c + d*x))/d]*Sinh[2*e - (2xcx*f)/d] + 3xC
oshIntegral [(2xf*(c + d*x))/d]*(Cosh[2*e - (2%c*f)/d] + Sinh[2xe - (2%cx*f)/
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d]) - 3*Cosh[2*e - (2*c*f)/d]*SinhIntegral [(2xfx(c + d*x))/d] - 3*Sinh[2*e
- (2xcxf)/d]*SinhIntegral [(2*f*(c + d*x))/d] + 3*SinhIntegral [(4*xfx(c + d*x
))/d] - Cosh[2*e - (2%c*f)/d]*SinhIntegral [(6*xf*(c + d*x))/d] + Sinh[2%e -
(2%c*xf)/d]*SinhIntegral [(6xf*(c + d*x))/d])))/(8%a~3xd*(1 + Cothl[e + f*x])~
3)

Maple [A] time = 0.477, size = 151, normalized size = 0.4

In (dx + ¢) 1 e
S 34 +8a3de ¢ Eill,6 fx+6e+6

cf—de) 3 U

—de\ 3 o
ral -y Ei(1,4fX+4e+4Cf e)+ 253 Ei(i

e
d 8a3d
Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(d*x+c)/(ataxcoth(f*x+e))~3,x)

[Out] 1/8*1n(d*x+c)/a~3/d+1/8/a"~3/d*exp (6% (cxf-d*e)/d)*Ei(1,6*xf*x+6%e+6% (cxf-d*e)
/d)-3/8/a~3/dxexp (4% (c*xf-dxe) /d) *Ei (1,4xf*x+4*e+dx (cxf-dxe) /d)+3/8/a~3/d*ex
p(2x(cxf-dx*e)/d) *Ei (1,2xf*x+2%e+2x (c*xf-d*e) /d)

Maxima [A] time = 10.9323, size = 154, normalized size = 0.35

6or®d ~ser 20
e( 6e+ 7 )El (6(dJ;+C)f) 36( 4e+ 4 )El (@) 36( 2e+ d )El (@) log (dx + C)
+

8 a3d - 8a3d 8 a3d 8a3d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(ata*xcoth(f*x+e))~3,x, algorithm="maxima"

[Out] 1/8*e”(-6%e + 6*c*f/d)*exp_integral e(1l, 6*(d*x + c)*f/d)/(a"3*d) - 3/8xe”(
—-4xe + 4xcxf/d)*exp_integral e(1l, 4*(d*x + c)*f/d)/(a”3*d) + 3/8%e”(-2%e +
2xcxf/d) *exp_integral e(1l, 2*(d*x + c)*f/d)/(a”3*d) + 1/8*log(d*x + c)/(a"3

*d)

Fricas [A] time = 2.22964, size = 439, normalized size = 1.

3B (—M) cosh (—M) _3Ei (—M) cosh (—M) + i (-@) cosh (—6(”’:“)) 1 3Ei (—

d d d d
8 a’¢
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(ata*coth(f*x+e))~3,x, algorithm="fricas")

[Out] -1/8*%(3*Ei(-2*(d*f*x + c*f)/d)*cosh(-2x(d*e — c*xf)/d) - 3*Ei(-4*(d*xf*x + c*
f)/d)*cosh(-4*(d*xe - c*xf)/d) + Ei(-6x(d*f*x + c*f)/d)*cosh(-6x(d*¥e - cxf)/d

) + 3*Ei(-2x(d*f*x + c*f)/d)*sinh(-2*x(d*xe - c*f)/d) - 3*Ei(-4*(dxfxx + cx*f)

/d) *sinh (-4*(d*e - c*f)/d) + Ei(-6*(d*f*x + c*f)/d)*sinh(-6x(dxe - c*f)/d)

- log(d*x + c))/(a~3%d)

Sympy [F] time = 0., size = 0, normalized size = 0.

1
f ccoth® (e+fx)+3c coth? (e+fx)+36 coth (e+fx)+c+dx coth® (e+fx)+3dx coth? (e+fx)+3dx coth (e+fx)+dx

dx

a3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(ata*xcoth(f*x+e))**3,x)

[Out] Integral(1l/(c*coth(e + f*x)**3 + 3xckcoth(e + f*x)**2 + 3xckcoth(e + f*x) +
c + d#x*coth(e + f*x)**3 + 3xd*x*coth(e + f*x)**2 + 3xdxx*coth(e + f*x) +
d*xx), x)/a*x*3

Giac [A] time = 1.17015, size = 146, normalized size = 0.33

6cf 4cf 2cf
(Ei (—M) 6(7) -3Ei (—M) e(7+26) + 3 Ei (—2 (df;+cf) ) e(TJAe) —e®9 Jog (dx + c))e(‘6e)

8a3d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)/(ata*coth(f*x+e))~3,x, algorithm="giac")

[Out] -1/8*(Ei(-6x(d*f*xx + c*xf)/d)*e” (6%c*xf/d) - 3*Ei(-4*x(d*f*x + c*f)/d)*e” (4dxc*
f/d + 2xe) + 3*Ei(-2x(d*f*x + cxf)/d)*e” (2*%cxf/d + 4*e) - e~ (6*e)*log(d*x +
c))xe” (-6%e)/(a”3%d)
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331 [ : dx

(c+dx)?(a+a coth(e+fx))3
Optimal. Leaf size=692
: 6cf\ . _6cf . 4\ . Aef : 21\ . 2f
_3fCh1 (6xf + T)bmh (66 y ) 3fChi (4xf +— )smh (43 ) ) 3fChi (fo + — )smh (Ze ) 3f(

d d
+ +—
4a3d? 2a3d? 44342

[Out] -1/(8*a”3*d*(c + dxx)) + (9*Cosh[2xe + 2xf*x])/(32*a"3*d*(c + d*x)) - (3*Co
sh[2xe + 2xfxx]~2)/(8%a~3xd*(c + d*x)) + Cosh[2xe + 2xf*xx]~3/(8*a"3*d*(c +
dxx)) + (3xCosh[6%e + 6xfxx])/(32%a"3xd*(c + d*x)) + (3*f*xCosh[2xe - (2xcxf
)/d]*CoshIntegral [(2xcxf)/d + 2*f*x])/(4*a~3*d"2) - (3*f*Cosh[4*e - (4*cxf)
/d]*CoshIntegral [(4*c*f)/d + 4*xfxx])/(2xa~3*%d"2) + (3*f*Cosh[6*e - (6*cxf)/
d] *CoshIntegral [(6%cxf)/d + 6xfx*xx])/(4*a”3xd"2) - (3xf*CoshIntegral [(6*c*f)
/d + 6xf*x]*Sinh[6*xe - (6*cxf)/d])/(4xa~3*d"2) + (3*fxCoshIntegral [(4*cx*f)/
d + 4xfxx]*Sinh[4xe - (4xcxf)/d])/(2%¥a~3*xd"2) - (3*xf*CoshIntegral[(2*c*f)/d
+ 2xf*x]*Sinh[2%e - (2%c*f)/d])/(4*a"3*d"2) - (15+Sinh[2*e + 2xfx*x])/(32xa
“3%dx(c + dxx)) - (3*Sinh[2xe + 2xf*x]"2)/(8%a"3%d*(c + d*x)) - Sinh[2%e +
2%f*x]73/(8%a"3*d*(c + d*x)) + (3*Sinh[4*e + 4xf*xx])/(8xa~3xd*(c + d*x)) -
(3*xSinh[6%e + 6%f*x])/(32*%a"3xd*(c + d*x)) - (3*f*Cosh[2xe - (2%cx*f)/d]*Sin
hIntegral [(2xcxf)/d + 2*fxx])/(4*a~3*%d"2) + (3*f*Sinh[2*%e - (2%cxf)/d]*Sinh
Integral [(2*c*xf)/d + 2xf*x])/(4*a~3xd"2) + (3xf*Cosh[4*e - (4xc*f)/d]*Sinhl
ntegral [(4*xc*xf)/d + 4xf*x])/(2%a~3xd"2) - (3xf*Sinh[4*e - (4*c*f)/d]*SinhIn
tegral [(4*xcxf)/d + 4xf*x])/(2%a"3xd"2) - (3*xfxCosh[6*e - (6*c*f)/d]*SinhInt
egral [(6%cxf)/d + 6xf*x])/(4*a"3*d"2) + (3*f*Sinh[6%e - (6%c*f)/d]*SinhInte
gral [(6xcxf)/d + 6xf*x])/(4*a”~3*d"2)

Rubi [A] time = 1.76195, antiderivative size = 692, normalized size of antiderivative =

1., number of steps used = 60, number of rules used = 9, integrand size = 20, number of rules

integrand size
0.45, Rules used = {3728, 3297, 3303, 3298, 3301, 3313, 12, 5448, 5470}

3fChi (6xf + %f) sinh (6e - %f) )
4a3d? 2a3d? 4a3d?

3fChi (4xf + 4%) sinh (4e - 4%) 3fChi (fo + 2%[) sinh (Ze - %f) 3
_ Mk

Antiderivative was successfully verified.

[In] Int[1/((c + dxx)"2x(a + axCothl[e + fx*xx])~3),x]

[Out] -1/(8%a~3xdx(c + d*xx)) + (9%Cosh[2%e + 2xfxx])/(32%xa~3*d*(c + d*x)) - (3*Co
sh[2xe + 2xfxx]~2)/(8*%a~3*d*(c + d*x)) + Cosh[2%e + 2%fx*xx]~3/(8%a~3*d*x(c +
d*x)) + (3*Cosh[6xe + 6xf*x])/(32%a"3*d*(c + d*x)) + (3*xf*Cosh[2%e - (2%cx*f
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)/d]*CoshIntegral [(2xc*f)/d + 2%f*x])/(4*a”3*d"2) - (3xf*Cosh[d*e - (4*cxf)
/d]*CoshIntegral [(4*cx*f)/d + 4xfxx])/(2%xa~3*%d"2) + (3*f*Cosh[6*e - (6*xcxf)/
d] *CoshIntegral [(6*xcxf)/d + 6*f*xx])/(4*a~3*d"2) - (3*f*CoshIntegral [(6xcx*f)
/d + 6xf*x]*Sinh[6*e - (6*c*xf)/d])/(4*a~3*d"2) + (3*fxCoshIntegral [(4xcx*f)/
d + 4xfxx]*Sinh[4xe - (4xcxf)/d])/(2%¥a~3xd"2) - (3*xf*CoshIntegral [(2*c*f)/d
+ 2xf*x]*Sinh[2%e - (2xc*xf)/d])/(4*a"3*d"2) - (15%Sinh[2*e + 2*xf*x])/(32*a
~3*xd*(c + d*x)) - (3*Sinh[2*e + 2xf*x]~2)/(8%a~3*d*(c + d*x)) - Sinh[2*e +

2xf*xx] "3/ (8*%a"3*d*x(c + d*x)) + (3*Sinh[4*e + 4xfx*x])/(8*a"3*d*x(c + d*x)) -

(3xSinh[6%e + 6%f*xx])/(32%a"3xd*(c + d*x)) - (3*f*Cosh[2xe - (2%cx*f)/d]*Sin
hIntegral [(2*c*f)/d + 2xfxx])/(4*a~3*d"2) + (3*f*Sinh[2xe - (2%c*f)/d]*Sinh
Integral [(2xcxf)/d + 2*f*x])/(4xa~3xd"2) + (3xf*Cosh[4*xe - (4*xcxf)/d]*Sinhl
ntegral [(4*cxf)/d + 4xf*x])/(2%a"3%d"2) - (3*xf*Sinh[4*e - (4*c*f)/d]*SinhIn
tegral [(4*xcxf)/d + 4xf*x])/(2%a"3%xd"2) - (3*xfxCosh[6*e - (6*c*f)/d]*SinhInt
egral [(6%cxf)/d + 6xf*x])/(4*a"3*d"2) + (3*f*Sinh[6xe - (6*c*f)/d]*SinhInte
gral [(6xcxf)/d + 6xf*x])/(4*%a~3%d"2)

Rule 3728

Int[((c_.) + (d_)*(x_))"(m_)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2*a) + Cos[2*e + 2xfxx]/(
2%a) + Sin[2%e + 2*f*x]/(2*b))~(-n), x1, x] /; FreeQ[{a, b, ¢, d, e, £}, x]
&% EqQ[a~2 + b~2, 0] && ILtQ[m, 0] && ILtQ[n, 0]

Rule 3297

Int[((c_.) + (d_D)*(x_)) " (m )*sinf[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[((
c + d*x)"(m + 1)*Sin[e + f*x])/(d*(m + 1)), x] - Dist[f/(d*x(m + 1)), Int[(c
+ dxx)"(m + 1)*Cos[e + fxx], x], x] /; FreeQ[{c, d, e, f}, x] && LtQ[m, -1
]

Rule 3303

Int[sin[(e_.) + (f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Dist[Cos[(dx*
e — cxf)/d], Int[Sin[(c*xf)/d + f*x]/(c + d*x), x], x] + Dist[Sin[(d*e - cx*f
)/d], Int[Cos[(c*f)/d + f*xx]/(c + d*x), x], x] /; FreeQl{c, 4, e, £}, x] &&
NeQ[d*e - cx*f, 0]

Rule 3298

Int[sinl[(e_.) + (Complex[0, fz 1)*(f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[(I*SinhIntegral [(c*f*fz)/d + fxfz*x])/d, x] /; FreeQ[{c, d, e, f
, Tz}, x] && EqQ[d*e - cxfxfz*xI, 0]

Rule 3301
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Int[sin[(e_.) + (Complex[0, fz 1)*(f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbo
1] :> Simp[CoshIntegral [(cxf*xfz)/d + f*xfz*x]/d, x] /; FreeQ[{c, 4, e, f, fz
}, x] &% EqQld*(e - Pi/2) - cxf*xfz*xI, 0]

Rule 3313

Int[((c_.) + (d_.)*(x_)) " (m_)*sinl(e_.) + (f_.)*(x_ )] (n_), x_Symbol] :> Si
mp[((c + d*x)"(m + 1)*Sin[e + f*x]"n)/(d*(m + 1)), x] - Dist[(f*n)/(d*x(m +
1)), Int[ExpandTrigReduce[(c + d*x)"(m + 1), Cos[e + f*x]*Sin[e + f*x] " (n -
1), x1, x1, x] /; FreeQl{c, 4, e, f, m}, x] && IGtQ[n, 1] && GeQ[m, -2] &&
LtQ[m, -1]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 5448

Int[Cosh[(a_.) + (b_)*(x_ )] (p_)*((c_.) + (d_.)*(x_))"(m_.)*Sinh[(a_.) +
(b_.)*x(x_)]"(n_.), x_Symbol] :> Int[ExpandTrigReduce[(c + d*x)“m, Sinh[a +
b*x] “n*Cosh[a + b*x]"p, x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[n, O] &
& IGtQ[p, 0]

Rule 5470

Int[((e_.) + (£_)*(x_)) " (m_.)*Sinh[(a_.) + (b_.)*(x )] (p_.)*Sinh[(c_.) +
(d_.)*(x_)]"(q_.), x_Symbol] :> Int[ExpandTrigReduce[(e + f*x)“m, Sinh[a +
b*x] “p*Sinh[c + d*x]~q, x], x] /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[p, O
1 && IGtQlq, 0] && IntegerQ[m]

Rubi steps
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f 1 dy = f 1 3cosh(2e +2fx) 3 COSh2(2€ +2fx) coshS(Ze +2fx)
(c +dx)?(a + acoth(e + fx))® 8a3(c + dx)? 8a3(c + dx)? 8a3(c + dx)? 8a3(c + dx)?
cosh®(2e+2fx) sinh®(2e+2fx) sinh(2e+2fx) sinh(de+4
__ 1 _ f (c+dx)? " f (c+dx)? dx _ 3 f (c+dx)?
8a3d(c + dx) 843 8a3 1643
3 1 N 3cosh(2e +2fx) 3 coshz(Ze +2fx) N COSh3(2€ +2fx) 3
~ 8a3d(c + dx) 8a3d(c + dx) 8a3d(c + dx) 8a3d(c + dx)
_ 1 N 3cosh(2e +2fx) 3cosh2(2e+2fx) N cosh3(26+2fx) Rl
~ 8a3d(c + dx) 8a3d(c + dx) 8a3d(c + dx) 8a3d(c + dx)
_ 1 9cosh(2e +2fx) 3 cosh?(2e + 2fx) N cosh’(2¢ + 2fx) N 3
~ 8a3d(c + dx) 32a3d(c + dx) 8a3d(c + dx) 8a3d(c + dx)
~ 1 , 9cosh@e+2fx) 3 cosh®(2e + 2fx) .\ cosh®(2e + 2fx) L3
~ 8a3d(c + dx) 32a3d(c + dx) 8a3d(c + dx) 8a3d(c + dx)
3 1 9cosh(2e +2fx) 3 COSh2(2€ +2fx) COSh3(2€ +2fx) N 3
~ 8a3d(c + dx) 32a3d(c + dx) 8a3d(c + dx) 8a3d(c + dx)

Mathematica [A] time = 3.33111, size = 796, normalized size = 1.15

csch’(e + fx) (cosh (g) + sinh (3%()) (3d cosh (e +f (x - E%C)) —dcosh (3 (e +f (x - 2))) +d cosh (3 (e +f (fi + x)

Warning: Unable to verify antiderivative.

[In] Integrate[1/((c + d*x)~2*(a + a*Cothl[e + fxx])~3),x]

[Out] (Cschle + f*x]~3*(Cosh[(3*c*xf)/d] + Sinh[(3*c*f)/d])*(3*d*Cosh[e + f£x((-3xc
)/d + x)] - d*Cosh[3*(e + f*x(-(c/d) + x))] + d*Cosh[3*(e + f*x(c/d + x))] -
3*d*Coshl[e + f*((3*c)/d + x)] + 6*c*xf*Cosh[3*e - (3*xf*(c + d*x))/d]*CoshInt
egral [(6*xfx(c + d*x))/d] + 6*xdxf*x*Cosh[3*e - (3*f*(c + d*x))/d]*CoshIntegr
al[(6xfx(c + d*x))/d] + 6*%fx(c + dxx)*CoshIntegral [(2*f*(c + d*x))/d]*(Cosh
[e - (c*xf)/d + 3xf*x] + Sinh[e - (c*f)/d + 3*f*x]) + 3*d*Sinh[e + f*((-3*c)
/d + x)] - d*Sinh[3*(e + fx(-(c/d) + x))] - d*Sinh[3*(e + f*(c/d + x))] + 3



179

xd*Sinh[e + fx((3*%c)/d + x)] - 6*c*xfxCoshIntegral [(6*f*(c + d*x))/d]*Sinh[3
xe — (3xfx(c + d*x))/d] - 6xdxf*x*CoshIntegral [(6xf*(c + d*x))/d]*Sinh[3*e

- (3xfx(c + dxx))/d] + 12*fx(c + d*x)*CoshIntegral [(4xf*(c + dx*x))/d]*(-Cos
hle - (fx(c + 3*d*x))/d] + Sinh[e - (fx(c + 3*d*x))/d]) - 6xc*fxCoshle - (c
xf)/d + 3*f*x]*SinhIntegral [(2xfx(c + dx*x))/d] - 6*d*xfxx*Coshle - (cxf)/d +
3xf*xx]*SinhIntegral [(2%f*(c + d*x))/d] - 6xc*f*Sinh[e - (c*f)/d + 3*fxx]*S
inhIntegral [(2xf*(c + d*x))/d] - 6*dxf*x*Sinh[e - (c*f)/d + 3*f*x]*SinhInte
gral [(2*%f*x(c + d*x))/d] + 12xc*f*Cosh[e - (fx(c + 3*d*x))/d]*SinhIntegral [(
4xf*(c + d*x))/d] + 12xd*f*x*Coshle - (f*(c + 3xd*x))/d]*SinhIntegral [ (4*xfx*
(c + d*x))/d] - 12*cxf*Sinh[e - (fx(c + 3*d*x))/d]l*SinhIntegral [(4xfx(c + d
*x))/d] - 12xdxfxx*Sinh[e - (fx(c + 3%d+*x))/d]*SinhIntegral [(4*f*(c + d*x))
/d] - 6*%c*xf*Cosh[3xe - (3*f*(c + d*x))/d]*SinhIntegral [(6*f*(c + dxx))/d] -
6xd*f*x*xCosh[3*xe - (3xfx(c + d*x))/d]*SinhIntegral [(6xf*(c + d*x))/d] + 6%
cxf*Sinh[3*%e - (3*xfx(c + d*x))/d]*SinhIntegral [(6xf*(c + dxx))/d] + 6*xdxf*x
*Sinh[3xe - (3*f*(c + d*x))/d]*SinhIntegral [(6xf*(c + d*x))/d]))/(8*%a~3xd~2
*(c + d*x)*(1 + Cothl[e + fx*x])73)

Maple [A] time = 0.408, size = 239, normalized size = 0.4

1 fe6/x6e 3f 4
- - T Ei[1,6fx+6e+6
BPdWx+o) | sad(dfxecy) do@ | \MOSrrect

_ _4fx_4€ cf —de
cf de)_ 3 fe N 33}‘264 e
d 8a3d(dfx+cf) 2a°d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(d*x+c) 2/ (at+a*coth(f*x+e))~3,x)

[Out] -1/8/a"3/d/(d*x+c)+1/8/a"3xf*xexp(-6*f*x-6%e)/d/ (d*f*x+c*xf)-3/4/a"3*f/d"2*%ex
p(6*%(c*xf-d*e)/d)*Ei (1, 6*f*x+6%e+6% (cxf-dxe)/d)-3/8/a”~3xf*exp (-4*xf*x-4xe)/d/
(d*f*xx+c*xf)+3/2/a~3*f/d"2%exp (4* (cxf-d*e) /d) *Ei (1, 4*f*xx+4*xe+d* (cxf-d*e)/d)+
3/8/a”3xf*xexp (-2*f*x-2%e) /d/ (dxf*x+c*xf)-3/4/a~3*f/d"2xexp (2% (cxf-dxe) /d) *Ei
(1,2%f*xx+2%e+2% (cxf-d*e) /d)

Maxima [A] time = 23.9139, size = 189, normalized size = 0.27

: e( et )E2(6(dd+c)f) 36( dot— )Ez (4(da;+c)f) 36( 2e+~; )Ez(z(da;c)f)
"8 (@ + aocd) T T 8Wxtoad | 8@x+rodd | 8(dx+odd

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(d*x+c)”2/(ataxcoth(f*x+e))”3,x, algorithm="maxima")

[Out] -1/8/(a”3*%d"2*x + a~3xc*d) + 1/8%e”(-6%e + 6xc*f/d)*exp_integral e(2, 6*(d*
x + c)*xf/d)/((d*x + c)*a~3*d) - 3/8*xe”(-4xe + 4xc*f/d)*exp_integral e(2, 4x

(d*x + c)*f/d)/((d*x + c)*a~3xd) + 3/8*e”(-2xe + 2*c*xf/d)*exp_integral e(2,
2x(d*x + c)*f/d)/((d*x + c)*a~3*d)

Fricas [A] time = 2.33885, size = 2685, normalized size = 3.88

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)~2/(ataxcoth(f*x+e))”3,x, algorithm="fricas")

[Out] 1/4*x(3*x(dxf*x + c*f)*Ei(-2*%(d*f*x + c*f)/d)*cosh(f*x + e) 3*sinh(-2*x(d*e -
cxf)/d) - 6x(d*f*x + c*f)*Ei(-4*x(d*f*x + c*f)/d)*cosh(f*x + e) 3*sinh(-4x(d
xe - c*xf)/d) + 3x(dxf*xx + cxf)*Ei(-6*(d*f*x + c*f)/d)*cosh(f*x + e) 3*sinh(
-6%(d*e - c*f)/d) + 3x((dxfxx + c*f)*Ei(-2*%(d*f*x + c*f)/d)*cosh(-2*(d*e -
cxf)/d) - 2+%(d*f*x + c*xf)*Ei(-4*x(d*xf*x + c*f)/d)*cosh(-4*x(d*xe - cxf)/d) + (
dxf*xx + c*xf)*Ei(-6x(d*f*x + c*f)/d)*cosh(-6x(d*xe - c*f)/d))*cosh(f*x + e)~3
+ (3% (d*fxx + c*xf)*Ei(-2*%(d*xfxx + c*xf)/d)*cosh(-2*x(d*e - c*f)/d) - 6x(d*fx*
X + cxf)*Ei(-4*(d*f*x + c*f)/d)*cosh(-4x(dxe - c*f)/d) + 3x(d*xf*x + cxf)*Ei
(-6% (d*f*x + c*f)/d)*cosh(-6x(dxe - c*f)/d) + 3x(d*f*x + c*xf)*Ei(-2*(d*f*x
+ c*xf)/d)*sinh(-2*x(d*xe - c*f)/d) - 6x(d*f*x + c*xf)*Ei(-4*(d*f*x + c*f)/d)*s
inh(-4*(d*e - c*f)/d) + 3*x(dxf*x + c*xf)*Ei(-6*(d*f*x + c*f)/d)*sinh(-6*(d*e
- c*f)/d) - d)*sinh(f*x + e)~3 + 9% ((d*f*x + c*xf)*Ei(-2*x(dxf*x + c*f)/d)*c
osh(f*x + e)*sinh(-2*(d*e - c*f)/d) - 2% (d*f*x + c*f)*Ei(-4*(d*f*x + c*xf)/d
Y¥cosh(f*x + e)*sinh(-4*x(d*xe - c*xf)/d) + (d*f*x + c*xf)*Ei(-6x(dxf*x + cx*xf)/
d)*cosh(f*x + e)*sinh(-6*(d*e - c*f)/d) + ((dxf*x + c*xf)*Ei(-2*%(d*f*x + cx*f
)/d)*cosh(-2+%(d*e - c*f)/d) - 2x(dxfxx + c*f)*Ei(-4*x(d*f*x + c*xf)/d)*cosh(-
4x(dxe — cxf)/d) + (d*f*x + c*xf)*Ei(-6x(d*xfxx + c*f)/d)*cosh(-6x(d*e — cx*f)
/d))*xcosh(f*x + e))*sinh(f*x + e)~2 + 3% (3x(d*f*x + c*f)*Ei(-2x(d*f*x + cx*f
)/d) *cosh(f*x + e) " 2xsinh(-2*(d*e - c*f)/d) - 6x(dxf*x + c*xf)*Ei(-4%(d*xf*x
+ c*xf)/d)*cosh(f*x + e) 2*sinh(-4*(d*e - c*f)/d) + 3x(d*f*x + c*f)*Ei(-6*x(d
*f*xx + c*xf)/d)*cosh(f*x + e) 2*sinh(-6*(d*e - c*f)/d) + (3*x(dxf*x + c*f)*Ei
(-2% (d*f*x + c*f)/d)*cosh(-2x(d*xe - c*f)/d) - 6x(d*f*x + c*xf)*Ei(-4*(d*f*x
+ cxf)/d)*cosh(-4x(d*e - c*f)/d) + 3x(d*f*x + c*xf)*Ei(-6x(d*f*x + c*xf)/d)*c
osh(-6*(d*e - c*f)/d) - d)*cosh(f*x + e)~2 + d)*sinh(f*x + e))/((a~3*d"3*x
+ a~3*ckd"2)*cosh(f*x + e)73 + 3*%(a"3*%d"3*x + a~3*xc*d"2)*cosh(f*x + e) 2*si
nh(f*x + e) + 3*%(a”™3*d"3*x + a"3*c*xd"2)*cosh(f*x + e)*sinh(f*x + e)~2 + (a~
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3*%d"3*%x + a~3xcxd"2)*sinh(f*x + e)~3)

Sympy [F] time = 0., size = 0, normalized size = 0.

1
e+f x)+6cdx coth (e+ f x) +2cdx+d2x2 coth® (e+ f x) +3d2x2 cot}

f 2 coth® (e+fx)+3c2 coth? (e+ fx)+3c2 coth (e+fx)+c2+2cdx coth® (e+ fx)+6cdx coth? (

pE
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)**2/(a+taxcoth(f*x+e))**3,x)

[Out] Integral(1l/(c**2*coth(e + f*x)**3 + 3xc*k*2kcoth(e + f*x)*x2 + 3*c*k*2*xcoth(e
+ f*x) + c*x*x2 + 2¥xckxd*x*coth(e + f*x)**3 + 6xckxdxx*xcoth(e + f*x)**x2 + B*cx*
dxx*coth(e + f*x) + 2*kcxd*x + d**2*kx**2*coth(e + f*x)**3 + 33*kd**x2*x**2%coth

(e + fxx)**2 + 3Jkd*x*x2*x*k*2xcoth(e + f*xx) + d*x*x2*x**2), x)/a*x*3

Giac [A] time = 2.38177, size = 358, normalized size = 0.52

cf sef 2f |
—6(dfx+cf))e(d 66)—12dfin(——4(df;‘+Cf))e(d 46)+6dfin(——2(df;‘”f))e(d 26)+6cfEi(—6(df;+cf)

d
8 (a3d3x

6dfxEi (—

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(d*x+c)”2/(ataxcoth(f*x+e))”3,x, algorithm="giac")

[Out] 1/8*%(6*xd*xf*xx*Ei(-6*(d*f*x + c*f)/d)*e” (6xc*xf/d — 6*xe) — 12*d*f*x*Ei(-4*(dx*f
*x + c*xf)/d)*e” (dxcxf/d — 4xe) + 6+d*f*x*Ei(-2x(d*xf*x + c*xf)/d)*e” (2*c*xf/d

- 2%e) + 6*xckf*Ei(-6x(dxfxx + c*xf)/d)*e” (6*xc*f/d - 6*xe) — 12xcxfxEi (-4*(d*f

*x + c*xf)/d)*e” (dxcxf/d - 4xe) + 6*cxf*Ei(-2*%(d*f*xx + c*xf)/d)*e” (2*xc*xf/d -

2%e) + 3*kd*e” (-2*xf*xx — 2xe) - 3*d*e” (-4*f*x - 4*xe) + dxe”(-6xfxx - 6%e))/(a
~3*%d"3*x + a”"3*xcxd"2) - 1/8/((d*x + c)*a”3x*d)
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3.32  [(c+dx)"(a+acoth(e + fx))?dx

Optimal. Leaf size=22
Unintegrable ((c +dx)™(a coth(e + fx) + a)Z,x)

[Out] Unintegrable[(c + d*x) mx(a + axCoth[e + f*x])~2, x]

Rubi [A] time = 0.0495698, antiderivative size = 0, normalized size of antiderivative =

. . ber of rul
0., number of steps used = 0, number of rules used = 0, integrand size = 0, oo,

integrand size
Rules used = {}

f(c +dx)"(a + a coth(e + fx))?dx

Verification is Not applicable to the result.

[In] Int[(c + d*x)"m*x(a + a*Cothl[e + fx*x])~2,x]
[Out] Defer[Int] [(c + d*xx) m*(a + axCothl[e + fx*x])"2, x]

Rubi steps

f(c +dx)™(a + a coth(e + fx))?dx = f(c +dx)™(a + a coth(e + fx))?dx

Mathematica [A] time = 23.6822, size = 0, normalized size = 0.

f(c +dx)"(a + a coth(e + fx))?dx

Verification is Not applicable to the result.

[In] Integrate[(c + d*x) m*(a + a*Cothl[e + fx*x])~2,x]

[Out] Integratel[(c + d*x) " mx(a + a*xCoth[e + f*x])~2, x]
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Maple [A] time = 0.095, size = 0, normalized size = 0.

f (dx + )" (a + acoth (fx + e))2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) “m* (a+a*xcoth(f*x+e)) ~2,x)

[Out] int((d*x+c) “mx(ataxcoth(f*x+e)) 2,x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) m*(ata*coth(f*x+e)) 2,x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 0., size = 0, normalized size = 0.

integral ((az coth (fx + 3)2 + 24 coth ( X + e) + az)(dx +0)", x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) m*(ata*xcoth(f*x+e))~2,x, algorithm="fricas")

[Out] integral((a"2*coth(f*x + e)72 + 2*a”2xcoth(f*x + e) + a~2)*(d*x + c)"m, x)

Sympy [A] time = 0., size = 0, normalized size = 0.

a? (fZ (c + dx)" coth (e + fx) dx + f(c + dx)" coth? (e + fx) dx + f (c + dx)" dx)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((d*x+c)**m*(at+axcoth(f*x+e))**2,x)

[Out] ax*2x(Integral(2*(c + d*x)**m*coth(e + f*x), x) + Integral((c + d*x)**m*cot
h(e + f*x)*x2, x) + Integral((c + d*x)**m, x))

Giac [A] time = 0., size = 0, normalized size = 0.
2 m
f(acoth (fx+e) + a) (dx +c)" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) m*(ata*coth(f*x+e))~2,x, algorithm="giac")

[Out] integrate((axcoth(f*x + e) + a)~2*(d*x + c)"m, x)
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3.33  [(c+dx)"(a+acoth(e + fx))dx

Optimal. Leaf size=20
Unintegrable ((c + dx)™(a coth(e + fx) +a), x)

[Out] Unintegrable[(c + d*x) mx(a + axCoth[e + f*x]), x]

Rubi [A] time = 0.0268701, antiderivative size = 0, normalized size of antiderivative =

. . ber of rul
0., number of steps used = 0, number of rules used = 0, integrand size = 0, T oo,

integrand size
Rules used = {}

f(c + dx)"(a + a coth(e + fx))dx

Verification is Not applicable to the result.

[In] Int[(c + d*x) m*(a + axCothl[e + fx*xx]),x]
[Out] Defer[Int] [(c + d*x) mx(a + a*Cothl[e + f*x]), x]

Rubi steps

f(c + dx)"(a + acoth(e + fx))dx = f(c +dx)"(a + a coth(e + fx))dx

Mathematica [A] time = 13.5735, size = 0, normalized size = 0.

f(c + dx)"(a + a coth(e + fx))dx

Verification is Not applicable to the result.

[In] Integrate[(c + d*x) m*(a + a*Cothl[e + fx*x]),x]

[Out] Integratel[(c + d*x) mx(a + a*xCoth[e + f*x]), x]
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Maple [A] time = 0.085, size = 0, normalized size = 0.

f(dx +o)" (a + acoth (fx + e)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) m*(a+a*coth(f*xx+e)),x)

[Out] int((d*x+c) “m*(a+a*xcoth(f*xx+e)),x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) m*(ata*xcoth(f*x+e)),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 0., size = 0, normalized size = 0.

integral ((a coth (fx + e) + a)(dx + c)m,x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) “m*(a+ta*coth(f*x+e)),x, algorithm="fricas")

[Out] integral((axcoth(f*x + e) + a)*(d*x + c)"m, x)

Sympy [A] time = 0., size = 0, normalized size = 0.

a(f(c+dx)m coth(e+fx) dx+f(c+dx)m dx)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((d*x+c)**m*(ata*xcoth(f*x+e)),x)

[Out] ax(Integral((c + d*x)**m*xcoth(e + f*x), x) + Integral((c + d*x)**m, x))

Giac [A] time = 0., size = 0, normalized size = 0.

f(a coth (fx + e) + a)(dx +c)" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) “mx(a+a*coth(f*x+e)),x, algorithm="giac")

[Out] integrate((axcoth(f*x + e) + a)*x(d*x + c)”"m, x)
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334 [ G4y

a+a coth(e+fx)

Optimal. Leaf size=88

xf_ an) ™" :
22577 2 (c 4 gy (@) Gamma (m +1, Zf(C; X)) (c + dx)m*1

af " 2ad(m +1)

[Out] (c + d*x)~(1 + m)/(2%a*xd*(1 + m)) + (2°(-2 - m)*E~(-2%e + (2xc*f)/d)*(c + d
*x) “m*xGamma [1 + m, (2%fx(c + d*xx))/d])/(axfx((f*x(c + d*x))/d) "m)

Rubi [A] time = 0.116941, antiderivative size = 88, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 20, e .

0.1, Rules used = {3727, 2181}

integrand size

af a0\ 2f(c+d
2-M-2,7 Ze(c + dx)™ (@) Gamma (m +1, @) (c+ dx)er1

af " 2ad(m +1)

Antiderivative was successfully verified.

[In] Int[(c + d*x)"m/(a + axCothl[e + fxx]),x]

[Out] (c + d*xx)~(1 + m)/(2%a*xd*(1 + m)) + (27(-2 - m)*E~(-2%e + (2%c*xf)/d)*(c + d
*x) “mxGamma[1 + m, (2xf*x(c + d*x))/d])/(axf*x((f*x(c + d*x))/d) "m)

Rule 3727

Int[((c_.) + (@_.)*(x_))"(m_)/((a) + (b_.)*tan[(e_.) + (f_.)*(x_)]), x_Sym
bol] :> Simp[(c + d*x)"(m + 1)/(2%a*xd*(m + 1)), x] + Dist[1/(2*a), Int[(c +
d*x) “m*E~((2*%a*x(e + f*x))/b), x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] &&
EqQ[a™2 + b72, 0] && !'IntegerQ[m]

Rule 2181

Int[(F_)~((g_)*((e_.) + (£_.)*(x_)))*((c_.) + (d_.)*(x_))"(m_), x_Symbol]

:> -Simp[(F~(gx(e - (c*xf)/d))*(c + d*x) FracPart[m]*Gamma[m + 1, (-((f*g*Lo
glF1)/d))*(c + d*x)])/(d*(-((f*g*xLog[F])/d))~(IntPart[m] + 1)*(-((fxg*LoglF
1x(c + d*x))/d)) "FracPart[m]), x] /; FreeQ[{F, c, d, e, f, g, m}, x] && !'I
ntegerQ[m]
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Rubi steps

Ccdy” eyt [ Aot 3x) (0 4 doym
f a + acoth(e + fx) r= 2ad(1 + m) " 2a

2cf —m
(c + dx)l+m 2-2-mg 24 (0 4 gy (@) r (1 m, 2f(c+dx))

d
"~ 2ad(1 + m) * af

Mathematica [B] time = 1.12956, size = 186, normalized size = 2.11

272(c + dx)"csch(e + fx) (_f(c+dx))m (_fz(c+dX)2)_m (Sinh (f (2 + x)) + cosh (f (§ + x))) (d(m +1) (cosh (e - %)

d £
adf(m +1)(coth(e +

Antiderivative was successfully verified.

[In] Integratel[(c + d*x)"m/(a + a*Cothl[e + f*x]),x]

[Out] (27(-2 - m)*(c + d*x) "m*x(-((fx(c + d*x))/d)) m*xCschl[e + f*x]*(d*(1 + m)*Gam
mall + m, (2xfx(c + dxx))/d]*(Cosh[e - (cxf)/d] - Sinh[e - (cxf)/d]) + 2°(1

+ m)*f*(fx(c/d + x)) "m*(c + d*x)*(Cosh[e - (c*f)/d] + Sinh[e - (cxf)/d]))*
(Cosh[f*(c/d + x)] + Sinh[f*(c/d + x)]1))/(axd*f*(1 + m)*(-((£f"2x(c + d*x)~2
)/d"2)) "mx(1 + Cothl[e + f*x]))

Maple [F] time = 0.139, size = 0, normalized size = 0.

f (dx + )" i
a + acoth (fx + e)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) m/(ata*coth(f*x+e)),x)

[Out] int((d*x+c) "m/(ataxcoth(f*x+e)),x)




190

Maxima [F] time = 0., size = 0, normalized size = 0.

f (dx + )" i
ucoth(fx+e) +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) m/(a+a*coth(f*x+e)),x, algorithm="maxima")

[Out] integrate((d*x + c) m/(a*coth(f*x + e) + a), x)

Fricas [A] time = 2.23782, size = 366, normalized size = 4.16

dmlog i +2de-2cf dmlog Y +2de-2cf
(dm+d)cosh( (f‘g ]F(m+1,2(df;+cf))—(dm+d)l“(m+1,2(dfx+cf))sinh( (f‘g +2(df2

d

4 (adfm + adf)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) m/(a+a*coth(f*x+e)),x, algorithm="fricas")

[Out] 1/4*%((d*m + d)*cosh((d*mxlog(2+f/d) + 2*d*e - 2xc*f)/d)*gamma(m + 1, 2x(dxf
xx + cxf)/d) - (d*m + d)*gamma(m + 1, 2x(d*f*x + c*f)/d)*sinh((d*m*log(2xf/

d) + 2xdxe - 2*c*xf)/d) + 2*x(d*f*x + cxf)*cosh(mxlog(d*x + c)) + 2k(d*f*x +
cxf)*sinh(m*xlog(d*x + c)))/(axdxf*m + axd*f)

Sympy [F] time = 0., size = 0, normalized size = 0.

f (c+dx)™
coth (e+fx)+1

a

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**m/(at+ta*xcoth(f*x+e)),x)

[Out] Integral((c + d*xx)**m/(coth(e + f*x) + 1), x)/a
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Giac [F] time = 0., size = 0, normalized size = 0.

f (dx + )" p
x
acoth(fx+e) +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) m/(at+a*coth(f*x+e)),x, algorithm="giac")

[Out] integrate((d*x + c)"m/(axcoth(f*x + e) + a), x)
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335 [ gy

(a+a coth(e+ fx))2

Optimal. Leaf size=152

2cf —-m 4cf —-m .
272070 % (c + dx)™ (f—(cj;dx)) Gamma (m +1, D (C;dx)) 47m=2070 ¥ (c 4 dxym (f—(cgdx)) Gamma (m +1, L (C;d/

a2f aZf

[Out] (c + d*x)~(1 + m)/(4*a~2*d*x(1 + m)) + (27(-2 - m)*E~(-2%e + (2xc*f)/d)*(c +
d*x) "m*¥Gamma[1 + m, (2*fx(c + d*x))/d])/(a 2*xf*x((fx(c + d*x))/d)"m) - (47(

-2 - m)*E~(-4%e + (4*cxf)/d)*(c + d*x) m*Gamma[l + m, (4*xfx(c + d*x))/d])/(
a"2xfx((f*x(c + d*x))/d) "m)

Rubi [A] time = 0.172427, antiderivative size = 152, normalized size of antiderivative

. . ber of rul
1., number of steps used = 4, number of rules used = 2, integrand size = 20, L

0.1, Rules used = {3729, 2181}

integrand size

2cf -m 4cf —-m )
2""‘267_26(0 + dx)" (f_(c:l—dx)) Gamma (m +1, Zf(c;rdx)) 4_m‘267_4e(c + dx)™ (f_(c-[li-dx)) Gamma (m +1, 4f(c;dl

a’f 2 f

Antiderivative was successfully verified.

[In] Int[(c + d*x)"m/(a + ax*Cothl[e + fx*x])~2,x]

[Out] (c + d*x)"(1 + m)/(4*a"2xd*(1 + m)) + (27(-2 - m)*E~(-2*e + (2*c*xf)/d)*(c +
d*x) “m*Gamma[1l + m, (2xfx(c + d*x))/d])/ (@~ 2*xfx((f*(c + d*x))/d)"m) - (47(

-2 - m)*E"(-4%e + (4xcxf)/d)*(c + d*x) m*Gamma[l + m, (4xfx(c + d*x))/d])/(
a~2xf*x ((£x(c + dx*x))/d)"m)

Rule 3729

Int[((c_.) + (d_)*(x_))"(m_)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2xa) + E~((2*ax(e + f*x))
/b)/(2%a))~(-n), x], x] /; FreeQ[{a, b, c, d, e, £, m}, x] && EqQ[a"2 + b~2
, 0] && ILtQ[n, O]

Rule 2181

Int[(F_)~((g_.)*((e_.) + (£_.)*(x_)))*((c_.) + (d_.)*(x_))"(m_), x_Symbol]
:> -Simp[(F~(g*x(e - (c*xf)/d))*(c + d*x) FracPart[m]*Gamma[m + 1, (-((f*g*Lo
glF1)/d))*(c + d*x)])/(d*(-((f*gxLog[F])/d))~ (IntPart[m] + 1)*(-((f*g*LoglF
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1*x(c + d*x))/d)) FracPart[m]), x] /; FreeQ[{F, c, d, e, f, g, m}, x] & !'I
ntegerQ[m]

Rubi steps
(c + dx)™ _ f (c + dx)™ .\ e~ X (c 4 dx)" o722/ X (¢ + dx)" p
(a +acoth(e + fx))2 4q? 4q2? 242 *
_ (c+dx)trm [ee ¥ c+dr)mdx [ e H¥(c+dx)" dx
T d2dd+m) 422 B 202
o -ze+?§f o [ Flerd\ " 2f(c+dx) o _4E+é§f
(c + dx)l+m 2 e (c + dx) — r(1+m, — 4 e (c

 4a2d(1 + m) " a’f -

Mathematica [A] time = 8.10184, size = 194, normalized size = 1.28

F2(c+dx)?
-—

47m2(c + dx)mcschz(e + fx)(sinh(2fx) + cosh(2fx)) (—f (C:dx>)m ( )_m (—d(m + 1)e%(cosh(23) — sinh(2e))

a?df(m + 1)(coth

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)"m/(a + a*Cothl[e + f*x])~2,x]

[Out] (47(-2 - m)*(c + d*x) mx(-((fx(c + d*x))/d)) m*Cschl[e + f*xx] 2x(27(2 + m)*d
*E7((2%c*f) /d)*(1 + m)*Gamma[l + m, (2*f*x(c + d*x))/d] + 47 (1 + m)*d*x((f*x(c

+ d*x))/d)~(1 + m)*(Cosh[e] + Sinh[e])~2 - d*E~((4*c*f)/d)*(1 + m)*Gammal1l

+ m, (4xfx(c + d*x))/d]*(Cosh[2*e] - Sinh[2%e]))*(Cosh[2*f*x] + Sinh[2*fx*x

1)) /(@ 2xdxfx(1 + m)*(-((£72*«(c + d*x)~2)/d"2))"m*x(1 + Cothle + f*x])~2)

Maple [F] time = 0.128, size = 0, normalized size = 0.

f (dx +c)" p
5 dx
(a + acoth (fx + e))

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) "m/(a+axcoth(f*x+e))"2,x)
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[Out] int((d*x+c) "m/(a+axcoth(f*x+e))”~2,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

(dx + )"
f 5 dx
(a coth (fx + e) + a)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) "m/(ata*coth(f*x+e))~2,x, algorithm="maxima"

[Out] integrate((d*x + c) m/(a*xcoth(f*x + e) + a)~2, x)

Fricas [A] time = 2.34152, size = 609, normalized size = 4.01

dmlog 4 +4de-4cf dmlog i +2de-2cf
<dm+d>cosh( (4) ]r(m+1,4("f"“f))—4<dm+d)cosh[ ) F(m+1,2(dfx+cf))—(d1

d d d d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) m/(ata*coth(f*x+e))~2,x, algorithm="fricas")

[Out] -1/16%((d*m + d)*cosh((d*m*xlog(4*f/d) + 4xdxe - 4xcxf)/d)*gamma(m + 1, 4x(d
xf*xx + c*xf)/d) - 4*x(d*m + d)*cosh((d*m*log(2*xf/d) + 2xd*e - 2*cxf)/d)*gamma

(m + 1, 2%(d*f*x + cxf)/d) - (d*m + d)*gamma(m + 1, 4*x(dxf*x + c*f)/d)*sinh
((d*m*log(4*f/d) + 4xdxe - 4*cxf)/d) + 4x(d*m + d)*gamma(m + 1, 2x(d*xf*x +
c*xf)/d)*sinh ((d*m*log(2*f/d) + 2xd*e - 2*cxf)/d) - 4x(dxf*x + c*f)*cosh(m*l
og(d*x + c)) - 4x(d*f*x + cxf)*sinh(m*log(d*x + c)))/(a”2xdxf*m + a~2xdx*f)

Sympy [F] time = 0., size = 0, normalized size = 0.

(c+dx)™

f coth? (e+fx)+2 coth (e+fx)+1

a2

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((d*x+c)**m/(ataxcoth(f*x+e))**2,x)

[Out] Integral((c + d*xx)**m/(coth(e + f*x)**2 + 2%coth(e + f*xx) + 1), x)/a*x*2

Giac [F] time = 0., size = 0, normalized size = 0.

f (dx + )" i
(a coth (fx + e) + a)z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) "m/(ata*coth(f*x+e))~2,x, algorithm="giac")

[Out] integrate((d*x + c) m/(a*xcoth(f*x + e) + a)~2, x)
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336 [Ty

(a+a coth(e+fx))3

Optimal. Leaf size=223

—m —m

2cf Aef
327 m4ed 2 (c + dx)" (f—(c;;dx)) Gamma (m +1, e (C;dx)) 3 272m50 "7 (¢ + dx)" (f (C;dx)) Gamma (m +1,°

af B f

[Out] (c + d*x)~(1 + m)/(8*a~3*d*(1 + m)) + (3*27(-4 - m)*E~(-2%e + (2*cx*f)/d)*(c
+ d*x) "m*Gamma [l + m, (2*fx(c + d*xx))/d])/(a"3xfx((f*x(c + d*x))/d)"m) - (3

*27 (-5 - 2*km)*E”(-4*e + (4xc*f)/d)*(c + d*x) m*Gamma[l + m, (4*f*(c + d*x))

/d]) /(@ 3*f*x((fx(c + d*x))/d)"m) + (27(-4 - m)*37 (-1 - m)*E~(-6%e + (6*c*f)
/d)*(c + d*x) “m*Gammal[l + m, (6xfx(c + dxx))/d])/(a"3*xf*x((f*(c + d*x))/d) "m

)

Rubi [A] time = 0.233118, antiderivative size = 223, normalized size of antiderivative
1., number of steps used = 5, number of rules used = 2, integrand size = 20, number of rules _

integrand size
0.1, Rules used = {3729, 2181}

2f - f_ -
327 4ed 2g(c + dx)™ (f—(czdx)) Gamma (m +1, 2flerdy (C;dx)) 3 272m=5¢7d 4e(c + dx)™ (@) Gamma (m +1, :

af - asf

Antiderivative was successfully verified.

[In] Int[(c + d*x)"m/(a + a*xCoth[e + f*x])~3,x]

[Out] (c + d*x)"(1 + m)/(8*a~3*d*(1 + m)) + (3*27(-4 - m)*E~(-2%e + (2*cx*xf)/d)*(c
+ d*x) "m*Gamma [l + m, (2*f*x(c + d*x))/d])/(a"3*xf*x((f*(c + d*x))/d)"m) - (3

*27 (-5 - 2*«m)*E~(-4*e + (4xc*f)/d)*(c + d*x) m*Gamma[l + m, (4*f*x(c + d*x))
/d])/(@”3*fx ((f*x(c + d*x))/d)"m) + (27(-4 - m)*37 (-1 - m)*E~(-6%e + (6*cxf)

/) *(c + d*xx) m*Gamma[l + m, (6xfx(c + d*x))/d])/ (@~ 3*xfx((f*(c + d*x))/d)"m

)

Rule 3729

Int[((c_.) + (d_)*(x_))"(m_)*((a_) + (b_.)*tanl(e_.) + (£_.)*(x_)1)"(n_),
x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (1/(2xa) + E~((2*ax(e + f*x))
/b)/(2%a))~(-n), x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[a"2 + b~2
, 0] &% ILtQ[n, O]



Rule 2181
Int[(F_)~((g_.)*((e_.)
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+ (f_)*(x_)))*((c_.) + (d_.)*(x_))"(m_), x_Symbol]

:> -Simp[(F~(gx(e - (cxf)/d))*(c + d*x) FracPart[m]*Gamma[m + 1, (-((fxg*Lo
glF1)/d))*(c + d*x)])/(d*x(-((f*g*xLog[F])/d))~(IntPart[m] + 1)*(-((fxg*LoglF
1*(c + d*x))/d)) FracPart[m]), x] /; FreeQ[{F, c, d, e, f, g, m}, x] && !'I

ntegerQ[m]

Rubi steps

(c+dx)™
(a+acoth(e + fo)

_ f ( (c +dx)" e0e=6fX(¢c 4 dx)m .\ 3e~4e=4fX (¢ + dx)™ ~ 3e~2e-2fx(c + dx)m) i

8a> 8a° 843 843
(c+dx)trm  [e b ofxc+dx)ydx 3 [e 4 (c+dv)"dx 3 [e 2 2¥(c + dx)’
B + -
8a3d(1 + m) 843 3 o
2cf —m |
(c + dx)t+m 3 274 Mg T (¢ + dx)" (@) r (1 +m, 2f (C;d")) 3 9-5-2m,~4et
8a3d(l + m) 37 _

Mathematica [F] time = 180.002, size = 0, normalized size = 0.

$Aborted

Verification is Not applicable to the result.

[In] Integrate[(c + d*x)"m/(a + a*Cothl[e + f*x])~3,x]

[Out] $Aborted

Maple [F] time = 0.161, size = 0, normalized size = 0.

f (dx + )" p
5 dx
(a + acoth (fx + e))

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) "m/(at+a*xcoth(f*x+e)) 3,x)

[Out] int((d*x+c) "m/(a+axcoth(f*x+e))”~3,x)
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Maxima [F] time = 0., size = 0, normalized size = 0.

(dx +c)"
f 5 dx
(a coth (fx + e) + a)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) m/(ata*coth(f*x+e))~3,x, algorithm="maxima"

[Out] integrate((d*x + c) m/(a*xcoth(f*x + e) + a)~3, x)

Fricas [A] time = 2.28678, size = 853, normalized size = 3.83

dmlog &f +6de-6¢f dmlog 2 +4de-4cf
2(dm +d) COSh( (d) )T(m +1,6(dfx+cf)) - 9(dm +d) cosh( (d) T(m +1,4(dfx+cf)) +18

d d d d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) m/(ata*coth(f*x+e))~3,x, algorithm="fricas")

[Out] 1/96%(2*(d*m + d)*cosh((d*m*log(6*f/d) + 6*d*e - 6xc*f)/d)*gamma(m + 1, 6*(
dxf*xx + c*f)/d) - 9*(d*m + d)*cosh((d*m*log(4*f/d) + 4*xdxe - 4xc*f)/d)*gamm

a(m + 1, 4x(dxf*x + c*f)/d) + 18+(d*m + d)*cosh((d*mxlog(2*f/d) + 2*d*e - 2
xcxf)/d)*gamma(m + 1, 2x(d*f*x + c*xf)/d) - 2x(d*m + d)*gamma(m + 1, 6x(d*f*

x + cxf)/d)*sinh((d*m*xlog(6*f/d) + 6*dxe - 6%c*f)/d) + 9*(d*m + d)*gamma(m

+ 1, 4x(d*f*xx + cxf)/d)*sinh((d*m*log(4*f/d) + 4*dxe - 4xc*xf)/d) - 18*(d*m

+ d)*xgamma(m + 1, 2*%(d*f*x + cxf)/d)*sinh((d*m*log(2*f/d) + 2%dxe - 2x%cx*f)/

d) + 12x(d*f*x + c*xf)*cosh(m*log(d*x + c)) + 12x(dxf*x + c*f)*sinh(m*log(dx*

x + ¢)))/(a"3*dxf*m + a~3xd*f)

Sympy [F] time = 0., size = 0, normalized size = 0.

f (c+dx)™
coth® (e+fx)+3 coth? (e+fx)+3 coth (e+fx)+1
ad

dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((d*x+c)*+*m/(ata*xcoth(f*x+e))**3,x)

[Out] Integral((c + d*xx)**m/(coth(e + f*x)#*x3 + 3*coth(e + f*x)**2 + 3*coth(e + f

*x) + 1), x)/a*x*3

Giac [F] time = 0., size = 0, normalized size = 0.

f (dx +c)" i
(a coth (fx + e) + a)3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) m/(ata*coth(f*x+e)) 3,x, algorithm="giac")

[Out] integrate((d*x + c) m/(a*xcoth(f*x + e) + a)~3, x)
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3.37  [(c+dx)*(a+bcoth(e + fx))dx

Optimal. Leaf size=133

3bd?(c + dx)PolyLog (3, e2e+f x)) 3bd(c + dx)*PolyLog (2, eetf x)) 3bd>PolyLog (4, eetf x)) a(c +dx)* bl
B 273 " 2772 " 4t T T T

[Out] (ax(c + d*xx)~4)/(4*xd) - (bx(c + d*x)~4)/(4*xd) + (b*(c + d*x) 3*Log[l - E~(2

x(e + £xx))])/f + (3*bxdx(c + d*x) 2+PolyLog[2, E"(2x(e + f*x))])/(2%f72) -
(3xbxd™2%(c + d*x)*Polylogl[3, E~(2x(e + £*x))])/(2%£73) + (3*b*d"3*PolylLog

(4, ET(2x(e + f*x))])/(4%£74)

Rubi [A] time = 0.259571, antiderivative size = 133, normalized size of antiderivative
1., number of steps used = 8, number of rules used = 7, integrand size = 18, number of rules_

integrand size
0.389, Rules used = {3722, 3716, 2190, 2531, 6609, 2282, 6589}

3bd?(c + dx)PolyLog (3, e2e+f ")) 3bd(c + dx)*PolyLog (2, e2e+f x)) 3bd*PolyLog (4, e2e+f x)) a(c +dx)* bl
- 2f3 " 272 " 44 T T

Antiderivative was successfully verified.

[In] Int[(c + d*x) 3x(a + bxCothl[e + f*x]),x]

[Out] (ax(c + d*x)~4)/(4*d) - (bx(c + d*x)~4)/(4*xd) + (b*(c + d*x) 3*Log[l - E~(2

x(e + £xx))])/f + (3*%bxd*(c + d*x) "2+PolyLogl[2, E"(2x(e + f*xx))])/(2%f72) -
(3x¥b*d~2*(c + d*x)*PolyLogl[3, E~(2x(e + f*x))])/(2%£73) + (3*b*d~3*PolyLog

[4, ET(2x(e + £xx))])/(4%£74)

Rule 3722

Int[((c_.) + (d_D)*x))"(m_.)*x((a_) + (b_.)*tanl[(e_.) + (£_)*(x_)1)"(n_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Tan[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, 0]

Rule 3716

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz_])*(f_
O*x(x_ )], x_Symbol] :> -Simp[(Ix(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2
*I, Int[((c + d*x) " m*xE~(2x(-(I*xe) + fxfz*x)))/(E-(2xIxk*Pi)*(1 + E~(2x(-(Ix
e) + fxfzix))/E~(2%Ixk*Pi))), x], x] /; FreeQl{c, d, e, f, fz}, x] && Integ
erQ[4xk] && IGtQ[m, O]
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Rule 2190

Int [(((F)~((g_)*((e_.) + (£_)*&N) " (m_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) mxLogl[l + (b*(F~(gx(e + £*x)))"n)/al)/(b*f*gxn*Log[F1), x] - Di
st [(d*m) / (b*xf*g*n*Log[F]), Int[(c + d*x)~(m - 1)*Logl[l + (b*x(F~(g*x(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2531

Int[Logll + (e_.)*((F_)~((c_)*((a_.) + (b_)*x NN~ (a_)I*((£_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + bx*x
)))"n)])/ (bxcxnxLog[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x)~(m -
1)*PolyLog[2, -(ex(F~(cx(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, n}t, x] && GtQ[m, 0]

Rule 6609

Int[((e_.) + (f_.)*(x_))"(m_.)*PolyLogln_, (d_.)*x((F_)"((c_.)*((a_.) + (b_.
)x(x ))))"(p_.)], x_Symbol] :> Simp[((e + f*x) m*PolyLogl[n + 1, d*(F~(c*(a
+ b*x)))"pl)/ (bxcxp*xLog[F]1), x] - Dist[(f*m)/(b*c*p*Logl[F]), Int[(e + f*x)~
(m - 1)*Polylog[n + 1, d*(F~(cx(a + b*x)))"pl, x], x] /; FreeQ[{F, a, b, c,
d, e, f, n, p}, x] && GtQ[m, 0]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQu, x] && !'MatchQ[u, (w_)*((a_.)*x(v_)"(n_)) " (m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)Iv_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogn_, (c_.)*((a_.) + (b_.)*x(x_))"(p_.01/C(d_.) + (e_.)*(x_)), x_8S
ymbol] :> Simp[PolyLogln + 1, c*(a + bxx) pl/(e*xp), x] /; FreeQ[{a, b, c, d
, e, n, pty, x] && EqQ[b*xd, axe]

Rubi steps
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f (c +dx)3(a + beoth(e + fx)dx = f (a(c + dx)? + b(c + dx)* coth(e + f)) dx

d 4
= % +b f(c +dx)3 coth(e + fx)dx
_a(c+dx)* b(c +dx)* 2+ + dx)?
B 4d - 44 —(2b) f 1 — 2(et+fx) dx
_alc+dn)* b(c+dx)t .\ b(c + dx)3log (1 —~ ez(e+fx)) B (3bd) [(c + dx)?log (1 —
Y 4d 7 7
_alc+dx)t bc+dx)* . b(c + dx)>log (1 - e2e+/9) . 3bd(c + dx)?Li, (¢2¢+/9)
4 4d f 22
_alc+dn* ble+dnt b(c + dx)*log (1 - e2e+/9) . 3bd(c + dx)?Li (2¢+)
S 4d 4d f 22
_alc+dn)* b(c+dx)t . b(c + dx)>log (1 - e2e+/9) N 3bd(c + dx)?Li, (¢2¢+/9)
B 4d 4d f 212
_ El(C + dx)4 3 b(C + dx)4 N b(C + dx)3 log (1 — 52(€+fx)) .\ 3bd(c + dX)zLiz (62(e+fx))
S 4d 4d f 272

Mathematica [A] time = 0.358417, size = 249, normalized size = 1.87

1( 6bd?(c +dx)PolyLog (3,¢2¢*/9)  6bd(c + dx)*PolyLog (2,e%¢*/9)  3bd*PolyLog (4,¢2¢+/)
+ +

4 f? f? f*

+ 6ac%dx?® + 4a

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)~3*(a + b*Cothle + f*x]),x]

[Out] (4xaxc™3%x + 6xa*xc”2*%d*x"2 — 6*%bkxc™2%d*x"2 + 4xaxc*d™2*xx"3 - 4*bkcxd™2%x”3
+ axd"3%x74 - bxd"3*x74 + (12%b*xc”2xdxx*Logl[l - E~(2x(e + fxx))])/f + (12%b
xcxd"2xx"2xLog[1 - E7(2%(e + f*x))])/f + (4xbxd~3*x"3*xLog[l - E~(2*(e + fx*x
))1)/f + (4*bxc”3*Log[Coshl[e + fxx]])/f + (4*bxc”3*Log[Tanh[e + fxx]])/f +
(6%b*xd*(c + d*xx)~2#PolyLog[2, E~(2*x(e + f*x))])/f72 - (6%b*d"2x(c + d*x)*Po
lyLog[3, E"(2x(e + £*x))])/f"3 + (3*b*d~3*PolyLogl[4, E~(2*x(e + f*x))])/f74)

/4

Maple [B] time = 0.153, size = 748, normalized size = 5.6

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) 3*(atb*xcoth(f*xx+e)),x)

[Out] -3/2xb/f~4*d"3xe~4+6%b/f~4*d"3*polylog(4,-exp(f*x+e))+6xb/f~4*d"3*polylog(4
,exp (f*xx+e))+b/f*xc”3*%1n(exp(f*x+e)-1)+b/f*c”3*1n(exp(f*x+e)+1)-2%b/f*c~3*1ln
(exp(f*x+e))+2%b/f~4*d"3*%e~3*1n(exp (f*x+e))+b/f*d"3*1n(1-exp(f*x+e))*x"3+b/
£74%d"3x1n(1-exp (f*x+e))*e~3+3xb/f~2+%d"3*polylog(2,exp (f*x+e) ) *x~2+1/4*a*xd”
3kx"4+axckdT2xx " 3-b*xckdT2xx"3+3/2%axcT24d*x"2-3/2%b*cT2xd*x"2-3%b/f "2xc”2*d
xex1n (exp (f*x+e)-1)+3*b/f"3xc*xd~2*e”~2x1n(exp (f*x+e)-1) +3*b/f*c*xd"2+1n(1-exp
(f*x+e) ) *x72-3%b/f"3*c*d"2x1n (1-exp (f*x+e) ) *e”~2+6%b/f " 2*c*d " 2*polylog(2, exp
(f*x+e) ) *x+3*b/fxc*d™2*1n (exp (f*x+e) +1) *x~2+6%b/f " 2*c*d~2*polylog(2,-exp (f*
x+e) ) *x+3*%b/f*xc”2+d*1n(1-exp (f*x+e) ) *x+3*b/f " 2*%c"2*d*1n(1-exp (f*x+e) ) *e+3*b
/f*xc”2xd*1n(exp (fxx+e)+1) *x+6%b/f~2*c"2*d*ex1n (exp (f*x+e) ) -6%b/f~3xc*d"2%e”
2*1n(exp (f*xx+e))-1/4%bxd~3*x"4+c”3*xa*xx+b*c™3*x-3*b/f"2xc™2*d*e”2+4*xb/f ~3*cx*
d"2%e”3-2%b/f"3*%d"3*e " 3*x-6%b/f"3*c*d"2*polylog(3,exp (f*x+e))-6xb/f 3*c*xd"2
xpolylog(3,-exp(f*xx+e))-b/f74*d"3*e 3*x1ln(exp(f*x+e)-1)+3*b/f"2xc~2*d*polylo
g(2,exp(f*xx+e))+3*b/f 2*%c"2*d*polylog(2,-exp (f*x+e))+3*b/f~2+%d"3*polylog(2,
—exp (f*x+e) ) *x~2-6*b/f~3*d"3*polylog(3,-exp(f*x+e) ) *x-6%b/f~3*d"3*polylog(3
,exp (f*x+e) ) *x+b/f*d”~3*1n(exp (f*x+e)+1)*x~3-6xb/f*c™2xd*e*xx+6%b/f " 2*c*d ™ 2*e
T2%x

Maxima [B] time = 1.41425, size = 566, normalized size = 4.26

) ( x+e) 1
1 1 3 3 bc3 log (sinh (fx + e 3(fX10g(3 +
—ad3x* + = bd3x* + acd®x® + bed?x3 + = ac?dx® + = bcdx? + acdx + g( (f )) +

4 4 2 2 f 1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 3*(atb*coth(f*x+e)),x, algorithm="maxima"

[Out] 1/4%a*d”3%x"4 + 1/4xbxd"3*x"4 + akxc*kd™2xx"3 + b¥cxd™2*x"3 + 3/2%a*c™2xd*x"2
+ 3/2%b*xc”2xd*x”2 + axc”3*%x + bxc " 3*xlog(sinh(f*x + e))/f + 3x(f*x*log(e”(f
*x + e) + 1) + dilog(-e~(fxx + e)))*bxc™2*d/f"2 + 3*(f*xxlog(-e~(f*x + e) +
1) + dilog(e™(f*x + e)))*bxc™2+d/f"2 + 3*x(£72+x"2*log(e”(f*x + e) + 1) + 2
xfxx*dilog(-e~ (f*x + e)) - 2*polylog(3, -e~(f*x + e)))*bxc*xd~2/f73 + 3*(£72
xx"2xlog(-e " (fxx + e) + 1) + 2xfxx*kdilog(e”(f*x + e)) - 2*polylog(3, e~ (f*x
+ e)))*bxc*xd"2/£73 + (£73*x"3*log(e”(f*x + e) + 1) + 3*xf"2*xx"2*dilog(-e~ (£
*x + e)) - 6xf*xxxpolylog(3, -e~(fxx + e)) + 6*polylog(4, -e~(f*x + e)))*bxd
~3/f74 + (£f73*%x"3xlog(-e~(f*x + e) + 1) + 3*xf~2*xx"2xdilog(e” (f*x + e)) - 6%
fxxxpolylog(3, e~ (f*x + e)) + 6*polylog(4, e~ (f*x + e)))*b*d"3/f74 - 1/2%(b
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*d"3*f74*x74 + 4xbkcxdT2*f74*x"3 + 6xbkcT2xd*f"4*x"2)/f74

Fricas [C] time = 2.35873, size = 1207, normalized size = 9.08

(a =) fix* + 4 (a - b)ed? f4x® + 6 (a - b)c2d f4x? + 4 (a - b)c f4x + 24 bdPpolylog (4, cosh (fx + e) + sinh (fx + ¢))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 3% (atbxcoth(f*x+e)),x, algorithm="fricas")

[Out] 1/4%((a - b)*d"3*f74*x"4 + 4*(a - b)*c*xd"2*xf74xx"3 + 6%(a - b)*c™2xd*f ~4*x"
2 + 4x(a - b)*c™3xf"4*x + 24*b*d"3*polylog(4, cosh(f*x + e) + sinh(f*x + e)
) + 24xb*d~3*polylog(4, -cosh(f*x + e) - sinh(f*x + e)) + 12x(bxd~3*f~2%x"2
+ 2%bkcxd"2xf"2%x + bxc 2*xd*xf"2)*dilog(cosh(f*x + e) + sinh(f*x + e)) + 12
* (bxd”~3*f72%x72 + 2%bkcxd"2*xf"2%x + bxc 2*xd*xf"2)*dilog(-cosh(f*x + e) - sin
h(f*x + e)) + 4*(bxd"3*f73*%x"3 + 3*bkcxd 2+f ~3%x"2 + 3*bkc™2xd*f 3*x + bxc”
3xf~3)*log(cosh(f*x + e) + sinh(f*x + e) + 1) - 4x(b*d"3%e”3 - 3*bxc*d 2xe”
2*%f + 3xb*xc”2*kd*exf~2 - bxc~3xf"3)*log(cosh(f*x + e) + sinh(f*x + e) - 1) +
4% (b*d~3+f73%x73 + 3xbxcxd"2xf73*x"2 + 3xbkxc”2xd*f"3%x + b*d"3%e”3 - 3%b*c
xd"2xe"2*f + 3xbxc”2xd*exf~2)*log(-cosh(f*x + e) - sinh(f*xx + e) + 1) - 24x
(b*d~3*f*x + bkxcxd~2*xf)*polylog(3, cosh(f*x + e) + sinh(f*x + e)) - 24*(b*d
“3*xf*x + bxc*xd"2xf)*polylog(3, -cosh(f*x + e) - sinh(f*x + e)))/f74

Sympy [F] time = 0., size = 0, normalized size = 0.

f(a + bcoth (e + fx)) (c+ clx)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**3*(atb*coth(f*x+e)),x)

[Out] Integral((a + bxcoth(e + f*x))*(c + d*x)**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f(dx + c)3(b coth (fx + e) + a) dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 3*(atb*coth(f*x+e)),x, algorithm="giac")

[Out] integrate((d*x + c)~3*(bxcoth(f*x + e) + a), x)
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3.38  [(c+dx)*(a+bcoth(e + fx))dx

Optimal. Leaf size=101

bd(c + dx)PolyLog (2, e2le+f x)) bd?PolyLog (3, e2e+f ")) a(c +dx)3  b(c+dx)*log (1 — g2(etf x)) b(c + dx)
72 ) 27 T ¢ 7 Y

[Out] (ax(c + d*x)~3)/(3*d) - (b*x(c + d*x)~3)/(3*d) + (b*(c + d*x) 2*Log[1l - E~(2
x(e + £xx))])/f + (bxd*(c + d*x)*PolyLogl[2, E~(2*(e + f*x))])/f72 - (b*xd~2x
PolyLog[3, E~(2%(e + fxx))])/(2*f"3)

Rubi [A] time = 0.216669, antiderivative size = 101, normalized size of antiderivative =

. . b f rul
1., number of steps used = 7, number of rules used = 6, integrand size = 18, e L

integrand size
0.333, Rules used = {3722, 3716, 2190, 2531, 2282, 6589}

bd(c + dx)PolyLog (2,¢2¢+/%))  bd?PolyLog (3,e%¢*/9) L ale+ dx)? N bc + dx)?log (1 - e2M)  p(c + dx)?

72 2f3 3d 7 3d

Antiderivative was successfully verified.

[In] Int[(c + d*xx) 2x(a + bxCothl[e + fxx]),x]

[Out] (ax(c + d*x)~3)/(3*d) - (bx(c + d*x)~3)/(3*d) + (b*(c + d*x) 2*xLog[l - E~(2
x(e + £xx))])/f + (bxd*(c + d*x)*PolyLog[2, E~(2*(e + f*x))])/£f72 - (b*d~2x
PolyLog[3, E"(2x(e + f*x))1)/(2*£"3)

Rule 3722

Int[((c_.) + (A_.)*(x_)) " (m_.)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(n_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Tan[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, £, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Rule 3716

Int[((c_.) + (d_)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz ])*(f_
D*(x_ )], x_Symbol]l :> -Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2
*xI, Int[((c + d*x) m*xE~ (2% (-(Ixe) + f*xfzxx)))/(E~(2xI*k*Pi)*(1 + E~(2*(-(Ix*
e) + fxfzix))/E~(2%Ixk*Pi))), x], x] /; FreeQl{c, d, e, f, fz}, x] && Integ
erQ[4*xk] && IGtQ[m, O]

Rule 2190
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Int [(((F)"((g_)*((e_.) + (£_.)xx_)N)"(m_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_I)*((e_.) + (f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) mxLogl[l + (b*(F~(gk(e + £*x)))"n)/al)/(b*f*gxn*Log[F]), x] - Di
st [(d*m) / (b*xfxgxn*xLog[F]), Int[(c + d*x)~(m - 1)*Logl[l + (b*x(F (gx(e + f*x)
))°n)/al, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2531

Int[Logll + (e_.)*((F_)"((c_.)*((a_.) + (b_.)*x(x_))))"(n_)1*((£f_.) + (g_.)
*(x_ ))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(e*(F~(c*(a + bxx
)))"n) 1)/ (bxc*nxLog[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + gxx)~(m -
1)*PolyLog[2, -(ex(F~(c*(a + b*x)))™n)], x], x] /; FreeQI{F, a, b, c, e, f
, g, n}y, x] && GtQ[m, 0]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiallu, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_ )*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int [PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/C(d_.) + (e_.)*x(x_)), x_S
ymbol] :> Simp[PolyLogl[n + 1, cx(a + b*x)"pl/(exp), x] /; FreeQ[{a, b, c, d
, €, n, pt, x] & EqQ[b*d, axe]

Rubi steps
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f(c + dx)?(a + b coth(e + fx))dx f (a(c +dx)? + b(c + dx)? coth(e + fx)) dx

d 3
- ”(C;—dx) b f (c + dx) coth(e + fx) dx
_a(c+dx)?®  b(c +dx)? 24X (¢ + dx)?
- 34 34 (2b) f 1_ 2erf) dx
_ alet+dx®  blc+dxp bt dx)?log (1-2)  (2bd) [(c +dx)log (1 - &2
_alc+ dx)? ~ b(c + dx)3 N b(c + dx)?log (1 - 62(€’+fx)) N bd(c + dx)Li, (62(e+fx)) .
-3 3d f 72
ac+dx)®  blc+dx)®  blc+dx)?log(1-e2e+N)  bd(c + dx)Liy (2€¢+/)
= — + + > —
3d 3d f f
_alc+dx)®  b(c+dx) .\ b(c + dx)?log (1 - e2e+/9) N bd(c + dx)Li (¢2¢+/2) )
B 3d 3d f IZ

Mathematica [A] time = 0.216802, size = 149, normalized size = 1.48

6bdf (c + dx)PolyLog (2, e2¢+/%)) — 3bd?PolyLog (3,e2¢*f9) + 22 (3ac2fx + 3acd fx? + ad? fx* + 3bc? log(tanh(e +
6f3

Antiderivative was successfully verified.

[In] Integratel[(c + d*x)~2%(a + b*Coth[e + f*x]),x]

[Out] (2%f72%(3kaxc™2xf*x + 3kakckd*f*x"2 - 3*bkckd*f*xx"2 + axd™2*f*x"3 - b*xd™2xf
*x"3 + 3*bxd*x*(2xc + dxx)*Log[l - E"(2%(e + fxx))] + 3*b*xc~2*Log[Cosh[e +

fxx]] + 3*bxc”2*xLog[Tanh[e + fxx]]) + 6*bxd*xf*(c + d*x)*PolyLog[2, E~(2*(e

+ f*x))] - 3xbxd"2xPolyLogl[3, E~(2x(e + f*x))]1)/(6*f73)

Maple [B] time = 0.055, size = 447, normalized size = 4.4

bd%e? In (ef x+e _ 1) R bd*polylog (2, ef x”) x bd*In (ef xte 4 1) x? ) bd%e? In (ef x”) ) chdpolylog (2, ef x+e)
+ - + +

IE * 2 f IE I

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((d*x+c) 2% (a+b*coth(f*x+e)) ,x)

[Out] b/f~3*d"2*e~2*1n(exp(f*x+e)-1)+2*%b/f~2xd"2*polylog(2,exp (f*x+e))*x+b/f*d 2%
1n(exp(f*x+e)+1)*x~2-2%b/f~3*d"2%e”2x1n (exp (f*x+e) ) +2*b/f~2xc*d*polylog(2,e

xp (fxx+e) ) +2*b/f72xd"2*polylog(2,-exp (f*x+e) ) *x-b/f~3*d"2%e~2*1n (1-exp (f*x+
e))+b/fxd"2*x1n(1-exp (f*x+e) ) *x~2+2%b/f"2*c*d*polylog(2,-exp (f*x+e))-2xb/f~3
*xd~2*xpolylog(3,exp(f*x+te))-2%b/f~3*d"2*polylog(3,-exp(f*x+e))+b/f*c"2x1n(ex
p(f*x+e)+1)-2%b/f*c " 2x1n (exp (f*x+e) ) -2xb/f"2xc*d*e 2+2xb/f~2xd"2xe " 2xx+b/f*
c"2x1n(exp (f*x+e) —1) -bxckd*x~2+axc*d*x~2+1/3*%a*xd~2*x"3-1/3*b*d~2*x"3+2*b/f"
2xcxd*1n(1-exp (f*x+e)) *e+4xb/f~2*c*kd*e*x1n(exp (f*x+e))-2%b/f " 2*c*xd*e*x1n (exp(
fxx+e)-1)+2xb/f*xcxd*1ln(1l-exp (f*x+e) ) *x—4*b/f*c*xd*exx+2xb/f*cxd*1n (exp (f*x+e
)+1)*x+4/3%b/£73%d"2%e”3+c " 2ka*x+b*c " 2%x

Maxima [B] time = 1.38171, size = 324, normalized size = 3.21

1 1 bclog (sinh (fx +e)) 2 (fx log (e(f ) 4 1) + Lip (—e(f "”)))bcd 2
— ad?x® + = bd?x3® + acdx? + bedx? + ac’x + + + -

3 3 f 12

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 2*(atb*coth(f*x+e)),x, algorithm="maxima"

[Out] 1/3%a*d™2%x73 + 1/3%b*d"2%x"3 + akckd*x™2 + bkckd*x™2 + a*xc™2xx + b*c™2xlog
(sinh(f*x + e))/f + 2+ (f*xx*log(e”™(f*x + e) + 1) + dilog(-e”(f*x + e)))*b*c*

d/f72 + 2% (f*xxxlog(-e~(f*xx + e) + 1) + dilog(e~(f*x + e)))*bxc*xd/f"2 + (£72
xx"2xlog(e”(fxx + e) + 1) + 2xf*xxxdilog(-e~(f*x + e)) - 2*polylog(3, -e~ (f*

X + e)))*b*xd”2/f73 + (£72+x"2*log(-e”~(f*x + e) + 1) + 2xfxx*dilog(e”(f*x +

e)) - 2xpolylog(3, e~ (fxx + e)))*b*d"2/f73 - 2/3%(b*d"2+f"3%x"3 + 3*bxc*d*f
~3*x72)/f"3

Fricas [C] time = 2.24311, size = 782, normalized size = 7.74

(a = b)df3x® + 3 (a - b)ed f3x? + 3 (a - b)c®f>x - 6 bd?polylog (3, cosh (fx + e) + sinh (fx + ) - 6 ba?polylog (3,

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) " 2x(a+b*coth(f*x+e)),x, algorithm="fricas")
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[Out] 1/3*%((a - b)*d"2*f73*%x"3 + 3*(a - b)*ckd*f~3*x"2 + 3*(a - b)*c™2*xf73xx - 6%
b*d~2*polylog(3, cosh(f*x + e) + sinh(f*x + e)) - 6*xb*d"2xpolylog(3, -cosh(

fxx + e) - sinh(fxx + e)) + 6% (b*d™2*f*x + bkxcxd*f)*dilog(cosh(f*x + e) + s
inh(f*x + e)) + 6*%(b*d~2*f*x + bxc*d*f)*dilog(-cosh(f*x + e) - sinh(f*x + e

)) + 3% (bxd"2*f"2*%x"2 + 2%bkcxd*xf"2*x + bxc”2*f~2)*log(cosh(f*x + e) + sinh

(fxx + e) + 1) + 3*%(b*d™2%e™2 - 2%b*ckdxexf + bkxc™2xf~2)*log(cosh(f*x + e)

+ sinh(f*xx + e) - 1) + 3x(bxd"2*xf72*x72 + 2xb*ckxd*f~2xx - b*d"2%e”2 + 2¥b*c
xd*xexf)*log(-cosh(f*x + e) - sinh(f*x + e) + 1))/£73

Sympy [F] time = 0., size = 0, normalized size = 0.

f(a + bcoth (e + fx)) (c+ ¢Jlx)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**2x(a+bxcoth(f*x+e)),x)

[Out] Integral((a + bkxcoth(e + fx*x))*(c + d*x)**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.
f(dx + c)z(b coth (fx + e) + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) ~2*(a+b*coth(f*x+e)),x, algorithm="giac")

[Out] integrate((d*x + c) 2x(bxcoth(f*x + e) + a), x)



211

3.39  [(c+dx)(a+bcoth(e+ fx))dx

Optimal. Leaf size=75

bdPolyLog (2, eetf x)) a(c +dx)?2  b(c+dx)log (1 — p2(e+f x)) b(c + dx)?
212 + 2d + f - 2d

[Out] (ax(c + d*x)~2)/(2%d) - (bx(c + d*x)~2)/(2*%d) + (b*x(c + d*x)*Logl[l - E~(2%(
e + £xx))])/f + (b*d*PolyLog[2, E~(2x(e + fx*x))])/(2*£~2)

Rubi [A] time = 0.126318, antiderivative size = 75, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 5, integrand size = 16, e =

0.312, Rules used = {3722, 3716, 2190, 2279, 2391}

integrand size

bdPolyLog (2,e2¢*/9)  g(c+dx)2  blc+dx)log (1 - X)) p(c + dx)?
212 + 2d + f - 2d

Antiderivative was successfully verified.

[In] Int[(c + d*x)*(a + b*Coth[e + f*x]),x]

[Out] (ax(c + d*x)~2)/(2xd) - (b*(c + d*x)~2)/(2*%d) + (bx(c + d*x)*Logl[l - E~(2x(
e + f*x))])/f + (b*d*PolyLog[2, E~(2x(e + f*xx))])/(2%xf"2)

Rule 3722

Int[(Cc_.) + (d_.)*(x_))"(m_.)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]1)"(n_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Tan[e + fx*x])~n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Rule 3716

Int[((c_.) + (d_)*(x_)) " (m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz ]1)*(f_
O*x(x_ )], x_Symbol] :> -Simp[(Ix(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2
*I, Int[((c + d*x) " m*xE~(2x(-(Ixe) + fxfz*x)))/(E-(2xIxk*Pi)*(1 + E~(2x(-(Ix
e) + fxfz¥x))/E~(2+Ixk*Pi))), x], x] /; FreeQl{c, d, e, f, fz}, x] && Integ
erQ[4xk] && IGtQ[m, O]

Rule 2190

Int [CC(F_)~((g_)*((e_.) + (£_)*(x_)))) " (n_)*((c_.) + (d_)*x_))"(m_.))/
(@) + (b_)*x((F_)~((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
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[((c + d*x) "m*Logl[l + (b*x(F~(gx(e + f*x)))™n)/al)/(bxf*g*n*Logl[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + f*xx)
))7"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl[(a_) + (b_.)*x((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, O]

Rule 2391
Int[Log[(c_.)*x((d_) + (e_.)*(x_ )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcx*d, 1]

Rubi steps

f(c +dx)(a + bcoth(e + fx))dx = f(a(c + dx) + b(c + dx) coth(e + fx))dx

2

- % + bf(c T dx) coth(e + fx) dx
_alc+dx)? b(c + dx)? o 2+ (¢ + dx)
T f 1 - 2e+fx)

a(c+dx)2  b(c+dx)? blc+dx)log (1 — 2exf x)) (bd) [log (1 - 62(6+fX)) dx
“ T 24 24 7 - 7

log(1-x)

alc+dx)?  b(c+dx)? blc+dx)log (1 - 52(€+fX)) (bd) Subst (f ng Y dx, x,
B 2d - 2d " f B 212

a(c+dx)2  b(c+dx)? blc+dx)log (1 — p2letf X)) bdLi, (32(€+fX))

2d 2d f 2f2

Mathematica [A] time = 0.056351, size = 87, normalized size = 1.16

be(log(tanh(e + fx)) + log(cosh(e + fx))) N bdx log (1 — g2e+2f x) 1

bdPolyLog (2, e%+2f*
Y g( ) +acx + —adx? + -~ Ebdx2

2f2 2 f f

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)*(a + b*Cothl[e + fxx]),x]



213

[Out] a*c*x + (axd*x~2)/2 - (bxd*x~2)/2 + (bxd*x*Log[l - E~(2%e + 2xfxx)])/f + (b
xc*(Log[Cosh[e + f*x]] + Log[Tanh[e + fx*x]]))/f + (b*d*PolyLog[2, E~(2%e +
2xf*xx)])/ (2%£72)

Maple [B] time = 0.043, size = 201, normalized size = 2.7

@ ~ bd_x - oor o ber—2 cbln (efx”) .\ cbln (efx” + 1) N cbln (ef“e - 1) bdex bde2 bdln (ef“e + 1) X

2 2 7 7 Tt et 7

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c)*(a+bxcoth(f*x+e)) ,x)

[Out] 1/2%axd*x”2-1/2*%b*d*x~2+a*xc*x+bxc*x—2xb/f*c*1n(exp(f*x+e))+b/f*cxln(exp(f*x
+e)+1)+b/fxc*x1ln(exp (fxx+e)-1) -2xb/f*d*xe*x—b/f"2xd*e”2+b/f*d*1n (exp (f*x+e)+1

) *x+b/f~2xd*polylog(2,-exp (f*x+e))+b/f*d*1n(1-exp (f*x+e) ) *x+b/f~2*d*1n(1-ex
p(f*x+e))*e+tb/f~2*d*polylog(2,exp (f*xx+e))+2%b/f ~2*d*e*1n (exp (f*x+e))-b/f~2%
dxex*1n(exp (f*x+e)-1)

Maxima [F] time = 0., size = 0, normalized size = 0.

belog (sinh (fx + e
—adx +1(x —2f dx+2f dx)bd+ucx+ g( (f ))
2 fx+e fx+ e f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*(at+tbxcoth(f*x+e)),x, algorithm="maxima"

[Out] 1/2%axd*x”2 + 1/2%(x"2 - 2*integrate(x/(e”(f*x + e) + 1), x) + 2*xintegrate(
x/(e~(f*x + e) - 1), x))*b*d + axc*x + b*cxlog(sinh(f*x + e))/f

Fricas [B] time = 2.119, size = 435, normalized size = 5.8

(a—b)df?x*> +2(a—-b)cfx + 2 bdLi, (cosh( x+e)+sinh( x+e))+2deiz (—cosh(fx+e)—sinh(fx+e))+2

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((d*x+c)*(at+b*coth(f*x+e)),x, algorithm="fricas")

[Out] 1/2*%((a - b)*d*f~2xx"2 + 2*(a - b)*c*f"2+x + 2*b*d*dilog(cosh(f*x + e) + si
nh(f*x + e)) + 2*bxd*dilog(-cosh(f*x + e) - sinh(f*x + e)) + 2*(b*dxf*x + b
xcxf)*log(cosh(f*x + e) + sinh(f*x + e) + 1) - 2%(b*d*e - bxc*f)*log(cosh(f

*x + e) + sinh(f*x + e) - 1) + 2% (b*d*xf*x + b*d*e)*log(-cosh(f*x + e) - sin
h(f*x + e) + 1))/£f72

Sympy [F] time = 0., size = 0, normalized size = 0.

f(a + bcoth (e + fx)) (c +dx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*(atbxcoth(f*x+e)),x)

[Out] Integral((a + b*coth(e + f*x))*(c + d*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.
f(dx + c)(b coth (fx + e) + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*(atbxcoth(f*x+e)),x, algorithm="giac")

[Out] integrate((d*x + c)*(b*xcoth(f*x + e) + a), x)
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f a+b coth(e+fx) dx

c+dx

3.40

Optimal. Leaf size=20

a + bcoth(e + fx) x)

Unintegrabl ,
nintegra e( "

[Out] Unintegrable[(a + b*Coth[e + fx*x])/(c + d*x), x]

Rubi [A] time = 0.0293813, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, — :
integrand size

*)

Rules used = {}

f a+ bcoth(e + fx) i
c+dx

Verification is Not applicable to the result.
[In] Int[(a + b*Cothle + f*x])/(c + d*x),x]

[Out] Defer[Int] [(a + b*Coth[e + f*xx])/(c + d*xx), x]

Rubi steps

fa+bcoth(e+fx) dx:fa+bcoth(e+fx) i
c+dx c+dx

Mathematica [A] time = 4.99383, size = 0, normalized size = 0.

f a+ bcoth(e + fx) i
c+dx

Verification is Not applicable to the result.

[In] Integrate[(a + b*Cothl[e + f*x])/(c + d*x),x]

[Out] Integrate[(a + b*Coth[e + fx*x])/(c + d*x), x]
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Maple [A] time = 0.14, size = 0, normalized size = 0.

dx

fa +bcoth(fx+e)

dx +c
Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*coth(f*x+e))/(d*x+c),x)

[Out] int((atb*coth(f*x+e))/(d*x+c),x)

Maxima [A] time = 0., size = 0, normalized size = 0.
1 alog (dx + c)

b[log(dx+c)_f L dx+f— dx |+
d dx + (dxe + cee)e(f U dx — (dxe® + ce@)e(f U d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e))/(d*x+c),x, algorithm="maxima"

[Out] b*(log(d*x + c)/d - integrate(1/(d*x + (d*x*e"e + cxe"e)*e” (f*x) + c), x) +
integrate(-1/(d*x - (d*x*e”e + cxe"e)*e”(f*x) + c), x)) + axlog(d*x + c)/d

Fricas [A] time = 0., size = 0, normalized size = 0.

bcoth(fx+e)+a ]
,X
dx +c

integral [

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*coth(f*x+e))/(d*x+c),x, algorithm="fricas")

[Out] integral((bxcoth(f*x + e) + a)/(d*x + c), x)
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Sympy [A] time = 0., size = 0, normalized size = 0.

dx

fa+bcoth(e+fx)

c+dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e))/(d*x+c),x)

[Out] Integral((a + b*coth(e + f*x))/(c + d*x), x)

Giac [A] time = 0., size = 0, normalized size = 0.

fbcoth(fx+e)+a

dx +c¢

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e))/(d*x+c),x, algorithm="giac")

[Out] integrate((bxcoth(f*x + e) + a)/(d*x + c), x)
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f a+b coth(e+fx) dx

(c+dx)?

3.41

Optimal. Leaf size=20

. a+bcoth(e + fx)
Unintegrable ( (€t dn)? , x)

[Out] Unintegrable[(a + b*Coth[e + fx*x])/(c + d*x)~2, x]

Rubi [A] time = 0.0288114, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, — — =0,
integrand size

Rules used = {}

a+ bcoth(e + fx)
f (c + dx)? ax

Verification is Not applicable to the result.
[In] Int[(a + b*Coth[e + f*x])/(c + d*x)~2,x]

[Out] Defer[Int] [(a + b*Cothl[e + fx*xx])/(c + d*x)"2, x]

Rubi steps

fa+bcoth(e+fx) dx:fa+bcoth(e+fx) i

(c + dx)? (c + dx)?

Mathematica [A] time = 20.337, size = 0, normalized size = 0.

f a+ bcoth(e + fx) i

(c + dx)?

Verification is Not applicable to the result.

[In] Integrate[(a + b*Coth[e + f*x])/(c + dx*x)~2,x]

[Out] Integrate[(a + b*Coth[e + fx*x])/(c + d*x)~2, x]
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Maple [A] time = 0.134, size = 0, normalized size = 0.

dx

fa +bcoth(fx+e)

(dx + c)2
Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+bxcoth(f*x+e))/(d*x+c) ~2,x)

[Out] int((a+b*coth(f*x+e))/(d*x+c)"2,x)

Maxima [A] time = 0., size = 0, normalized size = 0.
1 1

1
b+ f dx - f -
d*x + cd d2x2 + 2cdx + 2 + (dzxzee + 2 cdxet + czee)e( x) d2x2 + 2 cdx + 2 — (dzxzee + 2 cdxet + ¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e))/(d*x+c)~2,x, algorithm="maxima"

[Out] -bx(1/(d"2*x + c*d) + integrate(1/(d"2*x"2 + 2*cxd*x + c”2 + (d"2*x"2*e"e +
2*%ckd*x*e”e + c"2%xe"e)*e” (f*x)), x) - integrate(-1/(d"2%x"2 + 2%cxd*x + ¢~
2 - (d72%x"2%e"e + 2xcxdxx*e"e + c 2%e”e)*e”(f*x)), x)) - a/(d"2*x + c*d)

Fricas [A] time = 0., size = 0, normalized size = 0.

integral

bcoth(fx+e) +a
d2x2 + 2cdx +c2 '

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e))/(d*x+c)”~2,x, algorithm="fricas")

[Out] integral((b*coth(f*x + e) + a)/(d"2*x"2 + 2%c*d*x + c~2), x)
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Sympy [A] time = 0., size = 0, normalized size = 0.

dx

fa+bcoth(e+fx)

(c + dx)?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e))/(d*x+c)**2,x)

[Out] Integral((a + bxcoth(e + f*x))/(c + d*x)**2, x)

Giac [A] time = 0., size = 0, normalized size = 0.

dx

fbcoth(fx+e)+a

(dx + ¢)?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e))/(d*x+c)~2,x, algorithm="giac")

[Out] integrate((b*coth(f*x + e) + a)/(d*x + ¢c)”2, x)
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342  [(c+dx)*(a+bceoth(e + fx))*dx

Optimal. Leaf size=271

3abd?(c + dx)PolyLog (3,e%¢*/9)  3abd(c + dx)*PolyLog (2,€2¢*f9)  3abd®PolyLog (4,€%¢*f9)  3b2d2(c +
- + + +
f? f? 2f*

[Out] -((b™2%(c + d*x)"3)/f) + (a”2x(c + d*x)~4)/(4*d) - (axb*x(c + d*x)~4)/(2xd)
+ (b72%(c + d*x)~4)/(4*d) - (b™2*(c + d*x) 3*Cothle + f*x])/f + (3*xb7™2xdx*(c

+ d*x) "2*xLog[l - E7(2x(e + f*x))])/f72 + (2xa*xbx(c + d*x) 3xLog[l - E~(2x(

e + f*x))])/f + (3*b72%d"2x(c + d*x)*PolyLog[2, E~(2x(e + fx*x))])/f"3 + (3%
axbxd* (c + d*x) "2*PolyLog[2, E"(2x(e + f*x))])/f"2 - (3%b~2xd~3*PolyLogl[3,
ET(2x(e + £*xx))])/(2%f74) - (3xaxb*d™2*x(c + d*x)*PolyLogl[3, E~(2x(e + f*x))
1)/£73 + (3*%axbxd~3*PolyLogl4, E~(2x(e + fxx))])/(2%xf~4)

Rubi [A] time = 0.546393, antiderivative size = 271, normalized size of antiderivative =

1., number of steps used = 15, number of rules used = 9, integrand size = 20, number of rules _

integrand size
0.45, Rules used = {3722, 3716, 2190, 2531, 6609, 2282, 6589, 3720, 32}
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Antiderivative was successfully verified.

[In] Int[(c + d*x)~3*(a + b*Coth[e + f*x])~2,x]

[Out] -((b™2%(c + d*x)~3)/f) + (a"2x(c + d*x)~4)/(4*d) - (axb*x(c + d*x)~4)/(2xd)
+ (b™2%(c + d*x)74)/(4xd) - (b72x(c + d*x)~3*Cothle + f*xx])/f + (3*b~2xd*(c

+ dxx)"2xLogl[l - ET(2x(e + f*x))])/f72 + (2*xaxbx(c + d*x) " 3xLogl[l - E~(2x(

e + f*x))])/f + (3*b72%d"2x(c + d*x)*PolyLogl[2, E~(2%(e + fx*x))])/f73 + (3%
axbxd* (c + d*x) 2*xPolyLog[2, E"(2x(e + f*x))])/f"2 - (3%b”~2xd~3*PolyLogl[3,
E~(2x(e + fxx))])/(2%f74) - (3*axb*xd"2x(c + d*x)*PolyLog[3, E7(2x(e + f*x))
1)/£73 + (3*axb*d~3*PolyLogl[4, E~(2*(e + fx*x))])/(2*xf~4)

Rule 3722

Int[(Cc_.) + (d_.)*(x_))"(m_.)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]1)"(n_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxTan[e + f*x])~n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Rule 3716
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Int[((c_.) + (@_)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz 1)*(f_
D*(x_ )], x_Symbol]l :> -Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2
*I, Int[((c + d*x) " m*E~ (2% (-(I*e) + f*fz*x)))/(E~(2xIxk*Pi)*(1 + E~ (2% (-(I*
e) + fxfzix))/E~(2%Ixk*Pi))), x], x] /; FreeQl{c, d, e, f, fz}, x] && Integ
erQ[4*k] && IGtQ[m, O]

Rule 2190

Int [CCCF)~((g_)*(Ce_.) + (F_)* DN (@_)*((c_.) + (d_)*& D))" (m_.))/
(@) + (b_)*x((F)~((g_I)*x((e_.) + (£_)*(x))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*Log[1 + (b*(F~(gx(e + f*x)))"n)/al)/(bxfxg*n*Log[F]), x] - Di
st [(d*m) / (b*xf*g*n*Log[F]), Int[(c + d*x)"(m - 1)*Logl[l + (bx(F~(gx(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2531

Int[Logll + (e_)*((F_)~((c_)*((a_.) + (b_)*(x_D))ND"(_)I*x((f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + bx*x
)))"n)1)/(bxcxn*xLog[F]1), x] + Dist[(g*m)/(b*c*n*Logl[F]), Int[(f + g*x) " (m -
1)*PolyLog[2, -(ex(F~(cx(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, nt, x] & GtQ[m, 0]

Rule 6609

Int[((e_.) + (£_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F_)"((c_)*((a_.) + (b_.
Yx(x_))))"(p_.)], x_Symbol] :> Simp[((e + f*x) m¥PolylLog[n + 1, d*(F~(c*(a
+ b*x)))"pl)/(b*cxp*xLog[F]), x] - Dist[(f*m)/(b*c*p*Logl[F]l), Int[(e + f*x)~
(m - 1)*PolyLogln + 1, dx(F~(cx(a + bxx)))7pl, x1, x] /; FreeQ[{F, a, b, c,
d, e, f, n, p}, x] && GtQ[m, O]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiallu, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_)) (m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int [PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/C(d_.) + (e_.)*x(x_)), x_S
ymbol] :> Simp[PolyLogln + 1, c*(a + bxx)"pl/(e*xp), x] /; FreeQ[{a, b, ¢, d
, €, n, pt, x] & EqQ[b*d, axe]



Rule 3720
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Int[((c_.) + (d_D)*(x_))"(m_.)*x((b_.)*tan[(e_.) + (f_.)*(x_)]1)"(n_), x_Symb
0l] :> Simp[(b*(c + d*x) m*(b*Tan[e + f*x])"(n - 1))/(f*(n - 1)), x] + (-Di
st[(bxd*m)/(f*(n - 1)), Int[(c + d*x)"(m - 1)*(bxTanle + f*x])"(n - 1), x],
x] - Dist[b~2, Int[(c + d*x) m*(b*Tan[e + f*x])~(n - 2), x], x]) /; FreeQ[
{b, ¢, 4, e, f}, x] && GtQ[n, 1] && GtQ[m, O]

Rule 32

Int[((a_.) + (b_.)*(x_)) " (m_), x_Symbol]

Rubi steps

:> Simp[(a + b*xx)"(m + 1)/(b*x(m +
1)), x] /; FreeQ[{a, b, m}, x] && NeQ[m, -1]

f(c +dx)*(a + b coth(e + fx))?dx = f (az(c + dx)® + 2ab(c + dx)® coth(e + fx) + b?(c + dx)? cothz(e + fx)) dx

_ a?(c+dx)?
4

_a?(c+dx)? _ab(c+ dx)* ~ b2(c + dx)® coth(e + fx) ~

4d

2d

f

+ (2ab) f (c + dx)? coth(e + fx) dx + b2 f (c + dx)3 coth?(e + fx)d

2(e+fx) (
(4ab) f e (c + dx)

1- 62(e+ £x)

3 b?(c + dx)? N a’(c +dx)*  ab(c + dx)* N VX (c+dx)*  b2(c + dx)3 coth(e +

f

4d

2d

4d

f

P +dx)’ N a?(c + dx)*  ab(c + dx)* N b?(c +dx)*  b?(c + dx)® coth(e +

f

4d

2d

4d

f

_ Pc+dx)? s a?(c +dx)*  ab(c + dx)* . b (c +dx)*  b%(c +dx)® coth(e +

f

4d

2d

4d

f

P +dx)? s a?(c +dx)*  ab(c + dx)* s b (c+dx)*  b2(c + dx)3 coth(e +

f

4d

2d

4d

f

_ Pc+dx)? s a?(c +dx)*  ab(c + dx)* . b (c +dx)*  b%(c +dx)® coth(e +

f

Mathematica [B] time = 9.88911, size = 857, normalized size = 3.16

4d
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_ab(coth(e) = 1)(c + dx)* _ b?(coth(e) — 1)(c + dx)? _ bc?(3bd + 2acf)(fx — log(— cosh(e + fx) — sinh(e + fx) + 1))

2d f

Antiderivative was successfully verified.

f2
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[In] Integrate[(c + d*x)~3*(a + b*Cothl[e + fx*x])~2,x]

[Out] -((b~2x(c + d*x)~3*%(-1 + Cothle]))/f) - (axb*x(c + dxx)~4x(-1 + Cothl[e]))/(2
xd) - (b*c™2%(3*bxd + 2xaxcxf)*(fxx - Logl[l - Cosh[e + fxx] - Sinh[e + fxx]
1))/£72 + (6%b*ckxd*(b*d + axc*f)*x*Log[l + Cosh[e + f*x] - Sinh[e + fxx]])/
£72 + (3%bxd"2x(bxd + 2%axcxf)*x"2xLog[l + Cosh[e + fxx] - Sinh[e + fx*x]])/
£72 + (2%axb*d~3*x"3*Log[1 + Cosh[e + f*x] - Sinh[e + f*xx]])/f + (6xb*xckxd*(
bxd + axc*xf)*x*xLog[l - Cosh[e + f*x] + Sinh[e + f*x]])/f72 + (3*b*xd~2*(b*d
+ 2%axcxf)*x"2xLog[l - Coshl[e + fxx] + Sinh[e + f*x]])/f72 + (2xa*b*xd~3*x"3
*xLog[1 - Coshl[e + f*x] + Sinh[e + f*x]])/f - (b*c™2%(3xbxd + 2*axcxf)x*(f*x
- Logl[l + Cosh[e + fxx] + Sinh[e + fxx]]))/f72 - (6*bxc*d*(b*d + axc*f)*Pol
yLog[2, Cosh[e + fxx] - Sinh[e + fx*x]])/f73 - (6*%b*ckd*(b*d + a*c*xf)*PolyLo
gl[2, -Cosh[e + f*x] + Sinh[e + f*x]])/f73 - (6*%b*xd~2%(b*xd + 2xa*xc*f)* (fxx*P
olyLog[2, Cosh[e + f*x] - Sinh[e + fxx]] + PolyLogl[3, Cosh[e + f*x] - Sinh[
e + £xx]]1))/f74 - (6%bxd~2*(bxd + 2*axcxf)*(f*x*PolyLog[2, -Cosh[e + fx*x] +
Sinh[e + fxx]] + PolyLogl[3, -Cosh[e + f*x] + Sinh[e + f*x]]))/f"4 - (6*a*b
*d"3* (£f72+x"2*%PolyLog[2, Cosh[e + f*x] - Sinh[e + fx*x]] + 2x(f*x*PolyLogl[3,
Cosh[e + fxx] - Sinh[e + f*x]] + PolyLog[4, Cosh[e + f*x] - Sinh[e + f*x]]
)))/£74 - (6%a*bxd~3*%(f72xx"2xPolyLog[2, -Cosh[e + f*x] + Sinh[e + fxx]] +
2% (f*x*PolyLog[3, -Cosh[e + fxx] + Sinh[e + f*x]] + PolyLog[4, -Cosh[e + fx
x] + Sinh[e + f*x]])))/f"4 + (Cschle]*Cschle + f*xx]*(-((a”2 + b72)*f*x*(4*c
T3 + 6%cT2xdxx + 4kckdT2%x72 + d73xx73)*Cosh[f*x]) + (272 + b72)*fxx*(4xc”3
+ 6xcT2xd*x + 4xckxd”"2*x72 + d”3*x73)*Cosh[2*%e + f*x] + 2%b*x((4xbx(c + d*x)
73 + axfkxx(4*%cT3 + 6*cT2xdxx + 4kckdT2%x72 + d73xx73))*Sinh[fkxx] + axfxxx*(
4%c™3 + 6xCcT2%d*x + 4*xc*xd"2xx"2 + d73xx"3)*Sinh[2*e + fxx])))/(8*f)

Maple [B] time = 0.168, size = 1393, normalized size = 5.1

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) 3*(at+bxcoth(f*x+e))"2,x)

[Out] -3*b/f~4*a*xd~3xe~4+6%b~2/f 3*%d"3*%e~2xx-6*b~2/f*c*xd~2*x"2-6%b~2/f " 3*cxd " 2*e”
2-2%axbxckd"2%x"3-3*axbkcT2xd*x"2+4%b"2/f "4*d " 3%e"3-2%b"2/f*d"3*x"3-6%b/f "2
*xaxcT2%d*e"2+8%b/f " 3%axckd 2%e"3-4*b/f " 3kaxd " 3*e " 3*kx-12*%b"2/f "2*c*kd " 2%exx+4
*xb/f"4*a*d"3*e”"3*1n (exp (f*x+e) ) +12¥b~2/f " 3*c*kd " 2*ex1n (exp (fxx+e) ) -2/fxb~2%(
d73%x73+3*cxd"2*%x " 2+3%CcT2*kd*x+c”3) / (exp (2% fxx+2%e) —1) +a” 2% c*xd"2xx"3+b " 2*c*d
~2xx73+6%b"2/f"3*%d"3*polylog (2, exp (f*x+e) ) *x+3*xb~2/f"2xd"3*1n (exp (f*x+e)+1)
*x"2+6%b"2/f"3*%d"3*polylog(2,-exp (f*x+e) ) *x+3%b~2/f"4*d"3*%e"2*1n (exp (f*x+e)
-1)+12%b/f"4*a*xd"3*polylog(4,-exp (f*xx+e))+3*b"2/f " 2+c”2*xd*1n (exp (f*x+e)-1)+
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3xb~2/f72%c”2*d*1n(exp (f*x+e) +1)+2xb/f*xaxc”™3x1n(exp (f*x+e) —1) +2xb/f*xa*xc”3*1
n(exp(f*x+e)+1)+12xb/f~4*a*xd"3*polylog(4,exp (f*x+e))+6%xb~2/f " 3*%c*xd~2*polylo
g(2,exp(f*xx+e))+6%b~2/f " 3xc*d~2xpolylog(2,-exp(f*x+e))+3*b~2/f72xd"3*1n(1-e
xp(f*x+e) ) *x72-3*%b"2/f"4*d"3*1n (1-exp (f*x+e) ) ke 2+12%b/f ~2%a*xc”2xd*e*x1ln (exp
(fxx+e))-12%b/f~3*axc*d~2*%e"2x1n(exp (f*x+e))+1/4%a”~2%d"3*xx"4+1/4*%b~2%d "~ 3*x"
4+c”3%a"2kx+b T2k 3kx—-12%b/f*xaxcT2xd*exx+12%b/f T 2%akxckd " 2%e " 2%x~1/2%a*xb*d "3
*X"4+3/2%a"2%CcT2%d*x " 2+3/2%b 2% T 2%d*xx " 2+2%axbxc " 3xx-6*%b~2/f "4*d " 3*polylog(
3,exp(f*x+e))-6*%b~2/f"4*d"3*polylog(3,-exp(f*x+e))+6*xb~2/f 2xc*d~2*1n (exp (f
xx+e)+1) *x-2%b/f~4*axd"3*e”3*1n(exp (f*x+e)-1)+6%b/f " 2%a*xc”~2xd*polylog(2,-ex
p(fxx+e))+6%b/f~2*a*xc”2xd*polylog(2,exp (f*x+e))+2*b/f*xa*xd~3*1n(1-exp (f*x+e)
) *x73+2%b/f"4*xa*xd"3*x1n(1-exp (f*xx+e) ) *e”3+6%b/f " 2*a*xd~3*polylog (2, exp (f*x+e)
) *x72-12%b/f"3*%axd"~3*polylog(3,exp (f*x+e) ) *x+2*xb/f*a*xd~3*1ln(exp (f*x+e)+1) *x
~3+6%b/f"2xa*d"3*polylog(2, —exp(f*x+e))*x"2-12xb/f"3*a*cxd~2*xpolylog(3,exp(
fxx+e))-12xb/f~3*a*xc*xd"2xpolylog(3, -exp (f*x+e))-12xb/f~3*a*d~3*polylog(3,-e
xp (f*x+e) ) *x-6%b~2/f"3*kc*xd"2*e*1n (exp (f*x+e) -1)+6*%b~2/f " 2xc*d"2*1n(1-exp (f*
x+e) ) *x+6%b~2/f " 3*c*kd"2x1n(1-exp (f*x+e) ) xe-6*b/f " 2xaxc”2*d*ex1n (exp (f*x+e) -
1)+6xb/f72x1n(1-exp (f*x+e)) *axc”™2xd*e+6xb/f " 3*a*xcxd™2%e”2*1ln(exp (f*x+e)-1)+
6*xb/f*xaxc*d™2x1n(1-exp (f*xx+e))*x"2-6%b/f " 3*a*xcxd"2x1n(1-exp (f*x+e) ) *e 2+12x
b/f~2xa*xcxd~2*polylog(2,exp (f*xx+e) ) *x+6%b/f*axc*xd™2x1n (exp (f*x+e)+1)*x~2+12
xb/f"2%a*xcxd~2*polylog (2, -exp (f*x+e) ) *x+6%b/f*1n (exp (f*x+e)+1) *a*xc™2*xd*x+6%
b/f*1n(1-exp (f*xx+e))*a*xc™2xd*xx-6%xb~2/f " 2xc~2*d*1n (exp (f*x+e) ) —4*xb/f*a*xc”3*1
n(exp(f*x+e))-6*xb~2/f~4xd"3*xe”2*1n(exp (f*x+e))

Maxima [B] time = 1.49089, size = 1054, normalized size = 3.89

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 3% (atb*coth(f*x+e))~2,x, algorithm="maxima")

[Out] 1/4*a”2*d"3*x"4 + a~2%c*d"2*x"3 + 3/2*%a"2*xc”2xd*x"2 + a~2%c"3*x - 6*b"2%c”2
*xd*x/f + 2%axb*c”3*log(sinh(f*x + e))/f + 3*%b"2%c"2xd*log(e” (f*x + e) + 1)/
£72 + 3xb72xc"2*xdxlog(e” (f*x + e) - 1)/f72 + 2% (£ 3*x"3*log(e”(f*x + e) + 1
) + 3*xf72xx"2*xdilog(-e~ (f*x + e)) - 6*f*xx*polylog(3, -e~(f*x + e)) + 6*poly
log(4, -e~(f*x + e)))*axb*d~3/f74 + 2x(£73*x"3xlog(-e~(f*xx + e) + 1) + 3xf~
2xx"2*dilog(e~(f*x + e)) - 6*f*xx*polylog(3, e~ (f*x + e)) + 6*xpolylog(4, e (
fxx + e)))*axbxd~3/f74 - 1/4%(8%b"2%c”3 + (2*axbxd~3*f + b~ 2+xd"3*f)*x"4 + 4
*(c73*f + 6*xc”2*d)*bT2xx + 4x(2%axbkxc*d”2*f + (ckd"2xf + 2xd"3)*b"2)*x"3 +
6% (2%a*xb*xc”™2xd*f + (c72xd*xf + 4*c*d"2)*b"2)*x"2 - (4*xb"2xc " 3xfxx*e” (2%e) +
(2*xa*xb*d"3*xf*e” (2*%e) + b™2xd"3xfxe” (2%e))*x"4 + 4*x(2*xaxbxcxd™2xf*xe” (2%e) +
b7 2xcxd"2xfxe” (2%e) ) *x"3 + 6% (2*kaxbxc 2xdxfxe” (2%e) + bT2xcT2xd*xfxe” (2xe) ) *
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x"2)*xe” (2xfxx) )/ (fxe” (2%f*xx + 2xe) - f) + 6k (a*xbxc™2kd*xf + b~ 2%cxd™2)* (f*xx*
log(e™(f*xx + e) + 1) + dilog(-e~(f*xx + e)))/f73 + 6x(axbxc™2*d*f + b~ 2*c*d”
2) % (f*xxxlog(-e~(f*x + e) + 1) + dilog(e~(f*x + e)))/f73 + 3x(2xa*xbxc*xd”~2xf
+ b72xd"3) x (£72*x"2*log(e” (f*x + e) + 1) + 2xfxx*dilog(-e~(f*xx + e)) - 2%*po
lylog(3, -e~(f*x + €)))/f74 + 3*x(2%axb*xcxd™2xf + b™2xd"3)*(£~2*xx"2x1log(-e™(
fxx + e) + 1) + 2xf*x*kdilog(e”(f*x + e)) - 2%polylog(3, e~ (f*x + e)))/f74 -

(axb*d~3*f~4*x"4 + 2% (2xaxbxcxd™2xf + b~2xd"3)*f"3*x73 + 6% (axbxc™2xd*f~2
+ b7 2kxcxd"2xf) xf"2%xx"2) /74

Fricas [C] time = 2.83648, size = 7128, normalized size = 26.3

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) ~3*(atb*coth(f*x+e))~2,x, algorithm="fricas")

[Out] -1/4*x((a"2 - 2*xaxb + b72)*d"3*f"4*x"4 + 4*(a~2 - 2%a*xb + b~2)*c*xd™2*xf~4*x"3
+ 6*%(a”2 - 2*%axb + b72)*xcT2*d*f"4*x"2 + 4dxaxbxd"3*xe"4 + 4x(a”2 - 2*a*xb + b
T2)*%cT3*fT4kx - 8*bT2xd"3%e”3 - 8+ (2*axb*c”3*e — bT2xc"3)*f"3 + 24*(a*xb*c”2
*d*¥e”2 - bT2xc T 2xd*e)*f"2 - ((a”2 - 2*a*b + b72)*d"3*f"4*x"4 + 4xaxb*d"3*e”
4 - 16*axb*c”3%exf"3 - 8*xb"2xd"3*e”3 - 4*x(2*%b"2%d"3*f"3 - (a”2 - 2*axb + b~
2)kcxd"2*xf74)*x"3 + 24*(axb*c”2xd*e”2 - bT2xcT2*d*e)*f72 - 6% (4*xb " 2xckd"2*f
"3 - (a"2 - 2*axb + bT2)*cT2xd*f74)*x"2 - 8*(2*axbkxcxd"2xe"3 - 3*b 2*c*d”2*
e”2)*xf - 4*x(6*b7"2xc"2xd*f~3 - (a”2 - 2*a*xb + b72)*c"3*f"4)*x)*cosh(f*x + e)
"2 - 2%((a”2 - 2*%axb + b"2)*d"3*%f"4*x"4 + 4*axbxd"3*e"4 - 16xaxb*xc”3*xe*xf"3
- 8%b"2%d"3*e”3 - 4*x(2*xb"2x%d"3*%f"3 - (a2 - 2*a*b + b"2)*xcxd"2*%f"4)*x"3 + 2
4x (axbxc™2*%d*e”2 - bT2xc”2*xd*e) *f"2 - 6% (4xb"2*xcxd"2*f"3 - (a”2 - 2*axb + b
T2)*CcT2*xA*fT4) *xx7T2 - 8% (2xaxb*xc*xd"2%e”3 - 3*bT2xckd"2xe"2)*xf - 4% (6%b"2%c”2
*d*xf~3 - (272 - 2*%axb + b~2)*c"3*xf"4)*x)*cosh(f*x + e)*sinh(f*x + e) - ((a~
2 - 2xaxb + b72)*xd"3*xf"4*xx"4 + 4xaxbxd"3*xe”4 - 16*xaxb*c”3xexf"3 - 8xb"2xd"3
*e73 - 4*%(2xb72xd"3*f"3 - (a”2 - 2%axb + b72)*kckd"2xf"4)*x"3 + 24 (axb*c”2x*
d*e”2 - bT2%c”2*xdxe) *f"2 - 6% (4*b"2xcxd"2*xf"3 - (2”2 - 2*axb + b72)*cT2*dx*f
T4)*xx"2 - 8*%(2kxaxbxckxd"2xe"3 - 3%b72%c*d"2*e”2)*f - 4x(6xb"2xcT2x%d*f"3 - (a
"2 - 2%axb + bT2)*cT3*xf"4)xx)*sinh(f*x + e) 72 - 8% (2xaxbxcxd"2%e”3 - 3*b” 2%
cxd"2%e"2) xf + 24* (axbxd"3*f"2*xx"2 + axb*c”2+xd*f"2 + bT2*xcxd"2xf - (axb*d”3
*f72%x72 4+ axbkxcT2xd*f72 + bT2xckd"2+f + (2*kaxbkckd"2xf72 + bT2+%d73*f) *x) *C
osh(f*x + e)72 - 2x(axbxd~3*xf~2%x"2 + a*xb*c™2xd*f~2 + b~ 2xcxd~2+xf + (2*ax*bx
cxd"2*xf72 + b72%d"3*f)*x)*cosh(f*x + e)*sinh(f*x + e) - (axbxd™3*f~2*x"2 +
axb*xc”2*xd*f72 + bT2xckxd"2xf + (2%axb*ckd"2*f72 + bT2xd"3*f)*x)*sinh(f*x + e
)72 + (2%axbxc*kd"2%f72 + b72%d"3xf)*x)*dilog(cosh(f*x + e) + sinh(f*x + e))
+ 24x (axbxd " 3*f"2%x"2 + axbkxc 2*xd*f"2 + b"2xckd"2xf - (axb*d"3*xf"2*xx"2 + a
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*bxcT2%d*f72 + bT2xc*xd"2xf + (2xaxbxckxd"2*f72 + bT2%d"3*f)*x) *cosh(f*x + e)
"2 = 2% (axb*d"3*f72*x"2 + axbkc T2+xd*f"2 + bT2%cxd"2xf + (2xaxbkxckxd"2+xf"2 +
b~2xd"3*f ) *x)*cosh(f*x + e)*sinh(f*x + e) - (a*xb*d"3*f7"2*x"2 + axbxc™2xd*xf~
2 + b 2*ckd"2*xf + (2*axbxcxd"2+xf72 + bT2xd73*f)*x)*sinh(f*x + e)”2 + (2*axb
xcxd"2*%f72 + bT2*d"3*f)*x)*dilog(-cosh(f*x + e) - sinh(f*x + e)) + 4x(2xaxb
*d"3*%f"3*%x"3 + 2*axbkxc”3*xf"3 + 3*kb"2*xcT2*xd*f"2 + 3k (2kxaxbxcxd"2*xf"3 + b"2xd
T3*fT2)*x72 - (2*%axbxd"3*xf3%x73 + 2%axb*c”3*f73 + 3xbT2xcT2xd*xf72 + 3% (2*a
*b*xckd"2*%f73 + bT2xd"3*f"2)*x72 + 6% (axb*c”2xd*f"3 + bT2xcxd"2xf72) *x) *cosh
(f*x + e)72 - 2% (2*axbxd"3*f"3*x"3 + 2%axb*xc ™ 3*f"3 + 3*b™2xc"2xd*f~2 + 3% (2
*axb*ckd"2*%f73 + bT2xd"3*xf"2)*x72 + 6% (axbkcT2xd*f"3 + bT2xc*xd"2+f72) *x) *co
sh(f*x + e)*sinh(f*x + e) - (2*axb*d"3*xf"3*x"3 + 2*axb*c”3*xf~3 + 3*b~2xc~ 2%
d*f~2 + 3% (2xaxbxcxd"2*%f73 + bT2*d"3*f72)*x"2 + 6x(axb*c”2*xd*f”3 + b7 2*c*xd”
2xf72) *x) *sinh (f*x + )72 + 6% (axb*c™2*d*f~3 + b~2xc*xd"2xf~2)*x)*log(cosh(f
*x + e) + sinh(f*x + e) + 1) - 4% (2*a*xb*d"3*e”3 - 2*axbxc~3*%f~3 - 3*b"2*d"3
*e72 + 3k (2kaxbkc"2xd*xe — bT2%cT2+d)*f72 - (2*axb*xd"3*e”3 - 2%axb*c”3*f"3 -
3*%b"2*d"3*e”2 + 3*x(2xaxbxc”2*d*e - bT2*xc”"2xd)*f"2 - 6x(axb*c*d"2*%e”2 - b”2
*c*xd"2%e) *f)*cosh(f*x + e)72 - 2% (2*a*b*d”~3*e”3 - 2*xaxbxc ™ 3%f~3 - 3*b~2*d"3
*e72 + 3*(2kaxbxcT2xd*e - bT2%cT2*d)*f72 - 6k (axbkxckxd"2*xe"2 - bT2*c*xd"2%e) *
f)*cosh(f*x + e)*sinh(f*x + e) - (2*axbxd"3*e”3 - 2%a*xb*c”3*f~3 - 3*b~2xd"3
*e72 + 3k (2kaxbkxcT2xd*e — bT2%cT2+d)*f72 - 6k (axbkxckd"2*xe”2 - bT2*c*kd"2*e) *
f)*sinh(f*x + e)72 - 6x(axbxc*d™2*%e”2 - b~2*ckd"2xe)*f)*log(cosh(f*x + e) +
sinh(f*x + e) - 1) + 4x(2*xaxbxd~3*%f~3*x"3 + 2*axb*d~3*e”3 + 6Gxaxb*c”2*d*e*
£72 - 3*b72xd"3*e"2 + 3% (2*axb*ckd"2*f”"3 + bT2xd"3*xf72)*x"2 - (2kaxbxd"3*xf”
3*x"3 + 2*axb*d"3%e”3 + 6xaxbkxc T 2kdxexf"2 — 3*xbT2xd"3*ke”2 + 3k (2kxaxbkxckxd 2%
£f73 + b72xd"3*f"2)*x"2 - 6% (axb*ckd"2*%e”2 — bT2xcxd"2xe)*f + 6% (axbkcT2xdxf
"3 + b 2%ckd"2xf72) *x) *cosh(f*x + e) 72 - 2% (2*%axbxd"3*xf " 3%x"3 + 2*axb*d " 3*e
"3 + 6*axbkcT2xd*exf"2 — 3*xb72%d"3*e”2 + 3k (2*kaxbkxckd"2*xf"3 + bT2*%d"3*f"2) *
X"2 - 6x(axbxcxd"2%e”2 - bT2*xckd"2*xe)*f + 6x(axb*c”2+xd*f"3 + bT2*xckd"2xf"2)
*x)*cosh(f*x + e)*sinh(f*x + e) - (2*axb*d"3*f " 3*x"3 + 2*axbxd~3*e”3 + 6G*ax
bxc 2xd*xexf~2 - 3*%b72%d"3*%e”2 + 3k (2xaxbxcxd"2*%f73 + bT2xdA"3*FT2)*x"2 — 6% (
axb*xc*d”"2*%e”2 - bT2*xckxd"2xe)*f + 6% (axb*cT2xd*f"3 + bT2xckd"2xf"2) *x)*sinh(
fxx + )72 - 6x(axb*cxd™2%e”2 - b~ 2xcxd"2*e)*f + 6% (axbxc 2*xd*f~3 + bT2*c*d
~2%f72)*x)*log(-cosh(f*x + e) - sinh(f*x + e) + 1) - 48*(a*b*xd"3*cosh(f*x +
e)”2 + 2*xaxb*d"3*cosh(f*x + e)*sinh(f*x + e) + axbxd"3*sinh(f*x + e)”2 - a
*xb*d~3)*polylog(4, cosh(f*x + e) + sinh(f*x + e)) - 48%(axb*d~3*cosh(f*x +
e)”2 + 2%axbxd"3*xcosh(f*x + e)*sinh(f*x + e) + a*b*xd~3*sinh(f*x + e)”2 - ax
b*d~3)*polylog(4, -cosh(f*x + e) - sinh(f*x + e)) - 24x(2xa*xbxd~3*xfxx + 2%a
*b*c*d"2*f + b72xd"3 - (2xaxb*d"3*xf*x + 2kaxbkcxd"2xf + b72%d"3) *cosh(f*x +
e) "2 - 2% (2*xaxbxd"3xfxx + 2¥axb*c*kd"2*f + b~2*xd"3)*cosh(f*x + e)*sinh(f*x
+ e) - (2%axbxd~3xf*x + 2%kaxb*xcxd~2*f + b72xd"3)*sinh(f*x + e)~2)*polylog(3
, cosh(fxx + e) + sinh(f*x + e)) - 24*x(2*xaxbxd"3*f*xx + 2*axbxcxd™2xf + b~ 2%
d"3 - (2*axbxd"3xfxx + 2*axb*xc*d"2*f + b"2*xd"3)*cosh(f*x + e)72 - 2*x(2*a*xbx*
d"3*f*x + 2xaxbxcxd"2*%f + b"2*d"3)*cosh(f*x + e)xsinh(f*x + e) - (2*axbxd~3
xf*xx + 2%axbkxckxd"2*f + b72xd”"3)*sinh(f*x + e) 2)*polylog(3, -cosh(f*x + e)
- sinh(f*x + e)))/(f 4*xcosh(f*x + e)”2 + 2xf~4xcosh(f*x + e)*sinh(f*x + e)
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+ f74xsinh(f*x + )72 - £74)

Sympy [F] time = 0., size = 0, normalized size = 0.

f(a + bcoth (e + fx))z (c+ clx)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**3*(atbxcoth(f*x+e))**2,x)

[Out] Integral((a + bxcoth(e + f*x))**2x(c + d*x)**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.
2
f(dx + c)3(b coth (fx + e) + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) " 3*(atb*coth(f*x+e))~2,x, algorithm="giac")

[Out] integrate((d*x + c)~3*(bxcoth(f*x + e) + a)~2, x)
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343  [(c+dx)*(a+bcoth(e + fx))*dx

Optimal. Leaf size=209

2abd(c + dx)PolyLog (2, eetf ")) abd?PolyLog (3, ee+f ")) b?d*PolyLog (2, eetf x)) a(c + dx)®  2ab(c+d
I ) 7 i 7 A

[Out] -((b™2x(c + d*x)~"2)/f) + (a~2x(c + d*x)~3)/(3*d) - (2*xa*xb*(c + dxx)~3)/(3*d
) + (b72%(c + d*x)~3)/(3xd) - (b"2x(c + dxx)~2xCoth[e + f*x])/f + (2%b~2*dx*

(c + d*x)*Log[l - E~(2x(e + £xx))])/f72 + (2*a*xb*x(c + d*x) 2*Log[l - E~(2%(

e + f*x))])/f + (b™2xd"2*PolyLog[2, E"(2x(e + f*x))])/f~3 + (2%a*bxd*(c + d
xx)*PolyLog[2, ET(2x(e + fxx))])/f"2 - (a*b*xd~2*PolyLog[3, E~(2x(e + f*x))]

)/£73

Rubi [A] time = 0.404291, antiderivative size = 209, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 13, number of rules used = 10, integrand size = 20, e o e

= 0.5, Rules used = {3722, 3716, 2190, 2531, 2282, 6589, 3720, 2279, 2391, 32}

integrand size

2abd(c + dx)PolyLog (2,e%¢*/9)  abd?PolyLog (3,e2¢*/9)  b?d?PolyLog (2,e2*/)  z2(c + dx)> 2ab(c +d
72 i IE ’ IE T

Antiderivative was successfully verified.

[In] Int[(c + d*xx)~2%(a + b*Coth[e + fx*x])~2,x]

[Out] -((b"2x(c + d*x)~2)/f) + (a”2%(c + d*x)"3)/(3*d) - (2*axbx(c + d*x)~3)/(3*d
) + (b72%(c + d*x)"3)/(3*d) - (b™2x(c + d*x)~2*Cothl[e + fx*xx])/f + (2*xb~2xd*

(c + d*x)*Log[l - E~(2x(e + fxx))])/f72 + (2*axb*x(c + d*x) "2*xLog[l - E~(2%(

e + £xx))])/f + (b™2*d"2xPolyLog[2, E~(2*x(e + f*x))])/f~3 + (2*axbxdx(c + d
*xx)*PolyLog[2, E~(2x(e + f*x))])/f72 - (a*xb*d"2*PolyLogl[3, E~(2%(e + f*x))]

)/£73

Rule 3722

Int[((c_.) + (@_)*x))"(m_.)*x((a_) + (b_.)*tanl(e_.) + (£_)x(x_)1)"(n_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Tan[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Rule 3716

Int[((c_.) + (@_)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz ]1)*(f_
D*(x_ )], x_Symbol]l :> -Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2
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*I, Int[((c + d*x) m*E~(2*x(-(I*e) + fxfz*xx)))/(E~(2xIxk*Pi)*x(1 + E~(2%(-(Ix
e) + fxfzxx))/E~(2xI*k*Pi))), x], x] /; FreeQ[{c, d, e, f, fz}, x] && Integ
erQ[4xk] && IGtQ[m, O]

Rule 2190

Int [CCCF_)~((g_D*((e_.) + (£_)*(x))))"(n_)*((c_.) + (d_)*x_))"(m_.))/
((a_) + (b_)*x((F_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*f*g*n*Log[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))7°n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] && IGtQ[m, O]

Rule 2531

Int[Log[l + (e_.)*x((F_)~((c_.)*((a_.) + (b_)*(x_))))"(m_)I*x((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + bx*x
)))"n)1)/(bxcxn*Log[F]1), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x) " (m -
1)*PolyLog[2, -(ex(F~(c*(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, nY, x] && GtQ[m, 0]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiallu, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)Iv_]l /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)"pl/(exp), x] /; FreeQ[{a, b, c, d
, €, n, pt, x] && EqQ[b*d, axe]

Rule 3720

Int[((c_.) + (@_D)*x_))"(m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)]1)"(n_), x_Symb
0ol] :> Simp[(b*(c + d*x) “mx(b*Tan[e + f*x])"(n - 1))/(f*(n - 1)), x] + (-Di
st[(bxd*m)/(fx(n - 1)), Int[(c + d*x)"(m - 1)*(bxTan[e + f*x])"(n - 1), x],
x] - Dist[b”2, Int[(c + d*x) “m*(bxTanl[e + f*x])"(n - 2), x], x]) /; FreeQl
{b, ¢, 4, e, £}, x] && GtQ[n, 1] && GtQ[m, O]

Rule 2279
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Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcx*d, 1]

Rule 32

Int[((a_.) + (b_.)*(x_))"(m_), x_Symbol]

Rubi steps

:> Simp[(a + b*x)"(m + 1)/(b*x(m +
1)), x] /; FreeQ[{a, b, m}, x] && NeQ[m, -1]

f(c +dx)?(a + b coth(e + fx))? dx = f (az(c + dx)? + 2ab(c + dx)? coth(e + £x) + b(c + dx)? coth?(e + fx)) dx

a?(c + dx)3

- TCTRT | oap) f (c + dx) coth(e + fx)dx + b2 f (c + dx)? coth(e + fx)d

3d

a*(c+dx)°>  2ab(c+dx)®  b*(c +dx)* coth(e + fx)

3d

3d

f

e2e+fN)(c + dx
(4Elb)f 1- eZ(e+fx)

_ Pc+dx)? s a?(c +dx)®  2ab(c + dx)® .\ b2(c +dx)®  b?(c + dx)? coth(e 4

f

3d

3d

3d

f

B _bz(c + dx)? s a?(c + dx)? _ 2ab(c + dx)3 .\ b?(c + dx)? ~ b?(c + dx)? coth(e 4

f

3d

3d

3d

f

_ Pc+dx)? s a?(c +dx)®  2ab(c + dx)® .\ b2(c +dx)®  b?(c + dx)? coth(e 4

f

3d

3d

3d

f

B _bz(c + dx)? s a?(c + dx)3 _ 2ab(c + dx)3 . b?(c + dx)? ~ b?(c + dx)? coth(e 4

f

3d

3d

Mathematica [B] time = 10.2125, size = 478, normalized size = 2.29

3d

f

2b 3dPolyLog (2, —e¢f x) (2acf + bd) 3dPolyLog (2, e f ") (acf + bd)  6ad? ( fxPolyLog (2, —e ¢ f ") +Po

3 13

Antiderivative was successfully verified.

f3

f3
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[In] Integrate[(c + d*x)~2*(a + b*Cothl[e + fx*x])~2,x]

[Out] (2xb*x((-6*cx(bxd + a*xcxf)*x)/((-1 + E7(2%e))*f) - (3*kdx(bxd + 2%axcx*f)*x"2)
/((-1 + E7(2%e))*f) - (2%axd™2*x73)/(-1 + E~(2xe)) + (3*d*x(b*d + 2*xa*xc*f)*x
*xLog[l - E7(-e - £*x)])/£f72 + (3*axd~2*x"2*xLog[l - E~(-e - f*x)])/f + (3*dx
(b*xd + 2%axcx*f)*x*xLogl[l + E7(-e - f*x)])/f72 + (3*a*d™2*x"2xLogl[l + E"(-e -
fxx)])/f - (3*kcx(bxd + axc*f)*(f*x - Log[l - E~(e + f*x)]))/f 2 - (3*cx(b*
d + axcxf)*(f*x - Logl[l + E"(e + £*xx)]1))/f72 - (3*d*(b*d + 2*axc*f)*PolyLog
[2, -E"(-e - £xx)])/£73 - (3*dx(bxd + 2%axcxf)*PolylLogl[2, E~(-e - f*x)])/f~
3 - (6*xaxd~2*(f*xx*PolyLog[2, -E~(-e - f*x)] + PolyLogl[3, -E~(-e - f*x)]))/f
73 - (6xaxd”2x(f*x*PolyLog[2, E"(-e - f*x)] + PolyLogl[3, E"(-e - fxx)]))/f~
3))/3 + (x*x(3%c”2 + 3*xckd*x + d72%x72)*Cschle]*(2*axb*Cosh[e] + a~2*Sinh[e]
+ b~"2xSinh[e]))/3 + (Cschl[e]l*Csch[e + f*x]*(b~2%c™2xSinh[f*x] + 2xb~2*cx*d*
x*Sinh [fxx] + b72%d"2xx"2*Sinh [f*x]))/f

Maple [B] time = 0.088, size = 793, normalized size = 3.8

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) 2% (at+b*coth(f*x+e))"2,x)

[Out] 1/3%a~2*d"2*xx"3+1/3%b"2*%d"2*x~3+C™2%a” 2*x+C 2%b~2%x-2*b~2/f*d~2*x~2-2%b~2/f
~3%d"2%e”2+2xb"2/f"3*d"2*polylog(2,exp (f*x+e) ) +2*¥b~2/f"3*d"2*polylog(2,-exp
(f*xx+e))+4xb/f~2x1n(1-exp (f*x+e) ) *axckd*e+d*b/f*x1n(1-exp (f*x+e)) *axcrdxx+4*
b/f*1n(exp (f*x+e)+1) *a*xckxd*x—4*b/f " 2*axckd*ex1ln (exp (f*xx+e)-1)+8xb/f " 2xa*xcxd
xex1n (exp (f*x+e))-8xb/f*a*xckxd*e*xx+8/3*%b/f~3xa*xd™2xe”~3-4*b~2/f " 2xd"2*%exx-4*b
/f*xaxc”2*x1n(exp (f*x+e))-4*b~2/f " 2xc*d*1ln(exp (f*x+e) ) +4*b~2/f"3*d"2*e*1n (exp
(fxx+e))-2/3*axb*xd”~2*%x"~3+2*a*xb*xc”™2xx-2*a*bkckxd*xx~2+a”~2kxcxd*x"2+b"2xcxd*x "2+
4xb/f~2*axcxd*polylog(2,exp (f*xx+e))+4*b/f " 2*a*xckxd*polylog(2,-exp (f*x+e))-2%
b/f73*%axd"2*e"2*x1n(1-exp (f*x+e))+2xb/fxa*xd"2x1n(1-exp (f*x+e) ) *x~2+4xb/f"2xa
*xd~2*xpolylog(2,exp (f*x+e))*x+2*xb/f*axd~2x1n(exp (f*x+e)+1) *x~2+2%b/f " 3*a*xd”2
xe”2x1n (exp (fxx+e) -1) +4xb/f~2%a*xd"2*polylog(2,-exp (f*x+e) ) *x—4*b/f " 2*a*xc*dx*
e 2+4xb/f"2*%axd"2xe " 2*x-4*b/f "3*axd"2*e~2*1n (exp (f*x+e) ) -2/f*b~2* (d"2*x"2+2
xcxdxx+c”2) / (exp (2% fxx+2%e) 1) +2%b~2/f " 2xc*d*1n (exp (fxx+e) -1) +2xb~2/f "2*c*d
*x1n (exp (f*x+e)+1)-4*b/f~3*a*xd~2*polylog(3,exp (f*x+e))-4*b/f 3*axd~2*polylog
(3,-exp(f*x+e) ) +2*xb/f*xaxc”2x1ln(exp (f*x+e) -1)+2xb/f*xaxc™2x1n(exp (f*x+e)+1)-2
*xb~2/£73*%d"2%ex1n(exp (f*x+e) -1) +2xb~2/£"2*%d"2*1n (1-exp (f*x+e) ) *x+2xb~2/f "3
d"2*1n(1l-exp(f*x+e))*e+2xb~2/f " 2*d"2*1n (exp (f*x+e)+1) *x
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Maxima [B] time = 1.43785, size = 667, normalized size = 3.19

42cdx  2abc®log (sinh (fx + e)) 2b%cdlog (e( x+e) 1) 2b2cd log (e(fx+€) _ 1)

1
— a?2d2x3 + a%cdx® + ac?x - + + +

f f f? f?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 2*x(atb*coth(f*x+e))~2,x, algorithm="maxima")

[Out] 1/3%a”2%d"2%x"3 + a”2xc*d*x~2 + a~2%c™2*x - 4*xb~2*cxd*x/f + 2*xaxbkxc”2*log(s
inh(f*x + e))/f + 2xb~2*xcxd*log(e”™ (f*x + e) + 1)/f72 + 2*xb~2*c*xd*log(e” (f*x
+e) - 1)/f72 + 2x(£72*%x"2*log(e” (f*x + e) + 1) + 2xfxx*kdilog(-e”~ (f*x + e)
) - 2*xpolylog(3, -e~(f*xx + e)))*axb*d™2/f73 + 2% (£ 2*x"2xlog(-e~(f*x + e) +
1) + 2xfxx*dilog(e”(f*x + e)) - 2*polylog(3, e~ (f*x + e)))*axb*d”2/f"3 - 1
/3% (6%b72%c™2 + 3x(c72xf + 4xc*d)*b"2*x + (2*xaxbxd"2*xf + b72*%d"2*f)*x"3 + 3
* (2xaxbkckdxf + (cxd*xf + 2xd"2)*b"2)*x"2 - (3*b"2xc 2xf*xx*xe” (2%e) + (2*a*b*
d"2xf*xe” (2xe) + b7 2*xd"2xfxe” (2xe) ) *x~3 + 3*x(2*axbxckxd*xf*xe” (2*e) + b~ 2xckdx*f
xe” (2%e) ) *x"2) ke~ (2xf*xx) )/ (fxe” (2%f*x + 2%e) - f) + 2x(2xaxbxcxd*f + b~2*d~
2) % (f*xxxlog(e”(f*x + e) + 1) + dilog(-e~(f*x + e)))/f73 + 2x(2%axbxc*d*f +
b~2*%d"2) x (fxx*log(-e~ (f*x + e) + 1) + dilog(e™(f*xx + e)))/f"3 - 2/3x(2*a*bx
d"2*xf73*%x"3 + 3x(2xaxbkxckd*f + bT2xd"2) *f"2xx"2) /f~3

Fricas [C] time = 2.66538, size = 4251, normalized size = 20.34

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 2*x(atb*coth(f*x+e))~2,x, algorithm="fricas")

[Out] -1/3*((a"2 - 2*a*xb + b~2)*d"2*f"3*x"3 + 3*(a”2 — 2*xaxb + b™2) *c*kd*f"3*x"2 -
4xaxbxd"2*xe”3 + 3*%(a”2 - 2*axb + bT2)*c"2*xf"3%x + 6*¥b"2*%d"2*e”2 - 6*x(2*axb
*C"2%e - bT2xcT2)*f72 - ((a”2 - 2%axb + b7T2)*d"2*f"3*x”3 - 4xaxbxd"2%e”3 -
12%a*xbxc™2%exf~2 + 6xb72¢d"2%e”2 — 3% (2xb"2*xd"2*xf"2 - (a”2 - 2%axb + b”2)*c
*d*f73)*x72 + 12*%(axbxcxd*e”2 - b 2*ckd*e)*f - 3k (4dxb"2xcxd*xf~2 - (a”2 - 2%

axb + b72)*xc"2xf"3) *x)*cosh(f*x + e)72 - 2x((a"2 - 2*axb + b~2)*d"2*f " 3*x"3

- 4dxaxb*d"2xe”3 - 12%axbxc " 2%exf"2 + 6xb"2xd"2%e”2 - 3k (2xb"2xd"2*xf"2 - (a

"2 - 2%axb + b72)*ckd*f"3)*x72 + 12*%(axb*ckd*e”2 - bT2*ckdxe)*f — 3% (4*xb72%
cxd*f~2 - (a”2 - 2%axb + b~2)*xc"2xf"3)*x)*cosh(f*x + e)*sinh(f*x + e) - ((a
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"2 - 2%axb + b"2)*d"2*f"3%x"3 - 4xaxbxd"2*%e”3 - 12*axb*c”2xexf”"2 + 6*xbT2%d”
2%e”2 - 3k (2*b72xd72*xf72 - (a”2 - 2*axb + bT2)*kckd*f"3)*x"2 + 12%(axb*ckd*e
"2 - bT2*ckd*xe)*f — 3x(4xb"2xckxd*f72 - (a2 - 2*axb + bT2)*c”2xf73)*x)*sinh
(f*x + e)72 + 12*%(axbxcxd*e™2 — b~ 2kckd*e)*f + 6x(2*xaxbxd"2xfxx + 2*axb*c*d
*f + b72%d72 - (2*%axbxd"2xfxx + 2¥axbkckd*f + b72xd"2)*cosh(f*x + e)72 - 2%
(2%axbxd~2*xf*xx + 2*xaxbkcxdxf + b~ 2+%d"2)*cosh(f*x + e)*sinh(f*x + e) - (2xax
bxd"2xf*x + 2*axbkckd*f + b"2xd"2)*sinh(f*x + e) 2)*dilog(cosh(f*x + e) + s
inh(f*x + e)) + 6*x(2*%axbxd™2xf*x + 2%axbkckxd*f + b™2xd"2 - (2xaxbxd~2*xf*x +
2*xaxbkckd*f + b72xd"2)*cosh(f*x + e)72 - 2x(2xaxbxd~2xf*x + 2*axbkcxdxf +
b"2xd"2) *cosh(f*x + e)*sinh(f*x + e) — (2*xaxb*d™2*f*x + 2*axbkxckxd*xf + b~ 2xd
~2)*sinh(f*x + e)72)*dilog(-cosh(f*x + e) - sinh(f*x + e)) + 6% (a*xbxd™2xf~2
*x72 + axb*cT2xf72 + b 2xckxd*f - (axbxd"2xf7T2%x72 + axb*cT2xf"2 + b 2%ckxdx*f
+ (2*axbkcxd*f~2 + b72xd"2*f)*x)*cosh(f*x + e)72 — 2x(axbxd 2L~ 2%x™2 + ax
bxcT2*xf72 + bT2%ckd*xf + (2kaxbxckxd*f~2 + b72xd"2*f) *x) *cosh(f*x + e)*sinh(f
*x + e) - (axbxd™2*xf72*x72 + axb*c”2+%f72 + b7 2*xckd*xf + (2xaxb¥xckd*f"2 + b”2
*xd"2xf)*xx) *sinh (f*x + e)72 + (2*kaxb*xcxd*f~2 + b~2+d"2xf)*x)*log(cosh(f*x +
e) + sinh(f*x + e) + 1) + 6x(axb*d™2%e”2 + a*b*c™2*xf"2 - b~ 2xd"2%e - (axbx*d
T2%e”T2 + axbxcT2xf72 - bT2+%d"2%e - (2*xaxbkxcxd¥e - b7 2*c*xd)*f)*cosh(f*x + e)
"2 - 2% (axb*d”2*e”2 + axbxcT2xf72 - bT2*xd"2*e - (2*axbxckdxe - bT2*c*d)*f)*
cosh(f*x + e)*sinh(fxx + e) - (axb*d"2*xe”2 + axb*xc™2*xf"2 — b~ 2xd"2%e - (2*a
xb*xckd*e - b72*xcxd)*f)*sinh(f*x + )72 - (2xaxbkxcxd*e - b~ 2xc*d)*f)*log(cos
h(f*x + e) + sinh(f*x + e) - 1) + 6x(axbxd™2*f~2%x"2 - a*xb*d™2%¥e”2 + 2*axbx
ckdxexf + b72x%d"2*%e - (axbxd " 2*f"2%x"2 - axbxd"2*%e”2 + 2*axb¥ckdxexf + bT2x
d"2*e + (2*xaxbxcxd*f~2 + b72+xd"2*f)*x)*cosh(f*x + e)72 - 2% (a*bxd™2*xf~2*xx"2
- a*xbxd"2*e”2 + 2*xaxbxcxd¥xexf + bT2*xd"2*e + (2*xaxbxckxd*f72 + bT2*xd72*f) *x)
*cosh(f*x + e)*sinh(f*x + e) - (a*xb*d"2*f"2*x"2 - a*bxd~2xe”2 + 2*axbkckd*e
*f + b72%d"2%e + (2%axbxcxd*f”~2 + b72xd"2*f)*x)*sinh(f*x + e)”2 + (2*axbxc*
d*xf72 + b72xd"2*f)*x)*log(-cosh(f*x + e) - sinh(f*x + e) + 1) + 12x(axb*xd~2
xcosh(f*x + e)72 + 2%axbxd™2*xcosh(f*x + e)*sinh(f*x + e) + a*bxd 2*sinh(f*x
+ e)72 - axb*xd"2)*polylog(3, cosh(f*x + e) + sinh(f*x + e)) + 12x(axb*d~2x
cosh(f*x + e)~2 + 2xaxbxd"2xcosh(f*x + e)*sinh(f*x + e) + axb*d"2*sinh(f*x
+ e)72 - axb*d"2)*polylog(3, -cosh(f*x + e) - sinh(f*x + e)))/(f73*cosh(f*x
+ e)72 + 2xf"3*cosh(f*x + e)*sinh(f*x + e) + f 3*sinh(f*x + e)72 - £73)

Sympy [F] time = 0., size = 0, normalized size = 0.
f(a + bcoth (e + fx))z (c+ alx)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**2*(atb*coth(f*x+e))**2,x)
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[Out] Integral((a + bxcoth(e + f*x))**2x(c + d*x)**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.
f (dx + c)z(b coth (fx + e) + a)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 2*(atb*coth(f*x+e))~2,x, algorithm="giac")

[Out] integrate((d*x + c) 2x(b*xcoth(f*x + e) + a)~2, x)



236

344  [(c+dx)(a+bcoth(e + fx))?dx

Optimal. Leaf size=127

abdPolyLog (2, et/ x)) a%(c +dx)?  2ab(c + dx) log (1 — e2etf x)) ab(c + dx)*>  b*(c + dx) coth(e + fx) .,
7 + ¥ + 7 - 7 - 7 + bc

[Out] b~2*ckx + (b72xd*x"2)/2 + (a”2*(c + d*x)~2)/(2xd) - (axbx(c + d*x)~2)/d - (
b~2x(c + d*x)*Cothle + fx*x])/f + (2%a*xb*x(c + d*x)*Logl[l - E~(2x(e + f*x))])

/f + (b72xd*Log[Sinh[e + fxx]])/f72 + (axb*d*PolyLogl[2, E~(2x(e + f*x))])/f

"2

Rubi [A] time = 0.184377, antiderivative size = 127, normalized size of antiderivative

. . ber of rul
1., number of steps used = 9, number of rules used = 7, integrand size = 18, L

integrand size
0.389, Rules used = {3722, 3716, 2190, 2279, 2391, 3720, 3475}

abdPolyL.og (2, Sl x)) a*(c +dx)?>  2ab(c +dx)log (1 — e2etS x)) ab(c +dx)*  b?(c +dx)coth(e + fx)
2 + ¥ + 7 - d - 7 + b°c

Antiderivative was successfully verified.

[In] Int[(c + d*x)*(a + b*Cothl[e + fx*x])~2,x]

[Out] b~2*c*xx + (b72xd*x"2)/2 + (a”2*(c + d*x)~2)/(2xd) - (axbx(c + d*x)~2)/d - (
b~2%(c + d*x)*Coth[e + f*xx])/f + (2xaxb*x(c + d*x)*Logl[l - E~(2x(e + f*x))])

/f + (b72xd*Log[Sinh[e + fxx]])/f72 + (axb*d*PolyLog[2, E~(2x(e + f*x))])/f

"2

Rule 3722

Int[((c_.) + (d_D)*x))"(m_.)*x((a_) + (b_.)*tanl[(e_.) + (£_)*(x_)1)"(n_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Tan[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, 0]

Rule 3716

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz_])*(f_
O*x(x_ )], x_Symbol] :> -Simp[(Ix(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2
*I, Int[((c + d*x) " m*xE~(2x(-(I*xe) + fxfz*x)))/(E-(2xIxk*Pi)*(1 + E~(2x(-(Ix
e) + fxfzix))/E~(2%Ixk*Pi))), x], x] /; FreeQl{c, d, e, f, fz}, x] && Integ
erQ[4xk] && IGtQ[m, O]
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Rule 2190

Int [(C(F_)~((g_)*((e_.) + (£_)*(x_)))) " (n_)*((c_.) + (d_)*(x_))"(m_.))/
(a_) + (b_)*((F_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*xf*gxn*Log[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl], x] /; FreeQ[{F, a, b, ¢, d, e, nt, x] && GtQ[a, O]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Rule 3720

Int[((c_.) + (d_)*x_))"(m_.)*((b_.)*tan[(e_.) + (f_.)*(x_)1)"(n_), x_Symb
0ol] :> Simp[(b*(c + d*x) “mx(b*Tan[e + f*x])"(n - 1))/(f*(n - 1)), x] + (-Di
st[(bxd*m)/(fx(n - 1)), Int[(c + d*x)"(m - 1)*(bxTanl[e + f*x])"(n - 1), x],
x] - Dist[b~2, Int[(c + d*x) m*(b*Tan[e + f*x])~(n - 2), x], x]) /; FreeQ[
{b, ¢, 4, e, £}, x] && GtQ[n, 1] && GtQ[m, O]

Rule 3475
Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Log[RemoveContent[Cos[c + d

*x], x11/d, x]1 /; FreeQl{c, d}, xI

Rubi steps
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f (az(c + dx) + 2ab(c + dx) coth(e + fx) + b2(c + dx) coth®(e + fx)) dx

a?(c + dx)?
2d
_ a?(c + dx)? _ab(c+ dx)? _ b?(c + dx) coth(e + fx) _ aat) f e2e+fN)(c + dx) .
2d d f 1 - e2etfx)
a?(c + dx)? _ab(c+ dx)? _ b%(c + dx) coth(e + fx) . 2ab(c + d:
2d a 7

f(c +dx)(a + beoth(e + fx))* dx

+ (2ab) f (c + dx) coth(e + fx) dx + b f (c + dx) coth(e + fx)dx

1
= bcx + Ebzdxz +

a®(c +dx)> ab(c+dx)> b?(c +dx)coth(e + fx) N 2ab(c + d.

1
= bPcx + Ebzdxz +

2d d f
 Wer + lbzdxz . a*(c +dx)* ab(c+dx)>  b*(c +dx)coth(e + fx) . 2ab(c + d:
2 2d d f

Mathematica [A] time = 1.89982, size = 192, normalized size = 1.51

sinh(e + fx)(a + bcoth(e + fx))? (—Zabd sinh(e + fx)PolyLog (2, g 2e+f ")) + sinh(e + fx) (—(e + fx) (az(—Zc f +de -

213

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)*(a + b*Cothle + f*x])~2,x]

[Out] ((a + bxCoth[e + f*x])~2*Sinh[e + f*xx]*(-2%xb~2*xf*(c + d*x)*Coshl[e + f*x] +

(-((e + fxx)*(-2*a*xb*dx(e + f*x) + a~2x(d*e - 2xcxf - d*fxx) + b™2x(dxe - 2
xckf — dxfxx))) + 4xaxbkxdx(e + fxx)*Log[l - E7(-2x(e + fxx))] + 2*b*(b*d -

2xaxd*e + 2*axc*f)*Log[Sinh[e + f*x]])*Sinh[e + fxx] - 2*xa*xbxd*PolyLogl[2, E

“(-2%(e + f*x))]1*Sinh[e + f*x]))/(2*f"2*(b*Coshl[e + f*x] + a*Sinh[e + f*x])

~2)

Maple [B] time = 0.082, size = 318, normalized size = 2.5

252 b2dx2 b2 (d b2d1n(ef**¢)  B2dIn(ef**¢-1) b2d1n (ef**
TN abdx® + 22 4 caPx + 2 abex + BPox - 2 @x+o) _ ( )+ ( )+ (

f(Qfo+Ze_1) f2 f2 fz

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((d*x+c)*(a+b*coth(f*x+e)) 2,x)

[Out] 1/2%a”2xd*xx"2-a*xbxd*x~2+1/2%b~2%d*x~2+c*a”2*x+2*ka*xbxckxx+b™2%cxx—2/f*b™ 2% (d*
x+c) / (exp (2xf*x+2%e)-1) -2xb~2/f " 2*d*1n (exp (f*xx+e) ) +b~2/£"2xd*1n (exp (f*x+e) -
1)+b~2/£72*d*1n (exp (f*x+e)+1) —-4xb/fxa*xc*x1ln(exp (fxx+e) ) +2*b/f*a*c*1n (exp (f*x
+e)-1)+2*xb/fxa*xc*1ln(exp (f*x+e)+1)+4*b/f~2*«d*a*ex1n(exp (f*x+e))-2xb/f~2*xd*ax
exln(exp(f*x+e)-1)+2xb/f*x1ln(exp(f*x+e)+1)*axd*x+2xb/f*1n(1-exp (f*x+e))*axdx*
x+2*%b/f"2x1n(1-exp (f*x+e) ) xaxd*e-4xb/fra*xd*kexx-2xb/f " 2xa*xd*e”2+2xb/f " 2xd*a*
polylog(2,exp(f*xx+e))+2*b/f ~2*d*a*polylog(2,-exp(f*x+e))

Maxima [A] time = 1.40955, size = 329, normalized size = 2.59

. (fx+e) Li, (=e**\)apd 1
1 2124y 2abclog (sinh (fx +e vabg& +1)+ Lip (e a 2(fxl
— a?dx? = 2 abdx? + a?cx — A & ( (f )) + +

f f f?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*(atbxcoth(f*x+e))”~2,x, algorithm="maxima")

[Out] 1/2%a”2xd*x"2 - 2*%axb*xd*x”2 + a~2%c*x - 2xb~2xd*x/f + 2%a*bkxcxlog(sinh(f*x
+ e))/f + 2x(f*x*xlog(e”(fxx + e) + 1) + dilog(-e~(f*x + e)))*axbxd/f~2 + 2%
(fxx*log(-e~(f*x + e) + 1) + dilog(e”(f*x + e)))*a*xb*xd/f72 + b~ 2*xd*xlog(e”(f

xx + e) + 1)/f72 + b7 2xd*xlog(e”(fxx + e) - 1)/£f72 - 1/2%(2*(c*f + 2%d)*b~2x

X + 4%b72%c + (2xaxbkxd*f + b72xd*f)*x"2 - (2%b"2kxcxfxx*e” (2%e) + (2%axbxd*f

xe” (2xe) + b7 2xdxf*xe” (2%e))*x"2)xe” (2xfxx))/(f*xe” (2%f*x + 2%xe) - f)

Fricas [B] time = 2.67433, size = 2142, normalized size = 16.87

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*(atbxcoth(f*x+e))”~2,x, algorithm="fricas")

[Out] -1/2*((a"2 — 2*axb + b72)*d*f " 2*x"2 + 4*axbxd*xe”2 + 2x(a”2 - 2*a*b + b™2)*c
*f72%x - 4xb72xd*e - ((a”2 - 2*axb + b72)*kdA*f"2*x"2 + 4xaxbxd*e”2 - 8kaxb*c
xexf — 4*xb72xd*e — 2% (2xb72xdxf - (2”2 - 2*axb + b72)*c*xf~2)*x)*cosh(f*x +
e)”2 - 2%((a”2 - 2*xaxb + b72)*d*f"2%x"2 + 4xaxbkd*e”2 - 8xaxbkckxexf - 4*b”2
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*dxe — 2% (2xb72xd*xf - (2”2 - 2*axb + b~2)*c*xf~2)*x)*cosh(f*x + e)*sinh(f*x

+ e) - ((a”2 - 2%axb + b™2)*xd*xf"2*xx"2 + 4xaxbkd*e”2 - 8S*axbkckexf - 4xb~2xd
xe — 2% (2+xb72xd*f - (272 - 2xaxb + b"2)*c*kf72)*x)*sinh(f*x + e)72 - 4*(2*ax
bxckxe — b7 2xc)*f - 4*(a*bkd*cosh(f*x + e)”2 + 2*axb*d*cosh(f*x + e)*sinh(f*
X + e) + axbxd*sinh(f*x + e)”2 - axb*d)*dilog(cosh(f*x + e) + sinh(f*x + e)
) — 4x(axbkxd*xcosh(f*x + e)~2 + 2*xaxbkxd*xcosh(f*x + e)*sinh(f*x + e) + axbxd*
sinh(f*x + e)72 - axb*d)*dilog(-cosh(f*x + e) - sinh(f*x + e)) + 2x(2%a*bxd
*f*x + 2kaxbkckxf + b72xd - (2*axb*xd*f*x + 2*axbkxcxf + b~2xd)*cosh(f*x + e)~
2 - 2% (2*axbxdxf*x + 2xaxbxcxf + b~2+d)*cosh(f*x + e)*sinh(fxx + e) - (2*ax
bxd*fxx + 2xaxbxc*xf + b~2xd)*sinh(f*x + e) 2)*log(cosh(f*x + e) + sinh(f*x

+ e) + 1) - 2% (2*xaxbkxd*e - 2*axb*cxf - b~2xd - (2xaxbkxd*e - 2*axb*cxf - b~2
*d)*cosh(f*x + e)72 — 2x(2xaxbxd*e - 2*axb*c*f - b~2*d)*cosh(f*x + e)*sinh(
fxx + e) - (2%axbxd*e - 2*axb*cxf - b72+d)*sinh(f*x + e)~2)*log(cosh(f*x +

e) + sinh(f*x + e) - 1) + 4x(axb*d*f*x + axbkxd*e — (axbxdxfxx + axb*d*e)*co
sh(f*x + e)72 - 2*x(axbxdxfxx + a*xb*d*e)*cosh(f*x + e)*sinh(f*x + e) - (a*bx
dxfxx + axbkdxe)*sinh(f*x + e)~2)*log(-cosh(f*x + e) - sinh(f*x + e) + 1))/
(f"2*%cosh(f*x + e)”2 + 2*xf"2%cosh(f*x + e)*sinh(f*x + e) + f ™ 2*sinh(f*x + e
)72 - £72)

Sympy [F] time = 0., size = 0, normalized size = 0.
2
f (a + bcoth (e + fx)) (c +dx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*(atbxcoth(f*x+e))**2,x)

[Out] Integral((a + bkcoth(e + fx*x))**2*(c + d*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.
2
f(dx + c)(b coth (fx + e) + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*(atbxcoth(f*x+e))~2,x, algorithm="giac")

[Out] integrate((d*x + c)*(b*coth(f*x + e) + a)”™2, x)
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3.45

Optimal. Leaf size=22

2
f (a+b coth(e+fx)) dx

c+dx

(a + bcoth(e + fx))?
c+dx

7

Unintegrable (

[Out] Unintegrable[(a + bxCoth[e + f*x])~2/(c + d*x), x]

Rubi [A] time = 0.0552581, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, — — =
integrand size

*)

Rules used = {}

2
f (a + bcoth(e + fx)) i

c+dx

Verification is Not applicable to the result.
[In] Int[(a + b*Coth[e + fx*x])~2/(c + d*x),x]

[Out] Defer[Int] [(a + b*Cothl[e + fx*xx])~2/(c + d*x), x]

Rubi steps

f (a + bcoth(e + fx))? = f (a + bcoth(e + fx))? i

c+dx c+dx

Mathematica [A] time = 42.6526, size = 0, normalized size = 0.

c+dx

2
f (a + beoth(e + fx)) i

Verification is Not applicable to the result.

[In] Integrate[(a + b*Coth[e + f*x])~2/(c + d*x),x]

[Out] Integrate[(a + b*Coth[e + f*x])~2/(c + d*x), x]
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Maple [A] time = 0.376, size = 0, normalized size = 0.

f (a + bcoth (fx + e))z 0

dx +c
Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*coth(f*x+e)) 2/ (d*x+c),x)

[Out] int((at+b*coth(f*x+e)) 2/ (d*x+c),x)

Maxima [A] time = 0., size = 0, normalized size = 0.

a*log (dx + c) . 202 . (2ab+b2) log (dx +¢) f 2abdfx + 2 abc,
d dfx+cf—(dfxe(2‘3) +cfe(2f"))e(2fx) d A2 fx? +2cdfx +2f + (dzfxze@

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e)) 2/(d*x+c),x, algorithm="maxima"

[Out] a™2*log(d*x + c)/d + 2*¥b~2/(d*f*x + cxf - (dxf*xx*xe”(2%e) + cxf*xe”(2xe))*e”(
2xfxx)) + (2%axb + b"2)*xlog(d*x + c)/d - integrate((2xaxbkxdxf*x + 2%axb*cxf

- b72*%d) /(A7 2xf*x"2 + 2xckd*xf*xx + cT2xf + (d72xf*x"2xe"e + 2kckd*xf*x*ke”e +
c"2xfxe"e)*e” (f*x)), x) + integrate(-(2xaxbxd*f*x + 2*axb*cxf - b~2*d)/(d”
2%f*x72 + 2xckdxf*xx + c”2xf - (d72*%f*x"2%e”e + 2kckxdxf*x*e”e + cT2xf*xe”e)*e
“(f*x)), x)

Fricas [A] time = 0., size = 0, normalized size = 0.

bzcoth(fx+e)2 +2abcoth( x+e) + a?
dx+c

integral ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e))~2/(d*x+c),x, algorithm="fricas")
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[Out] integral((b~2*coth(f*x + e)~2 + 2*axbxcoth(f*x + e) + a”2)/(d*x + c), x)

Sympy [A] time = 0., size = 0, normalized size = 0.

f (a + bcoth (e + fx))2 ”

c+dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e))**2/(d*x+c),x)

[Out] Integral((a + bxcoth(e + f*x))**x2/(c + d*x), x)

Giac [A] time = 0., size = 0, normalized size = 0.

f (b coth (fx + e) + a)z ”

dx +c
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e)) 2/(d*x+c),x, algorithm="giac")

[Out] integrate((bxcoth(f*x + e) + a)”2/(d*x + c), x)
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a CcO erfrx 2
3.46  [LCnCTI gy

(c+dx)?

Optimal. Leaf size=22

(a + bcoth(e + fx))? x)

Unintegrable ( 1 dn)?

[Out] Unintegrable[(a + bxCoth[e + f*x])~2/(c + d*x)~2, x]

Rubi [A] time = 0.0525684, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, — :
integrand size

*)

Rules used = {}

f (a + bcoth(e + fx))? i

(c +dx)?

Verification is Not applicable to the result.
[In] Int[(a + b*Cothl[e + fx*x])~2/(c + d*x)~2,x]

[Out] Defer[Int][(a + b*Cothl[e + fx*x])"2/(c + d*x)~2, x]

Rubi steps

f (a + bcoth(e + fx))? e f (a + bcoth(e + fx))? i

(c +dx)? (c + dx)?

Mathematica [A] time = 30.1259, size = 0, normalized size = 0.

f (a + beoth(e + fx))? i

(c +dx)?

Verification is Not applicable to the result.

[In] Integrate[(a + b*Coth[e + f*x])~2/(c + d*x)~2,x]

[Out] Integrate[(a + b*Coth[e + f*x])~2/(c + d*x)~2, x]
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Maple [A] time = 0.589, size = 0, normalized size = 0.

dx

f (a + bcoth (fx + e))2

(dx + )’
Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*coth(f*x+e)) 2/ (d*x+c) 2,x)

[Out] int((a+b*coth(f*x+e)) "2/ (d*x+c)"2,x)

Maxima [A] time = 0., size = 0, normalized size = 0.

2 2abef +(cf - 2d)0? + (2abdf + bdf)x - (2abcfe®) + bcfe@) + (2abd fe@O + b2 fe29)x)e2f)
d2x + od B2+ 2P fx + Pdf — (Bfr2e@0 + 2 e fxe@) + 2 fe20)el?f)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e)) 2/(d*x+c)~2,x, algorithm="maxima")

[Out] -a~2/(d"2*x + cxd) - (2*axb*c*f + (cxf - 2xd)*b~2 + (2xaxb*d*f + b~ 2xd*f)*x
- (2*axbkxcxf*xe” (2xe) + b7 2xckxfxe” (2%e) + (2*xaxbxdxfxe™(2xe) + b 2*xd*xf*xe” (2

*xe) ) *x) ke” (2xf*x) )/ (d73*f*x"2 + 2%c*kd"2*f*x + c”2xd*xf — (d"3*xfxx"2%e” (2%e)

+ 2kckd"2*fxx*e” (2%e) + cT2xdxfxe”(2%e))*e” (2*%f*x)) - integrate (2% (axbxd*fx*

X + axbxcxf - b7"2%d)/(d73*f*x"3 + 3kckd"2xf*x"2 + 3JkcT2xdkf*kx + c”3*xf + (4”7
3xf*xx"3*ke"e + 3kckd 2xfxx"2%e"e + 3kcT2kdxfixx*e"e + c " 3xfxe"e)*xe” (f*x)), x)

+ integrate (-2 (axb*xdxf*x + axbxc*f - b™2xd)/(d"3*f*x"3 + 3*kcxd 2xf*xx"2 +
3kc"2kxdxfxx + c”3x%f - (d73*kf*xx"3*%e"e + 3kckd"2kfxx"2%e"e + 3kcT2*xdxfirx*e”e

+ c"3xf*xe"e)*e” (f*x)), x)

Fricas [A] time = 0., size = 0, normalized size = 0.

bzcoth(fx+e)2 + 2 ab coth (fx+e) + a?

X
d?x2 + 2 cdx + c? !

integral

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((atb*coth(f*x+e)) 2/(d*x+c)~2,x, algorithm="fricas")

[Out] integral((b~2*coth(f*x + e)~2 + 2%axbxcoth(f*x + e) + a~2)/(d"2*x"2 + 2*cxd

*x + ¢72), x)

Sympy [A] time = 0., size = 0, normalized size = 0.

dx

f (a + bcoth (e + fx))2

(c + dx)?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e))**2/(d*x+c)**2,x)

[Out] Integral((a + bxcoth(e + f*x))**2/(c + d*x)**2, x)

Giac [A] time = 0., size = 0, normalized size = 0.

f (b coth (fx + e) + a)z 0

(dx + ¢)?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*coth(f*x+e))~2/(d*x+c)~2,x, algorithm="giac")

[Out] integrate((b*coth(f*x + e) + a)~2/(d*x + ¢)~2, x)
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347  [(c+dx)*(a+beoth(e + fx))* dx

Optimal. Leaf size=556

9a2bd?(c + dx)PolyLog (3,62¢*/¥))  9a2bd(c + dx)*PolyLog (2,e2¢*/9)  9a2bd®PolyLog (4,eX¢*/9)  9ab?d?(
- + +

27 * 272 4t

[Out] (-3*b~3*d*(c + d*x)~2)/(2*xf72) - (3*axb”™2x(c + d*x)~3)/f + (b™3*(c + d*x)~3
)/ (2*xf) + (a”3*(c + d*x)74)/(4*xd) - (3*a”2xb*x(c + d*x)~4)/(4*d) + (3xa*xb~2x
(c + d*x)74)/(4*xd) - (b~3*%(c + d*x)~4)/(4xd) - (3xb~3*d*(c + d*x) 2*Cothle
+ £xx])/(2%£72) - (3*a*b”2*(c + d*x) "3*Coth[e + f*x])/f - (b73*(c + d*x) 3%
Cothl[e + fxx]72)/(2%f) + (3*b~3*d"2*(c + d*x)*Log[l - E~(2*x(e + f*x))])/f"3
+ (9%a*xb~2*d*(c + d*x) 2xLog[l - E~(2x(e + fxx))])/f72 + (3*a"2%b*x(c + d*x
)~3*xLog[l - ET(2x(e + £*xx))])/f + (b™3x(c + dxx) " 3*Log[l - E~(2*(e + f*x))]
)/t + (3*%b~3xd"3*PolyLog[2, E"(2x(e + f*x))])/(2%f74) + (9xa*b~2*xd"2x(c + d
*xx)*PolyLog[2, E~(2%(e + f*x))])/f73 + (9%a~2*b*d*(c + dxx) 2xPolyLog[2, E~
(2x(e + £xx))]1)/(2%£72) + (3*%b7"3*d*(c + d*x) 2xPolyLog[2, E"(2x(e + f*x))])
/(2%x£72) - (9xa*xb~2xd"3*PolyLog[3, E~(2x(e + fxx))])/(2%f74) - (9%a~2xb*d~2
x(c + dxx)*PolyLog[3, ET(2x(e + f*xx))])/(2%£73) - (3*b~3*d"2*x(c + d*x)*Poly
Logl[3, ET(2x(e + f*xx))])/(2%£73) + (9%a~2*b*d"3*PolyLogl[4, E~(2*(e + f*x))]
)/ (4x£74) + (3xb~3*d~3*PolyLogl[4, E~(2x(e + fx*x))])/(4*xf~4)

Rubi [A] time = 1.04909, antiderivative size = 556, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 28, number of rules used = 11, integrand size = 20, il
integrand size

= 0.55, Rules used = {3722, 3716, 2190, 2531, 6609, 2282, 6589, 3720, 32, 2279, 2391}

9a2bd?(c + dx)PolyLog (3,e2¢*/9)  9a2bd(c + dx)*PolyLog (2,e2¢*f9)  9a2bd’PolyLog (4,e%¢*/9)  9ab2d?(
a 2f3 + 212 + 414 +

Antiderivative was successfully verified.

[In] Int[(c + d*xx)~3*(a + b*Coth[e + fx*x])~3,x]

[Out] (-3*b~3*d*(c + d*x)~2)/(2*xf72) - (3*a*xb”™2x(c + d*x)~3)/f + (b™3*(c + d*x)~3
)/ (2xf) + (a”3*(c + d*x)~4)/(4xd) - (3*a"2%b*x(c + d*x)~4)/(4*xd) + (3*axb~2%

(c + d*x)~4)/(4*d) - (b™3*(c + d*x)"4)/(4*d) - (3*b~3*d*(c + d*x) " 2*Coth[e

+ f*xx])/(2%xf72) - (3*a*xb~2*(c + d*x) " 3*Cothl[e + f*x])/f - (b"3*(c + d*x) 3%
Cothle + fxx]72)/(2*f) + (3*b~3*d"2x(c + d*x)*Logl[l - E~(2x(e + f*x))])/£f"3

+ (9*%axb”2xd*(c + d*x) "2*xLogl[l - E7(2x(e + f*x))])/f72 + (3*a”"2*xb*x(c + d*x
)~3*xLogl[l - ET(2x(e + f*xx))])/f + (b™3*(c + dxx) " 3*Log[l - E~(2*(e + f*x))]

)/f + (3%b~3xd"3*PolyLog[2, E"(2x(e + f*xx))])/(2%f74) + (9%a*b~2*xd"2x(c + d
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*xx)*PolyLog[2, E~(2x(e + fx*x))])/f"3 + (9xa~2*b*d*(c + dxx) 2xPolyLog[2, E~
(2x(e + £*x))]1)/(2%x£72) + (3*b~3*d*(c + dxx) " 2xPolyLog[2, E~(2*(e + f*x))])
/(2%x£72) - (9xa*xb~2xd"3*PolyLog[3, E~(2x(e + f*xx))])/(2%f74) - (9%a~2xb*d"2
x(c + dxx)*PolyLog[3, ET(2x(e + f*xx))])/(2%£73) - (3*b~3*d"2*x(c + d*x)*Poly
Logl[3, ET(2x(e + f*xx))])/(2%£73) + (9%a~2*b*d"3xPolyLogl[4, E~(2*(e + f*x))]
)/ (4x£74) + (3xb~3*d"3*PolyLogl[4, E~(2%(e + f*x))])/(4*xf~4)

Rule 3722

Int[(Cc_.) + (d_)*(x_))"(m_.)*((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.)
, x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Tan[e + f*x])~n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Rule 3716

Int[((c_.) + (@_)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz ]1)*(f_
D*(x_ )], x_Symbol]l :> -Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2
*I, Int[((c + d*x) m*xE~ (2% (=(Ixe) + fxfzxx)))/(E~(2xI*k*Pi)*(1 + E~(2*(-(Ix*
e) + fxfzix))/E~(2%I*xk*Pi))), x], x] /; FreeQl{c, d, e, f, fz}, x] && Integ
erQ[4*xk] && IGtQ[m, O]

Rule 2190

Int [CC(F_)~((g_)*((e_.) + (£_)*(x_))))"(n_)*((c_.) + (d_)*(x_))"(m_.))/
(a_) + (b_)*((F_)~((g_)*((e_.) + (f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*xf*gxn*Log[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2531

Int[Log[l + (e_.)*((F_)"((c_)*((a_.) + (b_)*(x_))))"(a_)I*((£_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + b*x
)))"n)]1)/(b*cxn*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x) " (m -
1)*PolyLog[2, -(ex(F~(cx(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g n}Y, x] & GtQ[m, 0]

Rule 6609

Int[((e_.) + (f_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F_)"((c_.)*x((a_.) + (b_.
)k(x ))))"(p_.)], x_Symbol]l :> Simp[((e + fxx) m*PolyLogl[n + 1, d*(F~(c*(a
+ b*x)))"pl)/ (bxcxp*xLog[F]), x] - Dist[(f*m)/(b*c*p*Logl[F]), Int[(e + f*x)~
(m - 1)*PolyLog[n + 1, d*x(F~(c*(a + b*x)))"pl, x], x] /; FreeQ[{F, a, b, c,
d, e, f, n, p}, x] && GtQ[m, 0]



249

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential([u, x]}, Dist[v/D[v, x]
, Subst [Int[Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogln_, (c_.)x((a_.) + (b_.)*(x_))"(p_.)1/C@_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLogln + 1, cx(a + bxx) pl/(exp), x] /; FreeQ[{a, b, c, d
, €, n, pt, x] & EqQ[b*d, axe]

Rule 3720

Int[((c_.) + (@_)*x_))"(@m_.)*((b_.)*tan[(e_.) + (£_)*(x_)])"(n_), x_Symb
0ol] :> Simp[(b*(c + d*x) “mx(b*Tan[e + f*x])"(n - 1))/(f*(n - 1)), x] + (-Di
st[(bxd*m)/(fx(n - 1)), Int[(c + d*x)"(m - 1)*(bxTanl[e + f*x])"(n - 1), x],
x] - Dist[b~2, Int[(c + d*x) m*(b*Tan[e + f*x])~(n - 2), x], x]) /; FreeQ[
{b, c, 4, e, £}, x] && GtQ[n, 1] && GtQ[m, O]

Rule 32

Int[((a_.) + (b_.)*(x_)) " (m_), x_Symbol] :> Simp[(a + bxx)"(m + 1)/(b*x(m +
1)), x] /; FreeQ[{a, b, m}, x] && NeQ[m, -1]

Rule 2279

Int[Logl(a_) + (b_.)*x((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°n]l, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2391
Int[Log[(c_.)*((d_) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cxd, 1]

Rubi steps
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f(c +dx)*(a + bcoth(e + fx))>dx = f (a3(c +dx)3 + 3a2b(c + dx)? coth(e + fx) + 3ab?(c + dx)® coth®(e + fx) + b3(c

3 1
- % + (3a20) f (c + dx)? coth(e + fx)dx + (3ab?) f (c + dx)? coth’(e + |
(e +dx)? ~ 3a%b(c + dx)* ~ 3ab?(c + dx)® coth(e + fx) ~ b3(c + dx)3 coth?(e -
- 4d 4d f 2f
B _Babz(c + dx)3 N a3(c + dx)* _ 3a%b(c + dx)* . 3ab?(c + dx)* _ b3(c + dx)* 3
B f 4d 4d 4d 4d
303d(c +dx)?>  3ab*(c+dx)® B(c+dx)? ad(c+dx)* 3a?b(c+dx)* 3
T T
303d(c +dx)?>  3ab*(c+dx)® B(c+dx)?® ad(c+dx)* 3a?b(c+dx)* 3
T Y T
303d(c +dx)?>  3ab*(c+dx)® B(c+dx)? ad(c+dx)* 3a?b(c+dx)* 3
T A T
3b3d(c + dx)?>  3ab?(c+dx)® b(c+dx)® aP(c+dx)* 3a’b(c+dx)* 3
=— > - + + - + =
2f 7 2F 4 ad
_3b3d(c + dx)? _ 3ab?(c + dx)? .\ b3(c + dx)? s a3(c + dx)* _ 3a2b(c + dx)* . 3
B 2f2 f 2f 4d 4d

Mathematica [B] time = 14.0006, size = 2043, normalized size = 3.67

Result too large to show

Antiderivative was successfully verified.

[In] Integrate[(c + d*x)~3%(a + b*Cothl[e + f*x])~3,x]

[Out] ((=(b73*c™3) - 3*b~3*c”™2*d*x - 3*b~3xc*d"2*x"2 - b~3*d"3*x73)*Cschle + fxx]
~2)/(2%f) - (b*E~(2%e) *(24xb~2xc*d™2xx + 72xa*xbxc 2*xdxf*x + 24%a”2xc”3xf 2

X + 8%b72%cT3xf"2%x + 12*%b72xd73%x72 + T2kaxbxckd"2xf*x"2 + 36%a”2kcT2xdxf”
2%x72 + 12%b72%cT2xd*f72%x72 + 24*axbxd"3*kf*xx"3 + 24%a”2%cxd"2*f72*%x"3 + 8%

bT2%ckd"2xf72%x73 + 6%a”2*xd"3*%f72*%x"4 + 2%xbT2xd"3xf72%x"4 - 36xaxbxc”2*d*Lo

gll - E7(2%(e + f*x))] + (36%axbxc™2*d*Log[l - E~(2x(e + f*x))])/E~(2%e) -
(12xb~2*xc*xd"2xLog[1 - E"(2x(e + f*x))])/f + (12%b~2*c*xd"2*Log[l - E~(2*x(e +
fxx))1)/(E"(2%e)*f) - 12*xa~2*c 3*f*xLog[l - E~(2x(e + f*x))] - 4xb~2xc™3*fx*
Logll - E7(2x(e + f*x))] + (12%¥a”2xc”3*xfxLog[l - E7(2x(e + fxx))])/E~(2%e)

+ (4xb~2xc"3*xfxLog[l - E~(2x(e + f*xx))])/E~(2%e) - 72xaxbxc*d 2*x*Log[l - E
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“(2x(e + fxx))] + (72*xaxb*xcxd~2*x*xLogl[l - E~(2x(e + f*xx))])/E~(2%e) - (12%b
~2%d”"3*x*Log[1l - E7(2*%(e + f*x))])/f + (12%b~2xd"3*x*Log[l - E~(2x(e + fxx)
)1)/(E”(2%xe)*xf) - 36%a~2*c™2xd*xfxx*Log[l - E~(2%(e + f*x))] - 12%b72xc™2%d*
fxx*xLog[l - E7(2%(e + f*x))] + (36%a~2*xc 2*xd*xf*x*Log[l - E~(2x(e + f*x))])/
E~(2xe) + (12xb~2*c”2xdxf*x*Logl[l - E~(2x(e + f*x))])/E~(2%e) - 36*axbxd~3x
x"2xLog[1l - E7(2%(e + f*x))] + (36xaxbxd~3xx"2xLogl[l - E~(2*(e + f*x))])/E”
(2xe) - 36%a”2xckd"2xf*x"2+Log[l - E7(2x(e + fx*x))] - 12%b~2%c*kd 2xf*x"2*Lo
gll - E7(2%(e + f*x))] + (36%a~2xcxd"2xf*x"2xLog[1l - E~(2x(e + fxx))])/E~(2
xe) + (124b72xc*xd"2xf*x"2*Log[l - E~(2*(e + f*x))])/E~(2xe) - 12%a~2*d”~3*fx*
x"3xLogl[l - ET(2x(e + fxx))] - 4*b~2xd"3xf*x"3*Log[l - E~(2%(e + f*x))] + (
12%a~2%d"3*f*x"3%Log[1 - E"(2x(e + f*x))])/E~(2%e) + (4*b~2*d~3*f*x"3*Logl[1
- ET(2%(e + £*x))])/E"(2%e) - (6*d*x(-1 + E~(2%e))*(6*axb*xd*xfx(c + d*x) + 3
*a"2+%f 2% (c + d*x)72 + b72x(d72 + 7272 + 2kckd*fT2xx + dT2*xfT2%x72) ) *Pol
yLog[2, E7(2x(e + f*x))])/(E~(2%xe)*£72) + (6%xd"2x(-1 + E~(2%e))*(3*axbxd +

3xa”2xfx(c + d*x) + b"2xf*(c + d*x))*PolylLogl[3, E~(2%x(e + fxx))])/(E~(2%e)*
£72) - (9*a~2xd"3*PolyLogl[4, E~(2x(e + f*x))])/f"2 - (3*b~2xd~3*PolyLogl4,
E~(2x(e + fxx))])/f72 + (9*%a"2%d"3*PolyLogl[4, E~(2x(e + fx*x))])/(E~(2%e)*f~
2) + (3*b~2*xd"3*PolyLogl[4, E~(2x(e + f*x))])/(E~(2%xe)*£72)))/(4x(-1 + E~ (2%
e))*f72) + (B*x"2x(-(a"3*c”2xd) + 3*a"2*b*c”2*xd - 3*axb"2xc"2xd + b~3*c"2x*d
+ a”3*c"2xd*Cosh[2*¥e] + 3*a”2*b*xc~2*d*Cosh[2*xe] + 3*axb~2*c”2*d*Cosh[2*e]
+ b"3*xc"2*d*Cosh[2*xe] + a~3*c”2*d*Sinh[2*e] + 3*a~2xb*c~2*d*Sinh[2*e] + 3*a
*b~2%c”2*%d*Sinh [2*e] + b~ 3*xc”2*d*Sinh[2*e])) /(2% (-1 + Cosh[2xe] + Sinh[2%*e]
)) + (x73%(-(a"3*c*d”2) + 3*a"2xbxcxd"2 - 3*axb”2*c*d”2 + bT3*xcxd"2 + a~3*c
*d"2+Cosh[2*e] + 3*a~2xbxcxd~2*Cosh[2*e] + 3*axb™2xcxd~2*xCosh[2*e] + b~ 3*c*
d"2*Cosh[2*e] + a~3*xc*d~2*Sinh[2*e] + 3*a~2xbxcxd~2xSinh[2*e] + 3*axb™2*cx*d
~2+Sinh[2*e] + b~ 3*cxd"2*Sinh[2*e]))/(-1 + Cosh[2*e] + Sinh[2*e]) + (x"4x*(-
(a~3%d"3) + 3*a”2*b*d”"3 - 3*a*xb"2xd"3 + b~3*d"3 + a”~3*d"3*Cosh[2*xe] + 3*a~2
*b*d~3*Cosh[2*e] + 3*axb~2xd~3*Cosh[2*e] + b~ 3*d"3*Cosh[2*e] + a~3*d~3*Sinh
[2%e] + 3*a~2xbxd~3*Sinh[2*e] + 3*a*b”2*d"3*Sinh[2*e] + b~3*d~3*Sinh[2*e]))
/(4%(-1 + Cosh[2*e] + Sinh[2*e])) + x*(a"3*c”3 + 3*axb~2xc~3 + (3*a~2*b*c”3
)/ (-1 + Cosh[2*e] + Sinh[2*e]) + (3*a~2*b*c”3*Cosh[2*e] + 3*a~2xbxc~3*Sinh[
2%e]) /(-1 + Cosh[2*e] + Sinh[2*e]) + (2*%b"3*c”~3*Cosh[2*e] + 2*¥b~3*c~3*Sinh[
2xe])/((-1 + Cosh[2%e] + Sinh[2*e])*(1 + Cosh[2*e] + Cosh[4*e] + Sinh[2*e]
+ Sinh[4*e])) + (2%¥b~3*c”3*Cosh[4*e] + 2*b~3*c”3*Sinh[4*e])/((-1 + Cosh[2x*e
] + Sinh[2*e])*(1 + Cosh[2*e] + Cosh[4*e] + Sinh[2*e] + Sinh[4*e])) + (b"3x*
c~3)/(-1 + Cosh[6*e] + Sinh[6*e]) + (b~3%c"3*Cosh[6*e] + b~ 3%c”3*xSinh[6*e])
/(-1 + Cosh[6*e] + Sinh[6%*e])) + (3*Cschl[e]l*Cschle + f*xx]*(b"3*c~2*d*Sinh[f
*x] + 2*axb”2xc”3*f*Sinh[f*x] + 2%b~3*c*kd"2*xx*Sinh[f*x] + 6%a*xb”2*c”2kd*f*x
*3inh [f*x] + b73*d"3*x"2*Sinh[f*x] + 6*a*b ™ 2*xcxd"2xf*x~2*Sinh[f*x] + 2*a*b”
2%d"3*f*x"3*Sinh [f*x]) )/ (2*xf~2)
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Maple [B] time = 0.239, size = 2777, normalized size = 5.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) " 3*(a+b*coth(f*x+e)) ~3,x)

[Out] 3/2%a~3*%c™2xd*x~2-3/2xb~3*c™2*d*x~2+3%a”2xb*Cc~3*x+3*a*b~2xc”~3*x-1/4xb~3%d"3
*X"4+cT3%a"3kx+cT3kb " 3kx+1/4%a”3%d " 3*%x"4-36%b"2/f "2xaxcxd 2xexx+18%b/f"2*a”
2kcxd"2%e 2*%x-18xb/f*a”~2kc 2*d*e*xx—-18%b/f " 3*a"2*cxd"2*xe 2*1n (exp (f*x+e))+36
*b~2/f"3*%axcxd"2*e*x1n(exp(f*x+e) ) +18+b/f"2%a~2xc 2*d*ex1n(exp (f*x+e))-3*xa~2
*bxCkd"2*x"3+3%axbT2*xcxd"2xx73-9/2%a " 2xbkcT2*xd*x"2+9/2*%a*b " 2x T 2xd*xX " 2+6%b”
3/f"2*xpolylog(2,-exp (f*x+e) ) *xc*xd™2xx+3*%b~3/f*1n(1-exp (f*x+e) ) *c*xd™2xx~2+3*b
/f*a”2%d"3*1n (1-exp (f*x+e) ) *x~3+3xb/f"4*a"~2xd"3*1n(1-exp (f*x+e) ) *e~3+9%b/f"
2*a~2*d"3*polylog(2,exp (f*x+e) ) *x~2-18%b/f~3*a~2*d"3*polylog(3,exp (f*x+e))*
x+3xb/f*a~2xd"3*1n(exp (f*x+e)+1) *x~3+9%b/f ~2*a~2*d"3*polylog(2,-exp (f*x+e))
*x"2-18%b/f"3*a"2*d"3*polylog(3,-exp (f*x+e) ) *x-18*b/f 3*a"2xc*d~2*polylog(3
,exp (fxx+e))-18xb/f~3*a"2xc*d " 2*polylog(3,-exp (f*x+e))+9*b/f~2%a~2*c~2*d*po
lylog(2,exp(f*x+e))+9%b/f~2%a~2*xc " 2*d*polylog(2,-exp (f*x+e))+6%xb~3/f " 2*poly
log(2,exp(f*xx+e))*c*xd™2xx+3*%b~3/fx1n(1-exp (f*x+e) ) *c 2*d*x+3*b~3/f"2x1n(1-e
xp (fxxt+e) ) *c™2*xd*e+3+xb~3/f*1n(exp (f*x+e)+1) *c™2*d*x-3*b/f ~4*a~2*d"3*e~3*1n(
exp (f*x+e)-1)+3*b~3/f"3*xc*d"2%e " 2x1n (exp (f*x+e)-1) -b~3*kc*xd~2*x~3+a~3*c*xd ™2
X"3-3/2%b73/£74*d"3%e"4-3*%b"3/f"2xd"3*x"2-3%b"3/f74*d"3*%e"2-2*%b~3/f*c"3*1n (
exp (f*x+e) ) +18%b~2/f72*1n(1-exp (f*x+e) ) *a*cxd~2xx+18%b~2/f"2x1n(exp (f*x+e)+
1) *xa*xcxd~2*x+9%b/fx1n (1-exp (f*x+e) ) *a~2*kcxd~2xx~2+18%b/f~2*polylog(2,exp (f*
x+e))*a~2xcxd"2xx+9%b/f*1n (exp (fxx+e) +1) *a~2xc*d~2%x~2+18*b/f " 2*polylog(2, -
exp (fxx+e))*a”~2xcxd~2*x+9%b/f~3*a”~2*cxd"2xe 2*1n (exp (f*x+e)-1)+18%b~2/f73%1
n(l-exp(f*xx+e))*a*xckxd 2xe-3/4*%a"2xb*d~3*x"4+3/4*axb”2xd"3*x"4-b" 2% (6*xa*xd 3%
fxx73%exp (2xf*x+2%e) +2+b*d "3k f*x " 3*exp (2xf*xx+2%e) +18*axc*xd™2xf*x " 2%exp (2xf*
x+2%e) +6xb*xcxd 2% fxx"2kexp (2*xf*x+2%e) +18*a*xc~2*xd*f*x*kexp (2*xf*x+2xe) —-6*axd~3
*xf*xx73+6*%bxc2xd*fkxkexp (2xf*x+2%e) +3%b*d”~3*x " 2kexp (2*f *x+2xe) +6*axc 3k fxex
p(2%f*x+2%e) —18*a*xckd ™ 2xf*xx~2+2xbxc~3*f *exp (2+f *x+2%e) +6*bkcxd~2*x*exp (2*f *
x+2%e) —18%axc”2xd*f*x+3*%b*xc”2kd*exp (2*f*x+2%e) ~3*b*d~3*xx"2-6*a*c”3*f-6*b*xc*
d~2*xx-3xb*xc~2*xd) /£72/ (exp (2xf*x+2%e) -1) "2+3%b~3/f " 3*c*xd"2*1n(exp (f*x+e)+1)+
b~3/fxc”3*%1ln(exp(f*x+e)-1)+b~3/f*c”3*1n(exp (f*x+e)+1)+6%b~3/f~4*d"3*polylog
(4,exp(f*x+e))+6xb~3/f~4*d"3*polylog(4,-exp(f*x+e))+3*b~3/f~4*d"3*polylog(2
,exp(f*x+e))+3*xb~3/f74*d"3*polylog(2,-exp(f*x+e))+18%b~2/f " 3*a*xc*d 2*polylo
g(2,exp(f*xx+e))+18xb~2/f " 3*axc*d " 2xpolylog(2,-exp(f*x+e))-3*%b~3/f"3*x1n(1-ex
p(f*xx+e) ) *xc*d~2*%e~2-3*%b"3/f " 2xc"2xd*ex1n(exp (f*x+e)-1)+9*b~2/f " 2%a*c~2*d*1n
(exp(f*x+e)-1)+9xb~2/f " 2*%axc”2xd*1n (exp (f*x+e)+1)+9*b~2/f "4*a*d~3*e”2x1n(ex
p(f*x+e)-1)-9*b~2/f 4xa*d~3*e " 2x1n (1-exp (f*x+e) ) +9*b~2/f " 2%a*xd"3*1n(1-exp (f
xx+e) ) *x"2+18%b~2/f "3*a*xd"3*polylog(2, exp (f*x+e) ) *x+9*b~2/f " 2*a*d~3*1n (exp(
fxx+e)+1)*x"2+18%b72/f"3*a*d"3*polylog(2,-exp (f*x+e)) *x+3*xb~3/f*1n (exp (f*x+
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e)+1) xcxd"2xx"2+9%b/f*1n (exp (f*x+e) +1) *a~2xc”2xd*x+9*b/f*1n(1-exp (f*x+e) ) *a
T2%cT2%d*x+9%b/f72%1n (1-exp (f*x+e) ) *a™2%c~2*d*e-18%b~2/f "3*a*xckd~2*e*1n(exp
(f*x+e)-1)-9%b/f73*1n(1-exp (f*x+e) ) *a”~2xc*d"2%e”~2-9*b/f ~2*%a~2*c~2*d*ex1n (ex
p(f*x+e)-1)+3*b~3/f"2xc " 2xd*polylog(2,exp (f*x+e))+3xb~3/f " 2*c " 2*d*polylog(2
,—exp(f*xxt+e))-18xb~2/f 4*axd~3*polylog(3,exp(f*x+e))-18+b~2/f 4*axd 3*polyl
0g(3,-exp(f*xx+e))-3%b~3/f74*xd"3*ex1n(exp(f*x+e)-1)-b~3/f74*d"3*e”3*1n(exp(f
xx+e)-1)+3xb~3/£73*d"3*1n (1-exp (f*x+e) ) *x+3*b~3/f"4*xd"3*1n(1-exp (f*x+e) ) xe+
3*xb~3/f73*%d"3*1n(exp (f*x+e)+1) *x+b~3/f*d"3*1n(1-exp (f*x+e) ) *x"3+b"3/f4*d"3
*x1n (1-exp (f*x+e))*e~3+3xb~3/f~2*d"3*polylog(2,exp (f*x+e) ) *x~2-6%b~3/f~3%d"3
*polylog(3,exp (f*x+e))*x+b~3/f*d"3*1n(exp (f*x+e)+1)*x~3+3*%b~3/f~2*d~3*polyl
0g(2,-exp(f*xx+e))*x"2-6%xb~3/f"3*%d"3*polylog(3,-exp(f*x+e) ) *x+18*b/f 4*a~2xd
~3*polylog(4,exp(f*xxt+e))+18*%b/f~4*a~2xd"3*polylog(4,-exp(f*x+e))-6xb~3/f 3
c*d"2*polylog(3,exp(f*x+e))-6xb~3/f " 3*cxd"2*polylog(3,-exp(f*x+e))+3*b/f*xa”
2xc”3*1n(exp (f*xx+e)-1)+3*b/f*a~2%c~3*1n(exp (f*x+e)+1)+3*%b~3/f " 3*c*d~2x1n(ex
p(f*x+e)-1)+4*b~3/f"3xc*d"2%e”3+12xb~2/f ~4*axd~3*e”3-2xb~3/f " 3*d"3*e”3*x-6%
b~2/f*axd"3*x"3-6xb~3/f"3%d"3*ke*x-9/2xb/f 4*a"2xd"3%e"4-3*b"3/f "2xc"2*d*e "2
+2xb~3/f74*d"3*%e"3*%1n (exp (f*x+e) ) -6*b/f*a~2xc”~3*1n(exp (f*x+e) ) -6%b~3/f " 3*cx*
d~2*1n(exp (f*x+e) ) +6%b~3/f"4*d"3*ex1ln(exp(f*x+e))-18%b~2/f " 3xa*xcxd 2*e"2+12
*b/f73%a"2%ckd"2%e"3-6%b”3/f*cT2kd*e*xx—9%b/fT2%a"2%c " 2*xd*e " 2+6%b"3/f " 2%c*xd”
2xe " 2xx—-18%b~2/fxa*c*xd"2*xx"2-6%b/f "3*xa”"2*d " 3*e " 3*x+18*b~2/f " 3*a*xd " 3xe”2*x+6
*b/f~4*a”~2xd"3*e”3*1n(exp(f*x+e) ) -6%b~3/f"3*c*d " 2xe”2*1n(exp (f*x+e))-18xb~2
/f74%axd"3xe”2*1n(exp (f*x+e) ) +6%xb~3/f"2*c"2*xd*ex1n (exp (f*x+e) ) -18%b~2/f " 2*a
*xc”2xd*1n (exp (f*x+e))

Maxima [B] time = 1.66127, size = 2067, normalized size = 3.72

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 3*(atb*coth(f*x+e))~3,x, algorithm="maxima"

[Out] 1/4*a”3*d"3*x"4 + a~3*c*d"2*x"3 + 3/2*%a"3*c™2*xd*x"2 + a~3*c”3*x + 3*a 2*b*c
“3xlog(sinh(f*x + e))/f + 1/4%(24*a*xb™2xc”3*f + 12*%b"3*c™2+d + (3*a”~2%bxd~3
*f72 + 3*xaxb”2xd"3*f"2 + b73*d"3*f72)*x"4 + 4% (3xa”2xbkcxd"2xf"2 + b 3*cxd”
2%f72 + 3k (ckd™2xf72 + 2xd"3*f)*axb”2)*x"3 + 6% (3*a"2xbxc 2xd*f72 + 3% (cT2*
d*f72 + 4dxcxd"2xf)*xaxb”2 + (c72xd*f72 + 2*xd"3)*b"3)*x"2 + 4% (3% (c"3*f"2 + 6
*c72%d*f) *xaxb"2 + (c73*f"2 + 6%c*d"2)*b"3)*kx + ((3*a"2xbxd"3*xf"2%e” (4*e) +
3*xaxb~2xd"3*xf"2xe” (4*e) + b73*d"3*kf"2*e” (4*e) )*xx"4 + 4% (3*xa"2*bkckd"2xf " 2*e
“(4xe) + 3*kaxb"2xcxd"2xf"2xe” (4*e) + b7 3*kckdT2xfT2xe” (4*e) )xx"3 + 6% (3*xa”2*
bxcT2xd*xf"2xe” (4*e) + 3*axb " 2xcT2xd*xf"2xe” (4*e) + b 3*kcT2xd*fT2*xe” (4*e) ) *x”
2 + 4% (3*xaxb”™2xc”3*xf"2xe” (4xe) + b73xc”3*kf"2ke” (4*e) ) kx) *ke” (4xfxx) - 2% (12%
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axb”2*xc”3*xf*xe” (2%e) + (3*xa~2xbxd"3*xf"2%e” (2%e) + 3*kaxb"2xd"3xf"2xe” (2%e) +
b73xd"3*f"2xe” (2%e) ) *x"4 + 2k (2*xc " 3*xf*xe”(2%xe) + 3*cT2xd*xe” (2%e))*b”3 + 4% (3
*a " 2%b*ckd"2xFT2%xe” (2%xe) + 3*x(c*xd"2+xf72*e” (2%e) + d73xfxe”(2%e))*axb”2 + (c
*d"2+%f"2%e” (2%e) + d73xfxe”(2%e))*b"3)*x"3 + 6% (3*a"2xbxcT2xd*f"2%xe” (2%e) +
3k (c72kd*f"2*%e” (2%xe) + 2xc*xd"2+xfxe” (2%e))*axb”2 + (c72xd*xf"2xe” (2%e) + 2*c
*Q"2xf*xe” (2%xe) + d73*%e”(2%e) ) *b"3)*x72 + 4*x(3x(c”3*f"2%e” (2%e) + 3*kcT2xdxf*
e~ (2xe))*a*xb”2 + (c73*xf"2xe”(2%e) + 3*c”2*d*f*e” (2*%e) + 3xcxd"2xe” (2%e))*b”
3)*x) *ke” (2xf*xx) )/ (£72%e” (4*f*x + 4*e) — 2xf"2xe” (2xf*x + 2%e) + £72) - 2%(9
*axb2xcT2xd*f + (cT3*fT2 + 3xc*xd"2)*b"3)*x/f72 + (9*kaxb"2xc"2xdxf + (c73*f
T2 + 3%c*xd"2)*b"3)*log(e”(fxx + e) + 1)/f73 + (9*axb™2xc”2*d*f + (c™3*f72 +
3kcxd"2)*b"3)*xlog(e”(f*x + e) - 1)/£73 + (£73*x"3*log(e”(f*x + e) + 1) + 3
*f"2xx"2*%dilog(-e” (f*x + e)) - 6*f*xxpolylog(3, -e~(f*x + e)) + 6*polylog(4
, —e(f*xx + e)))*(3*xa”2%b*xd”~3 + b"3xd"3)/f74 + (£73*x"3xlog(-e~(f*x + e) +
1) + 3%f72*x"2+dilog(e” (f*x + e)) - 6xf*xxpolylog(3, e (f*x + e)) + 6*polyl
og(4, e (fxx + e)))*(3*%a"2xb*d"3 + b~3*%d"3)/f74 + 3*(3*a~2*bxc*xd"2xf + b~ 3x
cxd"2+f + 3xaxb”2xd"3)*(f72xx"2xlog(e” (f*x + e) + 1) + 2*fxx*dilog(-e” (f*x
+ e)) - 2*polylog(3, -e (f*x + e)))/f74 + 3*(3*a”2xb*cxd~2*xf + b~ 3*c*kd 2*f
+ 3*axb”2*xd"3) *x (£72*x"2%log(-e~ (f*x + e) + 1) + 2*fxx*dilog(e”™(f*x + e)) -
2xpolylog(3, e~ (fxx + e)))/f74 + 3% (3*%a~2*bxc™2xd*f"2 + B*axb™2xcxd™2xf + (
c"2xd*f"2 + d73)*b"3) *(f*x*log(e”(f*xx + e) + 1) + dilog(-e~(f*x + e)))/f74
+ 3% (3*%a"2xb*xc”2xd*f72 + 6*axb~2xckxd"2*xf + (cT2xd*f"2 + d73)*b”3)* (f*x*log(
—e"(fxx + e) + 1) + dilog(e™(f*x + e)))/f74 - 1/2x((3*a”2%b*d"3 + b~3*d"3)*
f74*x74 + 4% (3*a~2xbxc*xd"2+f + b 3*kckd"2xf + 3*xaxb”2x%d"3) *f"3*x"3 + 6% (3*a”
2%b*xc”2*xdA*f 72 + G6xaxb"2xckxd"2xf + (cT2*xd*f72 + d73)*b"3)*xf"2%xx72) /f74

Fricas [C] time = 4.17985, size = 23616, normalized size = 42.47

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) ~3*(atb*coth(f*x+e))~3,x, algorithm="fricas")

[Out] 1/4*%((a”3 - 3*a™2xb + 3*a*xb™2 - b~3)*d"3*f 4*xx"4 + 4%(a”3 - 3*a~2*b + 3*ax*b
T2 - bT3)*kckdT2xfT4*xx"3 + 6%(a”3 - 3*a”2*b + 3*axb”2 - b73)*cT2*d*f"4*x"2 -
24*xaxb”2xd"3*%e”3 + 4*%(a”3 - 3*a~2%b + 3*axb”2 - b"3)*c " 3*xf"4*x + 12%b"3%d”
3ke”2 + 2% (3*a"2xb + b~3)*d"3*e”4 + ((a”3 - 3*a"2xb + 3*axb”2 - b"3)*d"3*f"

4xx~4 - 24%a*xb~2%d"3%e”3 + 12%b"3xd"3*e”2 + 2*%(3%a"2*%b + b~3)*d"3*e"4 - 8% (
3*%a"2*%b + b73)*c"3xexf"3 - 4% (6*a*b”2xd"3*f"3 - (a~3 - 3*%a"2%b + 3*a*b”2 -

b~3) *ckd"2+%f"4)xx"3 — 12%(6*xaxb " 2xc"2*d*e - (3*a"2%b + b~3)*c " 2*d*e"2) *f"2

- 6% (12*%a*xb™2*xckd"2*xf"3 + 2*xb~3*%d"3*f"2 - (2”3 - 3*a"2*b + 3*xaxb”2 - b~3)*c
“2%d*xf74) *x72 + 8% (9*axb"2xcxd"2%e”2 - 3*b " 3kckd"2%e — (3*a"2%b + b73)*c*kd”
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2%e"3) *f - 4*x(18*%axb™2xc 2xd*f~3 + 6*b " 3*kckd"2xf"2 - (a~3 - 3*a"2%b + 3*axb
"2 - b73)*c”3*f"4)*x)*cosh(f*xx + e)”4 + 4*x((a”3 - 3*a"2xb + 3*a*xb”2 - b~3)*
d"3*f74*x"4 - 24*xaxb"2xd"3%e”3 + 12*%b73*d"3*e”2 + 2x(3*%a"2%b + b~3)*d"3*e"4
- 8%(3*%a”2*b + b"3)*c"3xexf"3 - 4*(6*a*xb”2xd"3*f"3 - (a~3 - 3*%a"2%b + 3kax
b"2 - b73)*xcxd"2%f74)*x"3 - 12*(6*axb"2xc"2xdxe - (3*a"2%b + b73)*c"2xd*e”2
Y*¥Ef72 — 6% (12xa*xb”2xc*d"2*xf~3 + 2%b~"3*d"3*xf"2 - (a”3 - 3*a"2%b + 3¥a*b”2 -
b73) *xcT2xd*xf"4) *x"2 + 8% (9*kax*b”"2xckd"2*xe"2 - 3xb"3*c*d"2%e - (3*a”"2*b + b~3
Yxcxd"2%e73) #f - 4k (18*%axb"2xc"2xd*f"3 + 6%b " 3*kckd"2*f"2 - (a”3 - 3%a"2%b +
3*axb”2 - b~3)*kc"3*%f"4)*x)*cosh(f*x + e)*sinh(f*x + e)”3 + ((a”3 - 3*xa~2*b
+ 3%a*xb”2 - b"3)*d"3kf"4xx"4 - 24*xaxb”2xd"3%e”3 + 12*b"3*%d"3*%e”2 + 2% (3*a”
2%b + b"3)*d"3*%e”4 - 8*(3*a"2*b + b~3)*xc"3*kexf"3 - 4x(6*axb”2xd"3xf"3 - (a”
3 - 3*%a”"2*%b + 3*axb”2 - D73)*ckd"2*f74)*x"3 - 12x(6xaxb”2*xc”2*d*e - (3*ka”2x*
b + b73)*c"2xd*e"2)*f"2 - 6% (12*%a*xb"2xcxd"2*xf"3 + 2%b”3*d"3*f"2 - (a~3 - 3%
a~2%b + 3*a*xb”2 - bT3)*cT2xd*f74)*x"2 + 8*(9kaxbT2xckxd"2xe"2 - 3*b73kc*kd”2*
e - (3*%¥a”2*b + b73)*kckd"2xe"3)*f - 4+ (18*a*b " 2xc”"2xd*f"3 + 6xb"3kxc*kd"2*f "2
- (a”™3 - 3*a"2*b + 3*a*b”2 - b~3)*c"3*f"4)*x)*sinh(f*x + e)”4 + 8+ (3*xaxb”2x
c”3 - (3%a"2%b + b73)*c”"3*e)*f"3 - 12%(6*a*xb”2*xc”2*d*e - bT3xc"2xd - (3%a”2
*b + b73)*kcT2xd*e”"2)*xf"2 - 2% ((a”3 - 3*a"2*b + 3*axb”2 - b73)*d"3xf"4*x"4 -
24*a*xb”2*xd"3*%e”3 + 12*%b"3*%d"3*e”2 + 2% (3*a”"2*b + b~3)*d"3*xe”4 - 4% (2% (3*a”
2%b + b73)*c"3*e - (3*axb”2 + b~3)*c"3)*f"3 + 4*x((a”3 - 3*xa"2%b + 3*a*b”2 -
b~3)*cxd"2*%f"4 - (3*a*b”2 - b"3)*d"3*f"3)*x"3 - 6% (12*axb"2*xc"2xd*e - b~ 3%
c72xd - 2% (3*a"2%b + b73)*kcT2xd*e"2)*f"2 - 6%(b"3*d"3*f"2 - (a”3 - 3*xa"2xDb
+ 3*a*xb”2 - bT3)*xcT2xd*f74 + 2% (3*a*b”2 - bT3)*xcxd"2*xf73) *x"2 + 8*(9kaxbT2x*
cxd"2%e”2 - 3*b73*kckd"2*%e — (3*a"2%b + b73)*c*kd"2*e”3)*f — 4x(3*xb"3kc*kd"2*f
"2 - (a3 - 3*a"2*b + 3*axb”2 - b"3)*c”3*f"4 + 3% (3*axb”2 - b73)*c”2*xd*f"3)
*x)*cosh(f*x + e)72 - 2x((a”3 - 3*a"2%b + 3*a*xb”™2 - b~3)*d"3*xf~4*x~4 - 24*a
*b72%d"3*%e”3 + 12*b"3*d"3%e”2 + 2% (3*a"2*b + b~"3)*d"3*e”4 - 4*x (2% (3*a"2%b +
b~3)*c"3*e - (3*%a*xb”2 + b~3)*c"3)*f"3 + 4*x((a”3 - 3*a"2*b + 3*axb”2 - b~3)
*cxd"2+%f74 - (3*a*xb”2 - b73)*d"3*%f73)*x"3 - 6% (12*axb"2xc"2xdxe - b~3*c”2x*d
- 2%(3*%a”2*%b + b73)*c"2xd*e"2)*f"2 - 6x(b"3*xd"3*xf"2 - (a3 - 3*a”"2*b + 3x*a
*b72 - bT3)kcT2xd*f"4 + 2% (3*a*xb”2 - b73)*kckd"2xf"3)*x"2 — 3x((a”3 - 3*ka" 2%
b + 3%a*xb”2 - b"3)*d"3*xf"4xx"4 - 24*axb”"2%d"3*%e”3 + 12*b"3*d"3*e”2 + 2% (3*a
“2%b + b73)*d"3*e”4 - 8% (3*xa"2xb + b"3)*c”3*ke*xf"3 - 4*x(6*axb”2xd"3*%f"3 - (a
"3 - 3*%a”2*b + 3*axb”2 - b73)*c*kd"2*xf74)*x"3 - 12%(6*axb"2xc”2*d*e - (3*a”2
*b + b73)*kcT2xd*e"2)*f 72 — 6% (12%a*xb”2*xc*kd"2*f"3 + 2*xb"3*%d"3*xf"2 - (a”3 - 3
*a"2%b + 3*axb”2 - b73)*cT2xd*f74)*x"2 + 8% (9*kaxb"2xckd"2xe”2 - 3*¥b"3*kc*kd”2
xe — (3*%a”2xb + b73)*ckd"2%e”3)*f - 4x(18*axb"2*c”2xd*f”~3 + 6*b"3xc*kxd"2xf "2
- (a3 - 3*a”"2*xb + 3*axb”2 - b~3)*c”3*f"4)*x)*cosh(f*x + e)72 + 8*(9*a*b”2
*c*d"2%e”2 - 3*b73*xckd"2xe - (3*%a"2%b + b73)*kckd"2xe"3)*xf - 4x(3*%b"3kc*kd”2*
f72 - (2”3 - 3*a"2%b + 3*axb”2 - b"3)*c " 3*xf"4 + 3x(3*kaxb”2 - b~3)*kc"2xd*f"3
Yxx)*sinh (f*x + e)72 + 8% (9*axb™2xcxd"2%e”2 - 3*b"3*kckd"2*e - (3*a"2xb + b~
3)kckd"2xe"3)*xf + 12%((3*a"2%b + b73)*kd"3*f"2*xx"2 + Bxaxb”2*xc*d"2*f + b~ 3*d
"3 + (3*%a"2*b + bT3)*kcT2xd*xf72 + ((3*%a"2*b + b73)*kd"3*fT2xx"2 + B*axb”2*cx*d
“2%f + b7T3*%d"3 + (3*a"2xb + b73)*cT2*xd*f"2 + 2% (3*kaxb"2xd"3xf + (3*%a"2%b +
b~3) *cxd"2xf"2) *x) *cosh (f*x + e)74 + 4x((3*a~2%b + b~ 3)*d"3*f"2*x"2 + 6*axb
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“2%c*d"2+f + b73%d"3 + (3*%a"2%b + D73)*cT2kd*f72 + 2% (3*axb”2xd"3*f + (3*a”
2%b + b73)*kckd"2*xf"2) *x) *cosh(f*x + e)*sinh(f*x + e)73 + ((3*a™2%b + b~3)*d
“3*fT2%x72 + 6*xaxbT2xcxd"2xf + bT3*%d"3 + (3*%a”"2*b + bT3)*cT2xd*f72 + 2% (3*a
*b72+%d"3*%f + (3*a"2%b + b~3)*c*xd"2*%f72) *x) *sinh(f*x + e)~4 - 2x((3*a"2*b +
b~3) *d"3*%f"2%x"2 + 6*xaxb " 2xckd"2*f + b"3xd"3 + (3%a"2%b + b"3)*xc " 2xd*xf"2 +
2% (3*xaxb~2xd"3*f + (3*a”™2%b + b~3)*ckxd"2*xf " 2)*x)*cosh(f*x + e)”2 - 2x((3*a”
2%b + b73)*d"3*FT2xxT2 + B6xaxbT2*ckd"2+f + bT3*d”3 + (3*a"2xb + Db73)*cT2*d*
£f72 - 3% ((3*a"2%b + b~3)*d"3xf"2*x"2 + 6*xaxb"2xcxd"2xf + b~"3%d"3 + (3*a”"2x*b
+ b73)*xcT2xd*f"2 + 2% (3*xaxb”2xd"3*f + (3*a"2xb + b~3)*c*xd"2+f"2) *x) *cosh(f
*x + e)72 + 2x(3*axb”2xd"3xf + (3*a"2%b + b73)*kckd"2*xf"2)*x)*sinh(f*x + e)”
2 + 2% (3*xaxb”2xd"3*xf + (3*a”2%b + b"3)*ckd"2xf"2)*xx + 4*x(((3*a"2%b + b~3)*d
“3*fT2%x72 + 6kxaxbT2xckxd"2xf + bT3*%d"3 + (3*%a”2*b + bT3)*cT2xd*xf72 + 2% (3*a
*b72+%d"3*f + (3*a"2%b + b~3)*xc*xd"2+%f"2)*x)*cosh(f*x + e)~3 - ((3*%a™2%b + b~
3)*d"3*FT2xx72 + Bxaxb”2*xckd"2+f + bT3xd"3 + (3*a"2xb + b73)*cT2kAXfT2 + 2%
(3*a*xb~2+%d"3*f + (3*a"2*b + b~3)*c*xd"2+%f"2) *x) *cosh(f*x + e))*sinh(f*x + e)
)*dilog(cosh(f*x + e) + sinh(f*x + e)) + 12x((3*a”2%b + b~3)*d~3*f"2%x"2 +
B6*xa*xb”2*xckd"2*xf + b73*d"3 + (3*%a"2%b + b73)*kc”T2xd*f"2 + ((3*%a"2%b + b~3)*d”
3*FT2*x7T2 + B6xaxb"2xckxd"2+f + bT3*d”3 + (3*a"2xb + bT3)*cT2*xd*f72 + 2% (3*kax
b~2xd"3*f + (3*a”2%b + b~3)*kckd"2xf"2)*x)*cosh(f*x + e)”4 + 4x((3*a"2*b + b
~3)*xd"3*fT2%xx"2 + 6xaxb"2xckxd"2*xf + b~3*%d"3 + (3*%a"2%b + b~3)kcT2xd*f"2 + 2
*(3*xaxb”™2xd"3*f + (3*xa~2xb + b~3)*c*d"2*f"2) *x) *cosh(f*x + e)*sinh(f*x + e)
“3 + ((3*%a”2*b + b73)*d"3*xf"2%x"2 + 6*a*b”"2*kckd"2*f + b~3xd"3 + (3*%a"2*b +
b73) *cT2xd*xf 72 + 2% (3*xa*xb”2xd”"3*f + (3*%a"2xb + b73)*c*kd"2*f72) *x)*sinh (f*x
+ e)74 - 2x((3*a”2xb + b73)*d"3*f"2*x"2 + 6xaxb"2xcxd"2*xf + b"3*d"3 + (3*a”
2%b + b73)*kcT2xd*f72 + 2% (3*xaxb”2+%d"3*f + (3*a"2*%b + b~3)*cxd"2*%f72) *x) *cos
h(f*x + e)72 - 2% ((3*a™2*b + b~3)*d"3*xf"2*xx"2 + B*a*xb " 2*c*d"2*xf + b~3*xd"3 +
(3%a”2*b + b~3)*c”2xd*f"2 - 3% ((3*a"2*b + b~3)*d"3*f"2*%x"2 + 6*axb 2*c*xd"2
*f + b"3*%d"3 + (3*a”"2xb + b73)*cT2*d*f"2 + 2% (3*kaxb"2xd"3xf + (3*%a"2%b + b~
3)kckd"2xf72) *x) *cosh (f*x + e) 72 + 2% (3*axb™2xd"3xf + (3*a”2*b + b~3)*c*xd~2
*f72)*x) *sinh (f*x + )72 + 2x(3*a*xb™2+%d"3*f + (3*a”"2%b + b~3)*c*xd™2+f~2) *x
+ 4x(((3%xa~2%b + b~3)*xd"3*f"2%xx"2 + 6G*axb"2xc*xd"2xf + b~3*%d"3 + (3*a"2%b +
b~3) *c”2xd*f"2 + 2% (3*axb”2xd"3*f + (3*a"2xb + b"3)*ckxd"2*f”2)*x)*cosh(f*x
+ e)”3 - ((3*a™2%b + b~3)*d"3*f"2*xx"2 + 6¥axb”2xckd"2*xf + b"3*d"3 + (3*a"2x*
b + b73)*cT2xd*f72 + 2% (3*kaxb”2xd"3*f + (3*%a"2%b + b~3)*c*kd"2*f"2) *x) *cosh(
fxx + e))*sinh(f*x + e))*dilog(-cosh(f*x + e) - sinh(f*x + e)) + 4x((3*%a~2x
b + b73)*d"3*%f"3%x"3 + Okaxb"2xcT2xd*f"2 + 3*¥b"3kc*kd"2*f + (3*a"2xb + b~3)*
c”3*f73 + ((3*a"2*b + b~3)*d"3*f"3%x"3 + O*axb"2*xc”2xd*f"2 + 3*b”"3xc*xd”2*f
+ (3*%a”2*%b + b73)*c"3*%f73 + 3% (3*xa*b”2xd"3*f"2 + (3*xa"2%b + b73) *c*d"2*f"3)
*x72 + 3*x(6*xaxb”2xcxd"2*xf72 + b73*%d"3*f + (3*a”"2*%b + b~3)*c"2xd*f"3) *x) *cos
h(f*x + e)~4 + 4%x((3*a"2*b + b~3)*d"3*f"3*xx~3 + O*xa*xb™2*xc ™ 2xd*f~2 + 3*b~3*c
*d"2+f + (3*a”"2*%b + b"3)*c"3*f"3 + 3% (3*ka*xb”2xd"3*f"2 + (3*a"2xb + b”3)*c*d
~2+%f73) *x72 + 3k (6xaxb"2xcxd"2+%f72 + bT3kdA"3*f + (3*%a"2xb + b”3) *c " 2*d*f"3)
*x)*cosh(f*x + e)*sinh(f*xx + e)~3 + ((3*a”2*b + b~3)*d"3*f~3%xx~3 + O*a*xb~ 2%
cT2xd*f72 + 3*b73*kckd"2*f + (3*a"2xb + bT3)*c”3*xf7"3 + 3k (3kaxbT2xd"3*xf"2 +
(3*%a"2%b + b73)*kckd"2*xf"3)*x"2 + 3% (B*axb”2*xckd"2*xf"2 + bT3xd"3xf + (3*xa”2*



257

b + b73)*c”2xd*f"3) *x)*sinh(f*x + e)”4 + 3% (3*a*xb™2xd"3*%f"2 + (3*a"2%b + b~
3)*kckd"2xF73)*xx72 - 2% ((3*%a"2%b + b73)*d"3*f"3*xx"3 + O*axb”2*xc”T2kd*f72 + 3%
b™3xcxd"2xf + (3*a”2%b + b7T3)*c”3*f"3 + 3% (3*xaxb”2*%d"3*xf"2 + (3*a"2*%b + b~3
Yxcxd"2+%f73) #x72 + 3k (Bkaxb"2xckd"2%f72 + bT3kdA73*f + (3*a"2xb + b73)*c”2*d
*f73)*x) *cosh(f*x + e)72 — 2x((3*a"2*b + b"3)*d"3*f"3*x"3 + 9*axb~2*xc~2*d*f
"2 + 3%b73xcxd"2*xf + (3*a"2%b + b"3)*c"3*%f"3 + 3k (3*kaxb"2xd"3*f"2 + (3*a"2*
b + b73)*xcxd"2+%f73)*x"2 - 3k ((3*a"2xb + b~3)*d"3*%f"3*x"3 + 9OkaxbT2xcT2xdxf”
2 + 3*b73*kckd"2xf + (3*%a"2%b + b”3)*c”3*f"3 + 3*(3*kaxb"2xd"3xf72 + (3*a”2x*b
+ b73)*kcxkd"2xf"3)*x72 + 3k (6*xaxbT2xckd"2xf"2 + b~3*%d"3*xf + (3*a"2*b + b~3)
*c72%d*f"3) *x) *cosh(f*x + e)72 + 3*x(6*a*b™2*kckd"2*f"2 + b~3*xd~3*f + (3*a™2%
b + b73)*c”2*xd*f"3) *x)*sinh (f*x + e)~2 + 3% (6*a*xb™2*xc*xd™2*f~2 + b~ 3xd"3*f +
(3¥a”2xb + b~ 3)*c”™2xd*f"3)*x + 4x(((3*a”2%b + b~3)*d"3*f"3*x"3 + O*kaxb 2*c
“2%d*f72 + 3*kb7T3kckd"2xf + (3*%a”2%b + b73)*cT3*f73 + 3*(3*axb"2xd"3*%f72 + (
3*%a”"2*%b + b73)*xckd"2xf"3)*x"2 + 3*k(6xaxbT2xckd"2xf"2 + b~3*%d"3*xf + (3*a”"2x*b
+ b73)*xc"2xd*f"3) *x)*cosh(f*x + e)73 - ((3*a"2*b + b~3)*d"3*f"3*x"3 + O*ax
bT2%c”2xd*f "2 + 3*%b”"3xc*kd”"2xf + (3*a"2*b + b"3)*c"3*f"3 + 3% (3kaxbT2%d"3*f~
2 + (3*%a"2*b + b73)*ckd"2xf73)*x"2 + 3% (6*a*b"2kckd"2*xf72 + b73*%d"3*f + (3%
a"2xb + b73)*c72xd*f"3)*x)*cosh(f*x + e))*sinh(f*x + e))*log(cosh(f*x + e)
+ sinh(f*x + e) + 1) + 4% (9*a*xb™2*d"3*e”2 - 3*b~3*d"3*e - (3*a”2*b + b~3)*d
“3%e”3 + (3*a"2*b + b"3)*c"3*f"3 + (9*a*b”2*d"3*e”2 - 3*b"3*xd"3*e - (3*ka"2*
b + b73)*d"3%e"3 + (3*a”2*b + b"3)*c"3*xf"3 + 3*(3kxaxb”"2*kc”2xd - (3*xa"2xb +
b~3)*c"2xdxe)*f"2 - 3*x(6*a*b”2xckd"2*xe - b73*c*xd"2 - (3*a"2*b + bT3)*xcxd"2%
e~ 2)*xf)*cosh(f*x + e)~4 + 4x(9*a*xb~2+%d"3*e”2 - 3*b~3*d"3xe - (3*%a"2%b + b~3
)*d"3%e”3 + (3*a”2*b + b73)*cT3*f"3 + 3% (3kaxb”2*%c”2*xd - (3*a"2xb + b~3)*c”
2%d*xe) *f72 - 3*(6*axb"2xcxd"2%e - b~ 3*kc*kd"2 - (3*a"2xb + b73)*ckd"2%e”2) *f)
*cosh(f*x + e)*sinh(f*x + e)~3 + (9*a*xb™2*%d"3*e”2 - 3*b~3*d"3xe - (3*a~2*b
+ b73)*d"3%e”3 + (3*%a”"2%b + b~3)*c”3*xf"3 + 3% (3*kaxb"2*xc"2%d - (3*%a”"2*b + b~
3)*kc”2xd*xe) *f"2 - 3x(B*a*xb”2*c*d"2*%e - b7 3xcxd"2 - (3*%a"2%b + b”3)*kckd"2*xe”
2)*f)*sinh(f*x + e)”~4 + 3% (3*a*xb™2+%c”2*d - (3*a”2*b + b~3)*c™2*d*e)*f"2 - 2
*(9*xaxb”2xd"3*e”2 - 3*b"3*%d"3%e - (3*a"2*b + b"3)*d"3*e”3 + (3*a"2%b + b~3)
*c"3*%f73 + 3k (3*kaxb"2xc”2xd - (3*a"2%b + b73)*kcT2*xd*e)*f"2 — 3x(6xaxb”2*c*d
“2%e - b73*xcxd"2 - (3*%a"2%b + b73)*kckxd"2*e”2)*f)*cosh(f*x + e)”"2 - 2*x(9%axb
“2%d"3%e”2 - 3*b73*d"3%e - (3*%a"2%b + b~3)*d"3*e”3 + (3*a"2xb + D"3)*c”3*f"
3 + 3% (3*axb"2xc"2xd - (3*a"2%b + b73)*kc"2xd*e)*f"2 - 3% (9*xaxb”2*xd"3*e”2 -
3*b"3*d"3*e — (3*a"2%b + b~3)*d"3*e”3 + (3*a"2xb + b"3)*c"3*xf"3 + 3*(3*kaxb”
2%c72%d - (3*a”2*b + b73)*c"2xd*e)*f72 - 3*k(6*xaxb"2xckd"2*xe — b~ 3*xc*xd"2 - (
3*a"2%b + b~3)*kcxd"2*e”"2)*f)*cosh(f*x + e)~2 - 3*x(6*axb™2xc*xd"2xe - b~ 3*c*d
"2 - (3*%a"2*b + b73)*cxd"2xe"2)*f)*sinh(f*x + e€)"2 - 3x(6xa*xb”2*c*d"2*e - b
“3%c*d”2 - (3*a"2*%b + b73)*xc*xd"2%e”2)*f + 4*x((9*axb"2xd"3xe”2 - 3*%b~3*d"3*e
- (3*%a”2*b + b"3)*d"3*e”3 + (3*%a"2*b + b73)*c"3*f"3 + 3% (3*xaxb”2*xc”2*xd - (
3*%a”"2*%b + b"3)*c"2xdxe)*f"2 - 3*x(6*kaxb"2xckd"2%xe — b~ 3*c*xd"2 - (3*a”2*b + b
~3)*xc*xd"2*%e"2) *f)*cosh(f*x + e)~3 - (9*a*xb™2xd"3*e”2 - 3*b~3*%d"3*e - (3*a”2
*b + b73)*d"3*%e”3 + (3*xa"2%b + b"3)*c”3*f"3 + 3*(3*kaxb"2xc”2+%d - (3*a"2*b +
b~3)*c"2xd*e) *f7"2 - 3*k(6*xaxb”2xckxd"2xe - b73*c*d”2 - (3*a"2*b + bT3)*c*xd"2
xe”2)*f)*cosh(f*x + e))*sinh(f*x + e))*log(cosh(f*x + e) + sinh(f*x + e) -
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1) + 4x((3*a"2%b + b~3)*d"3*f"3*x"3 - 9*xaxb~2%d"3*e”2 + 3*b"3*d"3*xe + (3*a”
2%b + b73)*d"3*e”3 + 3% (3*xa"2xb + b"3)*c " 2*kd*exf"2 + ((3*a"2xb + b~3)*d"3*f
“3%x73 - O*kaxbT2xd"3*e”2 + 3*¥b~3*%d"3*e + (3*a"2*%b + b~3)*d"3*e”3 + 3*%(3*a”2
*b + b73)*kcT2kd*exf"2 + 3*x(3*axb”2+%d"3*f72 + (3*a"2xb + b73)*c*kd"2+f73) *x"2
+ 3% (6*axb"2xcxd"2%e - (3*a”2*b + b73)*kckd"2xe"2)*f + 3k (6*axb"22kckd"2xf"2
+ b73%d"3*xf + (3*a"2*b + b~3)*c"2*xd*f"3) *x)*cosh(f*x + e)~4 + 4x((3*a~2xb
+ b73)*d"3*f"3%x"3 - O*kaxb"2xd"3*e”2 + 3*b"3*d"3*e + (3*a”2*b + b~3)*d"3*e”
3 + 3*%(3*a"2%b + b73)*c"2*d*e*f”2 + 3k (3*axb"2xd"3xf"2 + (3*a”2*b + b73)*cx*
d"2*f73)*x72 + 3*(6xaxb”2*xc*d"2%e - (3*a"2%b + b73)*xcxd"2%e”2)*f + 3*(6*axb
"2%c*kd"2%f72 + bT3xd"3*f + (3%a”2*b + b~3)*kc”2xd*f"3)*x)*cosh(f*x + e)*sinh
(f*x + e)73 + ((3*a™2%b + b~3)*d"3*f"3*x"3 - 9*a*b”2xd"3*e"2 + 3*b~3*d”"3*e
+ (3*a”2*%b + b~3)*d"3%e”3 + 3*%(3*a”2*b + b73)*cT2xdxexf”2 + 3*(3*kaxb~2xd"3x*
£f72 + (3*a”™2*b + b~3)*c*xd"2+%f73)*x"2 + 3*(6xaxb"2xcxd"2xe - (3*a”2%b + b~3)
*ckd"2%e”2) *f + 3k (6xaxb"2xcxd"2+%f72 + bT3kdA73*f + (3*a"2xb + b73)*cT2*xd*f”
3)*x)*sinh(f*x + e)~4 + 3*x(3*a*b™2xd"3*f"2 + (3*a~2%b + b~3)*ckd"2*xf~3) *x"2
- 2%((3*%a"2*%b + b~3)*d"3*f"3*%x"3 - 9*ka*xb”"2*d"3*e”2 + 3*b"3*xd"3*e + (3*ka 2
b + b73)*d"3%e"3 + 3*%(3*a"2*b + b73)*c"2xd*xexf"2 + 3*(3*kaxb"2xd"3*xf"2 + (3%
a”2%b + b7T3)kckdT2xFT3)*x"2 + 3% (6*axb”2*xckd"2*%e - (3*a"2xb + b73)*c*xd"2*e”
2)%f + 3% (6*xaxb™2xcxd"2*xf"2 + b~3*%d"3*f + (3*a”"2*b + b~3)*c”2xd*f"3) *x) *cos
h(f*x + e)72 - 2% ((3*a™2*b + b~3)*d"3*f"3*x~3 — O*a*xb~2*d"3*e”2 + 3*b~3*d"3
xe + (3*%a”2*b + b73)*d"3*e”3 + 3*%(3*a"2%b + b73)*kc 2kd*exf"2 + 3% (3kaxb”2*d
“3%f72 + (3*%a”2*b + bT3)*xckd"2xf"3)*x"2 - 3*%((3*a"2*b + b~3)*d"3xf"3%x"3 -
9%axb~2*d"3*e”2 + 3*b"3*xd"3xe + (3*a"2*b + b~3)*d"3*e”3 + 3*%(3*%a"2*b + b~3)
*CT2%d*e*xf72 + 3x(3*axb"2xd"3*%f72 + (3*%a”2*b + bT3)*kckd"2xf"3)*x"2 + 3*(6*a
*b"2%c*kd"2%e - (3*a"2xb + b73)*c*kd"2%e"2) *f + 3k (6kaxb"2xckd"2xf72 + b”3*d”
3xf + (3*a"2*b + b~3)*c"2*d*f"3) *x) *cosh(f*x + e)~2 + 3*(6*a*xb™2*c*d"2*e -
(83%¥a™2*b + b~3)*ckxd"2%e”2)*xf + 3*x(B*xaxb™2*xckd"2%f"2 + b~"3*d"3*xf + (3*a”2*b
+ b73)kcT2xd*fT3) *x) *sinh (f*x + e) 2 + 3*(6*xaxb”2xcxd " 2xe - (3*a”2%b + b~3)
*cxd"2%e”2) *f + 3*(6xaxb"2xcxd"2+%f72 + bT3*dA73*f + (3*a"2xb + b73)*cT2*xd*f”
3)*x + 4x(((3*a"2xb + b~3)*d"3*f"3*x"3 - 9*axb"2xd"3*e”2 + 3*b"3*d"3*e + (3
*a"2%b + b73)*d"3*e”3 + 3% (3*a"2%b + b"3)*kc"2kdkexf"2 + 3% (3*xaxb"2%d"3*f "2
+ (3%a"2*%b + b73)*xc*d"2*xf"3)*x"2 + 3*x(6*axb"2*xckd"2%xe - (3*a"2*b + b~3)*c*d
“2xe”2) kf + 3% (6kaxb 2%cxd"2*f72 + bT3xd"3*kf + (3*a”"2*b + b73)*kcT2*d*f"3) *x
Yxcosh(f*x + e)73 - ((3*a™2*%b + b~3)*d"3*%f~3*%x~3 - O*ka*b™2xd"3*xe”2 + 3*xb~ 3%
d"3*e + (3*a"2*b + b~3)*d"3*e”3 + 3*(3*a"2*b + b~3)*c"2*d*e*xf"2 + 3*(3*kaxb”
2%d"3*%f72 + (3*a"2*%b + b~3)*xc*xd"2+xf"3)*x"2 + 3k (6kaxb"2xcxd"2xe - (3*a”2*b
+ b73)*cxd"2%e”2)xf + 3x(6*axb"2*xckd"2+%f”"2 + b"3xd"3*f + (3*a"2xb + b"3)*c”
2xd*f~3) *x) *cosh(f*x + e))*sinh(f*x + e))*log(-cosh(f*x + e) - sinh(f*x + e
) + 1) + 24%x((3*a"2*b + b~3)*d"3*cosh(f*x + e)”4 + 4*x(3*a”"2xb + b~3)*d"3*co
sh(f*x + e)*sinh(f*x + e)~3 + (3*%a"2xb + b~3)*d " 3*sinh(f*x + e)"4 - 2*x(3*%a”
2%b + b~"3)*d"3*cosh(f*x + e)72 + (3*a”2*b + b~3)*d"3 + 2*x(3*%(3*a"2*b + b~3)
*d"3*cosh(f*x + e)72 - (3*a"2%b + b~3)*d"3)*sinh(f*x + e)”2 + 4*x((3*a"2*b +
b~3)*d"3*cosh(f*x + e)”3 - (3*a"2xb + b~3)*d"3*cosh(f*x + e))*sinh(f*x + e
))*polylog(4, cosh(f*x + e) + sinh(f*xx + e)) + 24x((3*%a”2*b + b~3)*d"3*cosh
(f*x + e)”4 + 4% (3*xa"2%b + b~3)*d"3*cosh(f*x + e)*sinh(f*x + e)”3 + (3*xa~2%
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b + b73)*d"3*sinh(f*x + e)™4 - 2*(3*%a"2*b + b~3)*d"3*cosh(f*x + e)~2 + (3*a
“2%b + b73)*d"3 + 2% (3% (3*%a"2%b + b~3)*d"3*cosh(f*x + e)”2 - (3*%a"2*b + b~3
)*¥d"3)*sinh(f*x + e)~2 + 4x((3*a"2%b + b~3)*d"3*cosh(f*x + e)~3 - (3*a™2x*b

+ b~3)*d"3*cosh(f*x + e))*sinh(f*x + e))*polylog(4, -cosh(f*x + e) - sinh(f
*x + e)) - 24*x(3*axb”2*xd"3 + (3*a"2%b + b73)*kd"3*kf*kx + (3*a"2%b + b~3)*kc*kd”
2%f + (3*axb”2+%d"3 + (3*a"2%b + b~3)*d"3*f*x + (3*a~2%b + b~3)*c*xd"2*f)*cos
h(f*x + e)”4 + 4x(3*%a*xb~2*d"3 + (3*a"2*b + b~3)*d"3*fxx + (3*a"2*b + b~3)*c
*d"2+f)*cosh(f*x + e)*sinh(f*xx + e)~3 + (3*a*xb™2*d"3 + (3*a~2xb + b~3)*d"3*
fxx + (3*a"2%b + b~ 3)*c*xd"2+f)*sinh(f*x + e)~4 — 2x(3*a*xb~2+%d"3 + (3*a~2*b

+ b73)*d"3*xf*xx + (3*a”2%b + b"3)*kckd"2*xf)*cosh(f*x + e)”2 - 2% (3*axb™2*d"3

+ (3%a"2*%b + b~3)*d"3*f*xx + (3*a"2*b + b~3)*xc*d"2*xf - 3*(3*axb”2%d"3 + (3*a
“2%b + b73)*d"3*kf*xx + (3*¥a"2xb + b73)*c*d”"2*f)*cosh(f*x + e) 2)*sinh(f*x +

e)”2 + 4*x((3*axb™2xd"3 + (3*a”2%b + b~3)*d"3*xf*x + (3*%a"2%b + b~3)*c*kd”"2*f)
*cosh(f*x + )73 - (3*a*xb”2xd"3 + (3*a”2*b + b~3)*d"3*xfxx + (3*a”2*b + b~3)
xc*xd"2xf) *cosh(f*x + e))*sinh(f*x + e))*polylog(3, cosh(f*x + e) + sinh(f*x
+ e)) - 24x(3*xaxb”2*%d"3 + (3*a”2*b + b~3)*d"3xfxx + (3*a"2%b + b”3)*kckd 2%
f + (3*a*xb™2xd"3 + (3*a”2%b + b~3)*d"3*f*x + (3*a~2xb + b~3)*c*d”2*f)*cosh(
f*x + e)74 + 4x(3*xaxb”2%d"3 + (3*a"2*b + b~3)*d"3xfxx + (3*a”2*b + b~ 3)*cx*d
~2+f)*cosh(f*x + e)*sinh(f*x + e)73 + (3*axb™2*d”3 + (3*a~2xb + b~3)*d"3*f*
X + (3*a”2xb + b~3)*c*d"2*f)*sinh(f*x + e)~4 - 2+ (3*a*b™2*d"3 + (3*a~2xb +
b~3)*d"3xfxx + (3*a"2%b + b7"3)*kckd"2*xf)*cosh(f*x + e)72 - 2% (3*axb~2*xd"3 +

(3*%a”2*b + b~3)*d"3*f*x + (3*a"2%b + b73)*c*xd"2xf - 3*(3*xaxb”2*d"3 + (3*a”2
*b + b73)*d"3*kf*xkx + (3*%a"2%b + b~3)*c*kd"2*f)*cosh(f*x + e) 2)*sinh(f*x + e)
"2 + 4% ((3*axb”2xd"3 + (3*a"2%b + b~3)*d"3*kf*kx + (3*a"2xb + b73)*ckd"2*f) *c
osh(f*x + e)73 - (3*a*xb™2*xd"3 + (3*a™2*b + b~3)*d"3*xf*x + (3*a~2*b + b~3)*c
*d~2xf)*cosh(f*x + e))*sinh(f*x + e))*polylog(3, -cosh(f*x + e) - sinh(fx*x

+ e)) + 4x(((a”™3 - 3*a"2%b + 3xa*b”2 - b"3)*d"3*f"4*x"4 - 24*axb”2*d"3%e”3

+ 12%b73*%d"3*%e”2 + 2% (3*%a"2%b + b~3)*d"3*e"4 - 8x(3*%a"2%b + b”3)*c 3*ke*xf”3

- 4% (6*a*xb”2xd"3*f"3 - (a”3 - 3*a"2%b + 3*a*b”2 - b"3)*ckd"2xf"4)*x"3 - 12%
(6xa*xb~2*xc"2*d*e - (3*a”™2%b + b~3)*c™2*d*e"2)*f"2 - 6% (12*axb~2xcxd"2+xf~3 +
2%b"3*d"3*f"2 - (2”3 - 3*%a”2%b + 3*a*b”2 - bT3)*kcT2xd*f"4)*x"2 + 8+ (9*axb”
2%cxd"2%e”2 - 3*b"3%c*kd"2xe - (3%a"2*b + b73)xc*d"2*xe"3)*f - 4*x(18*axb"2xc”
2%d*f~3 + 6*xb73kckd"2xf"2 - (a”3 - 3*a"2*b + 3*a*b”2 - b~3)*xc"3*%f74)*x) *cos
h(f*x + )73 - ((a”™3 - 3*a™2*b + 3*a*xb™2 - b~ 3)*d"3*f"4*x"4 - 24*xaxb~2xd~3*
e”3 + 12+%b73*d"3*e”2 + 2x(3*a"2%b + b~3)*d"3*e”"4 - 4x(2*x(3*a"2%b + b~3)*c”3
xe — (3*a*xb”2 + b73)*c"3)*f"3 + 4% ((a”3 - 3*a"2*b + 3*axb"2 - b"3)*kckd"2*f"
4 - (3*axb”2 - b~3)*d"3*%f"3)*x"3 - 6% (12*a*xb”2*xc"2*d*e - b~ 3*xc"2*xd - 2*(3*a
“2%b + bT3)*kcT2xd*e”"2)*f"2 - 6% (b"3%d"3*f72 - (2”3 - 3*a"2xb + 3%axb”2 - b~
3)*kcT2xd*f"4 + 2% (3*a*xb”2 - bT3)*kckd"2*FT3)*xT2 + 8x (9*axb"2xc*d"2*e”2 - 3%
b~ 3*cxd"2xe - (3*a"2%b + b73)*kckd"2xe"3)*xf - 4% (3¥b"3*kckd"2xf"2 - (a”3 - 3%
a~2xb + 3*axb”2 - b"3)*c"3*%f"4 + 3*%(3*kaxb”2 - b"3)*c"2xd*f"3)*x) *cosh(f*x +
e))*sinh(f*x + e))/(f 4xcosh(f*x + e)~4 + 4xf~4xcosh(f*x + e)*sinh(f*xx + e
)73 + f74*sinh(f*x + e)”4 - 2*%f " 4xcosh(f*x + e)72 + f74 + 2x(3*f~4xcosh(f*x
+ e)72 - f74)xsinh(f*x + e)72 + 4x(f"4xcosh(f*x + e)~3 - f 4xcosh(f*x + e)
)Y*sinh(f*x + e))
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Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + bcoth (e + fx))3 (c+ dx)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**3*x(atbxcoth(f*x+e))**3,x)

[Out] Integral((a + bxcoth(e + f*x))**3*x(c + d*x)**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f(dx + c)3(b coth (fx + e) + a)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) ~3*(atb*coth(f*x+e))~3,x, algorithm="giac")

[Out] integrate((d*x + c) 3x(bxcoth(f*x + e) + a)~3, x)
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348  [(c+dx)*(a+beoth(e + fx))* dx

Optimal. Leaf size=401

3a2bd(c + dx)PolyLog (2,e%¢*/9)  3a2pd?PolyLog (3,¢2¢*/¥))  3ab?d?PolyLog (2,¢2¢*/¥))  bd(c + dx)PolyLs
72 ] 2 i 2 ’ 72

[Out] (b7 3*c*xd*x)/f + (b~3*%d"2*x"2)/(2*f) - (3*axb™2x(c + d*x)"2)/f + (a"3*(c + d
*x)7"3)/(3%d) - (a"2%b*(c + d*x)~3)/d + (a*b™2x(c + d*x)~3)/d - (b~3*(c + d*
x)"3)/(3*d) - (b~3xd*(c + d*x)*Coth[e + fxx])/f"2 - (3*a*xb”™2*(c + d*x) " 2*Co
thle + f*x])/f - (b73*(c + d*xx) " 2*xCothl[e + f*x]72)/(2*f) + (6*xa*xb™2xd*(c +
dxx)*xLog[1 - ET(2x(e + fxx))])/f72 + (3*a"2xb*(c + d*x) 2xLog[l - E"(2x(e +
fxx))1)/f + (b73*%(c + d*x) "2*xLog[l - E~(2%(e + f*x))])/f + (b~3*d"2*Log[Si
nhle + fxx]]1)/£73 + (3*a*b~2xd~2*PolyLog[2, E~(2x(e + fxx))])/f"3 + (3xa~2x
b*d*(c + d*x)*PolyLog[2, E~(2x(e + f*x))])/f72 + (b~ 3*d*(c + d*x)*PolyLogl[2
, ET(2x(e + £*x))])/£72 - (3*a”2xb*d"2xPolyLog[3, E~(2x(e + fxx))])/(2%£73)
- (b73*d"2xPolyLog[3, E~(2x(e + fxx))])/(2%£73)

Rubi [A] time = 0.697871, antiderivative size = 401, normalized size of antiderivative =
1., number of steps used = 22, number of rules used = 11, integrand size = 20, M
integrand size

= 0.55, Rules used = {3722, 3716, 2190, 2531, 2282, 6589, 3720, 2279, 2391, 32, 3475}

3a?bd(c + dx)PolyLog (2, ee+f ")) 3a?bd?*PolyLog (3, e2e+f ")) 3ab*d*PolyLog (2, e2e+f x)) b3d(c + dx)PolyLx
12 B 2f3 + 13 + 12

Antiderivative was successfully verified.

[In] Int[(c + d*xx)~2%(a + b*Coth[e + fx*x])~3,x]

[Out] (b73*ckxd*x)/f + (b73*%d"2xx72)/(2*%f) - (3*a*b™2*(c + d*x)~2)/f + (a”3*%(c + d
*x)73)/(3%d) - (a”2*bx(c + d*x)~3)/d + (axb™2x(c + d*x)"3)/d - (b"3x(c + dx
x)73)/(3xd) - (b~3xd*(c + d*x)*Cothl[e + fxx])/f"2 - (3*a*b~2x(c + d*x) ~2*Co
thle + fxx])/f - (b™3x(c + d*x)~2*Cothl[e + fxx]~2)/(2%f) + (6%axb”~2xd*(c +
dxx)*Log[1l - E~(2x(e + f*x))])/f72 + (3*a"2*b*x(c + d*x) 2xLog[l - E~(2*(e +
fxx))1)/f + (b73*%(c + d*x) 2*xLog[l - E7(2%(e + f*x))])/f + (b~3*d"2*Log[Si
nhle + fxx]])/f73 + (3%axb”™2xd"2*PolyLog[2, E"(2x(e + f*x))])/f73 + (3*a™2x%
bxd*(c + d*x)*PolyLog[2, E~(2x(e + f*x))])/f72 + (b~ 3*d*(c + d*x)*PolyLog[2
, ET(2x(e + £*xx))])/£72 - (3*a”2xb*d"2xPolyLog[3, E~(2x(e + fxx))])/(2%£73)
- (b~3*d"2xPolyLog[3, E~(2x(e + fxx))])/(2%£73)

Rule 3722
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Int[((c_.) + (d_D*(x))"(m_.Dx*((a_) + (b_.)*tan[(e_.) + (f_D)*x)D])"(n_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Tan[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, 0]

Rule 3716

Int[((c_.) + (@_)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz 1)*(f_
O*x(x_ )], x_Symbol] :> -Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2
*I, Int[((c + d*xx) " m*xE~(2x(-(I*xe) + fxfz*x)))/(E-(2xI*xk*Pi)*(1 + E~(2x(-(I*
e) + f*xfzxx))/E~(2xI*k*Pi))), x], x] /; FreeQl[{c, d, e, f, fz}, x] && Integ
erQ[4xk] && IGtQ[m, O]

Rule 2190

Int [(CCF_)~((g_D*((e_.) + (£_)*(x_))))"(n_)*((c_.) + (d_)*x_))"(m_.))/
(@) + (b_)*x((F_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m*Log[1l + (b*x(F~(gx(e + f*x)))™n)/al)/(bxf*g*nxLogl[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))7°n)/al, x1, x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] && IGtQ[m, O]

Rule 2531

Int[Log[l + (e_.)*x((F_)~((c_.)*((a_.) + (b_)*(x_))))"(m_)I*x((£f_.) + (g_.)
x(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + b*x
)))"n)]1)/(b*cxn*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x)~(m -
1)*PolyLog[2, -(ex(F~(cx(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, f
, g, n}, x] && GtQ[m, O]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !MatchQ[u, (w )*((a_.)*(v_ )" (n_ ))"(m_) /; FreeqQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)Iv_]1 /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogn_, (c_.)*((a_.) + (b_.)*x(x_))"(p_.01/C(d_.) + (e_.)*(x_)), x_8S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)"pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[b*xd, axe]

Rule 3720
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Int[((c_.) + (d_D)*(x_))"(m_.)*x((b_.)*tanl[(e_.) + (f_.)*(x_)])"(n_), x_Symb
0ol] :> Simp[(b*(c + d*x) m*(b*Tan[e + f*x])"(n - 1))/(f*(n - 1)), x] + (-Di
st[(bxd*m)/(fx(n - 1)), Int[(c + d*x)"(m - 1)*(bxTan[e + f*x])"(n - 1), x],
x] - Dist[b~2, Int[(c + d*x) m*(b*Tan[e + f*x])~(n - 2), x], x]) /; FreeQ[
{b, c, 4, e, £}, x] && GtQ[n, 1] && GtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2391

Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlcx*d, 1]

Rule 32

Int[((a_.) + (b_.)*(x_))"(m_), x_Symbol] :> Simp[(a + bxx)"(m + 1)/(b*x(m +
1)), x1 /; FreeQ[{a, b, m}, x] && NeQ[m, -1]

Rule 3475
Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Log[RemoveContent[Cos[c + d

xx], x11/d, x]1 /; FreeQ[{c, d}, xI

Rubi steps
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f(c +dx)?(a + bcoth(e + fx))>dx = f (a3(c +dx)? + 3a2b(c + dx)? coth(e + fx) + 3ab?(c + dx)? coth®(e + fx) + b3(c

a3(c + dx)3

=— " 4 (3a2b) f(c + dx)? coth(e + fx)dx + (Sabz) f(c + dx)? coth®(e + |

3d

B(c+dx)®  ab(c+dx)®  3ab*(c +dx)? coth(e + fx)  b3(c + dx)? coth?(e +

Y d ¥

2f

¥ 3d d d

_ DPedx  bPd*x®  3ab?(c + dx)? N a*(c+dx)®  a?b(c + dx)? N ab?(c + dx)®

3d

7o 7 3d d

B b3cdx N b3d?x*  3ab?(c + dx)? N a3(c+dx)®  a®b(c + dx)? N ab?(c + dx)?

d

[ 2f 7 3d d

_ Dodx  PPdx? _ 3ab?(c + dx)? . a3(c + dx)3 ~ a?b(c + dx)® .\ ab?(c + dx)3 ~

d

T 7 3d d

_ Podx  PdPx®  3ab*(c +dx)? .\ a(c+dx)°>  a®b(c + dx)® .\ ab*(c +dx)*

d

7t ToF 7 3d d

Mathematica [C] time = 12.915, size = 2031, normalized size = 5.06

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[(c + d*x)~2%(a + b*Cothl[e + f*x])~3,x]

d

[Out] -(a~2*%bxd~2+E~e*Cschle]l*((2*xf~3%xx73)/E~(2xe) - 3*(1 - E~(-2%e))*f 2*x"2*Log

[1 - E"(-e - fxx)] - 3*%(1 - E~(-2%e))*f"2xx"2*Log[1l + E"(-e - fxx)] + 6%(1
- E7(-2%e) ) *x(f*x*PolyLog[2, -E"(-e - f*x)] + PolyLog[3, -E"(-e - f*x)]) + 6
*x(1 - E7(-2%e))*(f*x*PolyLog[2, E"(-e - f*x)] + PolyLogl[3, E~(-e - f*x)])))
/(2x£73) - (b~3*d"2*E~exCsch[e]*((2%xf~3%x73)/E~(2%e) - 3x(1 - E~(-2%e))*f"2
*x"2%Log[1l - E7(-e - fxx)] - 3%(1 - E7(-2%e))*f 2xx"2%Log[l + E"(-e - fxx)]
+ 6%(1 - E7(-2%e))*(f*x*PolyLog[2, -E"(-e - f*x)] + PolyLog[3, -E~(-e - fx
x)]) + 6%x(1 - E7(-2%e))*(f*x*PolyLog[2, E"(-e - f*x)] + PolyLog[3, E~(-e -
£xx)1)))/(6%x£73) - (b~3*d"2xCschle]*(-(f*xx*Cosh[e]) + Log[Cosh[f*x]*Sinh/[e]
+ Cosh[el*Sinh[f*x]]*Sinh[e]))/(£73*(-Cosh[e] "2 + Sinh[e]"2)) - (6*a*b™2*c
xd*Csche] * (- (f*x*Cosh[e]) + Log[Cosh[f*x]*Sinh[e] + Cosh[e]*Sinh[f*x]]*Sin
hlel))/(£f72x(-Cosh[e] "2 + Sinh[e]”2)) - (3*a~2*b*c~2+Csch[e]* (- (f*x*Coshl[e]

3ab?(c + dx)? . a(c+dx)®  a®b(c + dx)? N ab*(c +dx)®  b(c+dx)® b

t

t

b

b
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) + Log[Cosh[f*x]*Sinh[e] + Cosh[e]l*Sinh[f*x]]*Sinh[e]))/(f*x(-Cosh[e]"2 + S
inh[e]~2)) - (b~3*c"2+Cschle]*(-(f*xxCosh[e]) + Log[Cosh[f*x]*Sinh[e] + Cos
h[e]l *Sinh[f*x]]1*Sinh[e]))/(f*(-Cosh[e]”2 + Sinh[e]"2)) + (Csch[e]*Cschle +
f*x] 2% (-6xb~3*xcxd*Cosh[e] - 18*axb™2xc 2xf*Cosh[e] - 6*¥b~3*d"2*x*Coshl[e] -
36*a*xb " 2xcxd*xfxx*xCosh[e] - 18*a~2*b*c ™ 2*xf " 2*xx*Cosh[e] - 6%b~3*c™2*f " 2*x*Co
shle] - 18*axb~2*xd~2*f*x"2%Cosh[e] - 18%a~2*bxc*d*f~2*x~2*xCoshl[e] - 6*b~3*c
*d*f"2+%x"2*Cosh[e] - 6*a~2xbxd~2+%f~2+*x"3*Coshl[e] - 2*b~3*xd~2*xf~2*x~3*Cosh[e
] + 6*b”"3*cxd*Coshl[e + 2*f*x] + 18*axb™2xc 2xf*Coshl[e + 2*f*x] + 6xb~3*d~2x%
x*Cosh[e + 2xf*x] + 36*a*b”2xckxd*xf*x*Coshl[e + 2*xf*x] + 9*ka 2xb*xc~2*xf~2xx*Co
shle + 2%f*x] + 3*b~3xc™2xf " 2%x*Cosh[e + 2*xf*x] + 18*axb~2xd"2*f*x"2*Coshl[e
+ 2xf*xx] + 9xa~2xbkckd*f " 2*xx"2*Cosh[e + 2xfxx] + 3*b~3*c*kd*xf " 2xx"2*Coshl[e
+ 2kf*xx] + 3*%a"2xbxd"2+%f"2%x"3*Coshle + 2xf*x] + b~3*%d"2*f " 2*x"3*Cosh[e + 2
*f*xx] + O*ka " 2*xbkxcT2xf " 2xx*Cosh[3*e + 2*f*x] + 3*b~3*c~2*xf~2xx*Cosh[3*e + 2%
fxx] + 9*%a”2xbxcxd*xf " 2xx"2%Cosh[3*e + 2*xf*x] + 3*b~3*xcxd*f~2%x"2+Cosh[3*e +
2*f*x] + 3*a"2xbxd"2xf"2%x"3*Cosh[3*e + 2*f*x] + b~ 3*xd"2*%f " 2+x"3*Cosh[3*e
+ 2*%f*x] - 6xb"3xc”2*%f*Sinh[e] - 12*b " 3*kckd*xf*x*Sinh[e] - 6*a”3*xc™2*f " 2*x*S
inh[e] - 18*a*b™2*c ™ 2*f~2*x*Sinh[e] - 6%b~3*d"2*f*x"2*Sinh[e] - 6xa~3*c*dx*f
“2xx"2%Sinh[e] - 18%a*b”2xc*d*xf~2*x~2*Sinh[e] - 2*a~3*d"2*xf~2*x~3*Sinh[e] -
6*xa*xb”~2xd"2*f"2*xx"3*Sinh[e] - 3*a~3*c”2*f " 2*xx*Sinh[e + 2xfxx] - 9*axb~2*c”
2+%f"2*x*Sinh[e + 2*f*x] - 3*a~3*c*xd*f 2*x"2*Sinh[e + 2*xf*x] — 9xaxb~2*c*dx*f
~2%x"2%Sinh[e + 2*f*x] - a~3*%d"2*%f"2+x"3*Sinh[e + 2*f*x] — 3*xaxb~2+xd"2*f 2%
x"3*Sinh[e + 2*f*x] + 3*a~3*c™2*f"2xx*Sinh[3xe + 2*f*x] + Okaxb™2xc™2xf " 2%x
*3inh[3*e + 2*xf*x] + 3*%a~3xcxd*f~2%x"2+Sinh[3*e + 2xf*xx] + 9xaxb~2kxc*xd*f 2%
x"2*Sinh[3*e + 2*f*x] + a~3*d"2*f"2*x"3*Sinh[3%e + 2*f*x] + 3*axb™2xd"2xf~2
*x73%3inh [3*e + 2*xf*x]))/(12xf~2) + (3*a*b”2*d"2*Cschle]*Sech[e]* (- ((f~2*x"
2) /E"ArcTanh[Tanh[e]]) + (Ix(-(f*x*(-Pi + (2*I)*ArcTanh[Tanh[e]])) - Pix*Log
[1 + ET(2%f*x)] - 2% (I*f*x + IxArcTanh[Tanh[e]])*Logl[l - E~((2*I)*(I*f*x +
I*ArcTanh[Tanh[e]l]))] + PixLog[Cosh[f*x]] + (2*%I)*ArcTanh[Tanh[e]]*Log[I*Si
nh[f*x + ArcTanh[Tanh[e]]]] + I*PolyLogl[2, E~((2*I)*(Ixf*x + I*ArcTanh[Tanh
[e]1))]1)*Tanh([e])/Sqrt[1 - Tanh[e]~2]))/(£"3*Sqrt[Sech[e] “2*(Cosh[e]"2 - Si
nh[e]"2)]) + (3*xa~2xbxc*d*Csch[e]*Sech[e]l*(-((£f~2%x"2)/E~ArcTanh[Tanh[e]])
+ (Ix(-(f*x*(-Pi + (2*%I)*ArcTanh[Tanh[e]])) - PixLog[l + E~(2%f*x)] - 2%(Ix
f*x + IxArcTanh[Tanh[e]])*Log[l - E~((2*I)*(I*f*x + IxArcTanh[Tanh[e]]))] +
PixLog[Cosh[f*x]] + (2%I)*ArcTanh[Tanh[e]]*Log[I*Sinh[f*x + ArcTanh[Tanh[e
1111 + I*PolyLog[2, E~((2*I)*(Ixf*x + I*ArcTanh[Tanh([e]]))])*Tanh[e])/Sqrt(
1 - Tanh[e]~2]))/(f72xSqrt[Sech[e] "2*(Cosh[e]~2 - Sinh[e]"2)]) + (b~ 3*c*d*C
schle]l*Sech[e]l*(-((£f"2*x"2) /E"ArcTanh[Tanh[e]]) + (I*(-(f*xx*(-Pi + (2*I)*Ar
cTanh[Tanh[e]])) - PixLog[l + E~(2xf*x)] - 2x(I*f*x + IxArcTanh[Tanh([e]])*L
ogll - E7((2*I)*(I*f*x + IxArcTanh[Tanh[e]]))] + Pi*Log[Cosh[f*x]] + (2*I)x
ArcTanh[Tanh[e]]*Log[I*Sinh[f*x + ArcTanh[Tanh[e]]]] + I*PolyLogl[2, E~((2*I
)*(I*xfxx + IxArcTanh[Tanh([e]]))])*Tanh[e])/Sqrt[1 - Tanh[e]~2]))/(£~2*Sqrt[
Sech[e] "2*(Cosh[e] "2 - Sinh[e]l~2)])
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Maple [B] time = 0.166, size = 1542, normalized size = 3.9

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c) 2% (a+b*coth(f*x+e)) ~3,x)

[Out] 2xb~3/f~2*cxd*polylog(2,exp(f*x+e))+2xb~3/f 2xcxd*polylog(2,-exp(f*x+e))+4/
3xb~3/f"3%d"2%e"3-2%b"~3/f " 3xd~2*polylog (3, exp (f*x+e))-2%b~3/f 3*d"2*polylog
(3,-exp(f*x+e))+b~3/£73*xd"2*1n(exp (f*x+e) -1)+b~3/£"3*xd"2*1n (exp (f*x+e)+1)-2
*b~3/£73*%d"2x1n (exp (f*x+e) ) +b~3/f*c™2x1n(exp (f*x+e)-1)+b~3/f*c™2x1n (exp (f*x
+e)+1)-2xb~3/fxc”2x1n(exp (f*x+e) ) +6%b~2/f"2%1n (1-exp (f*x+e) ) *a*xd ™ 2*x+2xb~3/
fx1ln(exp(f*x+e)+1)*cxd*x+3*b/f*x1n(1-exp (f*x+e))*a~2xd"2*x"2+6%b/f " 2*polylog
(2,exp(f*x+e))*a”2*d~2*x+3*b/f~"3*xa~2xd"2*e~2*1n (exp (f*x+e)-1) -6%b/f~3*a~2*d
~2%e”2x1n (exp (f*x+e) ) +3xb/f*x1n(exp (fxx+e)+1)*a~2*xd~2xx~2+6%b/f " 2*polylog(2,
—exp (f*x+e))*a~2*d"2xx+6xb~2/f"3*x1n(1-exp (f*x+e)) *a*xd~2*e-6xb~2/f " 3*ka*xd " 2xe
*1n (exp (f*x+e)-1)+12xb~2/f " 3*axd"~2*xex1n (exp (f*x+e) ) +6xb/f~2%a"~2*c*d*polylog
(2,exp(f*xte) ) +6xb/f~2%a"2xc*d*polylog(2,-exp (f*x+e))+2%b~3/f*1n(1-exp (f*x+
e) ) *xckdxx+2*xb~3/f72x1n (1-exp (f*x+e) ) *c*d*e+4*b~3/f " 2*c*kd*e*1n (exp (f*x+e))-1
2xb~2/f " 2*axcxd*1n(exp (f*xx+e))+6%b~2/f " 2xa*xckd*1n(exp (f*x+e)-1)+6%b~2/f"2%a
xcxd*1n (exp (f*xx+e)+1)-2*%b~3/f " 2*c*d*ex1ln(exp (f*x+e) -1) —a~2*b*d~2*x~3-6%b/f"
2xa~2*cxd*exln(exp (f*x+e)-1)+6%b/f*x1ln(exp(f*x+e)+1)*a~2*ckd*x+6*b/f*1In(l-ex
p(f*xt+e) ) *a~2*ckxd*x+6xb/f~2+1n(1-exp (f*x+e))*a”~2xckd*xe+12xb/f " 2*a”~2xc*kd*ex*1
n(exp(f*x+e))+1/3%a”~3%d"2xx"3-1/3*b"3*d"2*x"3+c"2*%a"3*x+b~3*%c"2*x-6%b"2/f"3
*xaxd"2%e”2+2xb"3/f72%xd"2%e " 2*x+4*xb/f"3*%a"2%d"2%e”3-2%b"3/f "2*c*kd*e 2-6%b"2/
fxaxd"2xx"2-b"3/f73*1n(1-exp (f*x+e) ) *d~2%xe~2-6%b/f ~3*a~2*xd"2xpolylog(3,exp(
fxx+e))-6%b/f~3xa~2*xd"2*polylog(3,-exp(f*x+e))+6*b~2/f " 3*a*d~2*polylog(2,ex
p(f*x+e) ) +6%b~2/f " 3%axd"2*polylog(2,-exp (f*x+e))+3*b/f*a”~2xc”2x1ln(exp (f*x+e
)-1)+3*b/f*a~2*%c"2*1n(exp (f*x+e)+1)+b~3/f"3*d"2*e"2*1n (exp (f*x+e)-1)-2%b~3/
£73%d"2xe"2x1n (exp (f*x+e) ) -6%b/f*a~2*c~2x1n (exp (f*x+e) ) +b~3/f*1n(1-exp (f*x+
e))*d"2xx"2+2xb~3/f"2*polylog(2,exp (f*x+e) ) *d~2*xx+b~3/f*1n (exp (f*x+e)+1) *d"~
2%x"2+2xb"3/f"2*polylog (2, —exp (f*xx+e) ) *d~2xx+axb~2*d~2*x~3+a ~3*kckd*x~2-b~ 3
Ckd*x"2-2xb7 2% (3xaxd"2xf*x"2%exp (2*f*xx+2%e) +b*xd"2xf*x " 2xexp (2*f*x+2%e) +6*ax*
ckdxf*xkexp (2xf*x+2xe) +2*¥bkckd*xf*x*kexp (2xf*xx+2%e) +3*axc™2*xfxexp (2*xf*x+2%e) -
3xaxd"2xf*x"2+bkcT2*xfxexp (2xf*x+2%e) +h*kd " 2*x*exp (2xf*x+2%e) —6*kaxckd*f*x+bxc
xd*xexp (2*f*x+2%e) -3*xa*xc~2*xf-b*xd~2xx-c*xb*d) /£72/ (exp (2*xf*x+2xe) -1) "2+3*a~2*b
*CT2%x+3%axb"2%cT2%x-12*%b/f*xa 2% ckd*kexx-6xb/f"2%a"2xc*xd*e"2+6xb/f"2*%a"2xd "2
*xe " 2xx-4*b”"3/fxckdkexx—-12%b72/f " 2xa*xd " 2*e*xx-3*b/f "3*1n(1-exp (f*x+e) ) *a~2%d”
2%e"2+6xb~2/f72*1n (exp (f*x+e) +1) *a*d~2*x—3*a”2xb*ckxd*x~2+3*a*xb~2*kckxd*x "2
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Maxima [B] time = 1.65868, size = 1346, normalized size = 3.36

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 2% (atb*coth(f*x+e))~3,x, algorithm="maxima")

[Out] 1/3%a”3%d"2xx"3 + a~3xc*d*x~2 + a~3*%c™2*x + 3*%a~2*bxc”2*xlog(sinh(f*x + e))/
f + 1/3%x(18*%axb~2xc™2%f + 6*b"3*ckd + (3*a"2xbxd~2*xf~2 + 3*xaxb™2xd"2xf"2 +
bT3%d"2*xf"2) *x"3 + 3% (3*a”2xb¥xckd*f~2 + bT3kckd*f"2 + 3x(ckd*f"2 + 2xd"2x*f)
*axb"2) *x"2 + 3x(3k(cT2%f72 + 4xckxdxf)*axb”2 + (c72*xf72 + 2xd"2)*b"3)*x + (
(3*a~2%b*xd"2*f "2%e” (4d*e) + 3*axb~2xd"2+xf " 2%e” (4*e) + b~ 3xd"2xf"2xe” (4*e) ) *x
3 + 3% (3*ka"2*xbkckd*xf"2xe” (4xe) + 3kaxb " 2kxckd*f"2*xe” (4d*e) + b7 3xckd*f2xe”(
4xe) ) *x"2 + 3% (3*axb " 2*xc”2xf"2*xe” (4d*e) + bT3*cT2+xf"2%e” (4*e)) *x) *xe” (4xf*xx)
- 2% (9*axb”2xc " 2xf*xe” (2%xe) + 3*x(c"2xf*e”(2%e) + cxd*xe”(2*e))*b"3 + (3*a”~2x*b
*d"2+%f"2%e” (2%e) + 3*axb"2xd"2xf"2xe” (2%e) + bT3kdT2xfT2xe” (2xe) )*xx~3 + 3x*(
3*xa~2xbkckd*xf 2xe” (2%xe) + 3k (cxd*f~2*xe” (2xe) + d™2xfxe” (2%e))*a*b”2 + (c*xdx*
f72%e” (2*%e) + d72xfxe” (2%e))*b~3)*x"2 + 3*x(3*x(c™2xf"2xe” (2%e) + 2*ckd*xf*xe”(
2%e) ) *a*xb”2 + (c72xf"2xe” (2xe) + 2kckdxf*xe”(2%e) + d72xe” (2*xe) ) *b~3) *x) *e” (
2%f*x)) /(£72%e” (4*xf*xx + 4xe) — 2+%f"2%xe” (2*f*x + 2%e) + £72) - 2% (6*axb™2*c*
dxf + (c™2%f72 + d72)*b73)*x/f72 + (3*a”2%b*d"2 + b73*d"2) * (£ 2*x"2*Llog (e (
fxx + e) + 1) + 2xf*xxxdilog(-e~(f*x + e)) - 2*polylog(3, -e~(f*x + e)))/f"3
+ (3*%a”2xb*d”2 + b73*xd"2)*(£72+x"2x1log(-e~ (f*x + e) + 1) + 2xf*x*xdilog(e”(
fxx + e)) - 2%polylog(3, e~ (f*x + e)))/f73 + 2% (3*a”2xbkcxd*f + b~ 3xc*d*xf +
3kaxb~2xd"2) * (fxx*xlog(e” (f*x + e) + 1) + dilog(-e~(f*x + e)))/f~3 + 2x(3*a
T2xbkckd*f + bT3kckdkf + 3kaxbT2xd72)* (frxklog(-e”(f*x + e) + 1) + dilog(e”
(fxx + €)))/f73 + (6*a*b”™2*xcxd*f + (c™2xf72 + d72)*b"3)*log(e”(f*x + e) + 1
)/£73 + (6*%axb”2xckxd*xf + (c™2%xf72 + d72)*b~3)*log(e”(f*x + e) - 1)/£73 - 2/
3k ((3*a"2xb*xd"2 + b~3*%d"2) *f"3*x"3 + 3*(3*a"2xbxcxd*f + b 3*kckd*f + 3*axb”2
*d"2)*xf"2xx"2) /£73

Fricas [C] time = 3.19641, size = 13835, normalized size = 34.5

result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 2*x(atb*coth(f*x+e))~3,x, algorithm="fricas")

[Out] 1/3*%((a”"3 - 3*%a™2*%b + 3%axb™2 - b~3)*d"2*xf"3*xx"3 + 3*x(a”3 - 3*xa”~2*b + 3x*xaxb
T2 - bT3)xcxd*f"3%x"2 + 18%axb"2xd"2%e”2 + 3*%(a”3 - 3*%a"2%xb + 3*%axb”2 - b”3
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)*cT2+¢f"3%x - 6*b"3*%d"2*e - 2% (3*%a"2*b + b”3)*d"2*e”3 + ((a”3 - 3*a"2xb + 3
*¥axb"2 - bT3)*d72*xf"3*%x"3 + 18*axb”2xd"2*e”2 - 6*b"3*%d"2%e - 2*(3*%a"2*b + b
~3)*d"2%e”3 - 6% (3*a"2xb + b73)*c " 2%e*xf"2 - 3k (6xaxb”2xd"2*xf"2 - (a”3 - 3*a
“2%b + 3*a*xb”2 - bT3)*kckd*f"3)*x"2 - 6% (6*axb"2kckd*e — (3*a"2xb + b73)*cx*d
xe"2)xf - 3k (12*%a*b"2xcxd*f~2 + 2*¥b"3*d"2*f - (2”3 - 3*a"2*b + 3*axb”2 - b~
3)*xcT2*%f"3)*x) *cosh(f*x + )74 + 4*x((a”3 - 3*a”2*b + 3*a*xb™2 - b~3)*d"2*f"3
*x73 + 18*axb”2xd"2*e”2 - 6xb~3*%d"2%e - 2% (3*a”2*b + b~3)*d"2*e”3 - 6*(3*a”
2%b + b73)*kcT2xexfT2 — 3% (6*axb”2xd"2*%f"2 - (2”3 - 3*a"2xb + 3*a*b”2 - b”3)
*ckd*f7"3)*x"2 - 6% (6*axb"2xckxd*xe - (3*a”2*b + b73)*ckdxe"2)*xf - 3% (12*a*b”2
xckd*f72 + 2xb73xd72xf - (a”3 - 3*a"2%b + 3*axb”2 - b"3)*c"2xf"3)*x)*cosh(f
*xX + e)*sinh(f*x + e)73 + ((a™3 - 3*a™2%b + 3*a*b”™2 - b~3)*d"2*xf"3*x"3 + 18
*axb"2xd"2%e”2 - 6*b"3*%d"2xe - 2*(3*a"2*b + b"3)*d"2*e”3 - 6%x(3*a”"2*b + b~3
YxCcT2xexf72 - 3k (B6xaxbT2xd"2*xf"2 - (a”3 - 3*a”2*b + 3*axb”2 - b~3)*xc*xd*f~3)
*x72 - 6*%(6*axb”2xckd*xe — (3*a”2%b + b73)*kckdke”2)*f — 3k (12*xaxb"2*xckd*f "2
+ 2xb73xd72*xf - (a”3 - 3*%a"2%b + 3*axb”2 - b"3)*c"2xf"3)*x)*sinh(f*x + e)"4
+ 6% (3*axb"2xc”2 - (3*a"2%b + b"3)*kc"2*xe)*f"2 - 2x((a”3 - 3*a”2*b + 3*a*xb”
2 - b7T3)*dA"2*4f"3*%x”"3 + 18*axb”2*%d"2%e”2 - 6*b”3*kd"2*%e - 2*x(3*a"2%b + b~3)*d
“2%e”3 - 3% (2% (3*a"2%b + b~3)*kc"2%e - (3*axb”2 + b~3)*xc”2)*xf"2 + 3x((a”3 -
3*a”"2*%b + 3*axb"2 - b"3)*ckd*f~"3 - (3*kaxb”2 - bT3)*d"2xf"2)*x"2 - 3*x(12*axb
“2%c*d*e - b73*kckd — 2% (3*a"2%b + b"3)*kckdke"2)*f — 3*x(b"3xd"2*%f - (a”3 - 3
*a"2%b + 3*axb”2 - b73)*c"2xf"3 + 2% (3*xa*b”2 - b"3)*kckd*xf~2)*x)*cosh(f*x +
e)”2 - 2x((a”3 - 3*a"2%b + 3*a*xb”2 - b~3)*d"2*f " 3*xx"3 + 18*axb"2xd"2*e"2 -
6*¥b~3*%d"2%e - 2*%(3*a"2xb + b~3)*d"2%e”3 - 3*(2*(3*a"2*b + b~3)*c"2%e - (3*a
*b72 + bT3)*cT2)*f72 + 3% ((a”3 - 3*a"2%b + 3*axb”2 - b~3)*xcxd*f~3 - (3*axb”
2 - b73)*d"2xf"2)*xx"2 - 3% ((a”3 - 3*a"2*b + 3%axb”2 - b"3)*d"2*xf"3*%x"3 + 18
*axb"2*%d"2%e”2 - 6*xb"3*xd"2xe - 2% (3*a”2*b + b"3)*d"2*xe”3 - 6% (3*%a"2*b + b”3
Y¥cT2xexfT2 — 3% (6xaxb”2xd"2+xf72 - (a”3 - 3*a"2%b + 3%a*b”2 - b73)*c*d*f~3)
*x72 - 6*(6*axb”2xckdxe — (3*a”2%b + b73)*ckd*e”2)*f — 3x(12*xaxb~2xckxd*f "2
+ 2%b73xd"2xf - (a”3 - 3*a"2%b + 3*axb”2 - b"3)*c"2*%f"3)*x)*cosh(f*x + e)”2
- 3*%(12*%a*xb”™2*cxd*xe — b~ 3xc*xd - 2% (3*a”2*b + b73)*ckd*xe"2)*xf - 3% (b~ 3*d"2*
f - (273 - 3*a™2xb + 3*a*b”2 - b 3)*kc”2*f"3 + 2% (3*a*xb”2 - b73) kckd*kf"2)*x)
*sinh(f*x + e)”2 - 6*%(6*xaxb”2*xcxd*e — b~ 3*cxd - (3*a”2*b + b~ 3)*c*xd*e”2) *f
+ 6% (3*axb™2xd"2 + (3*a"2%b + b~3)*d"2*xf*x + (3*axb~2xd"2 + (3*a"2%b + b~3)
*d"2+f*x + (3*a”"2%b + b~3)*c*xd*f)*cosh(f*x + e)”4 + 4x(3*xaxb”2+%d"2 + (3*a"2
*b + b73)*dA"2*xf*kx + (3*a"2xb + b~3)*ckd*f)*cosh(f*x + e)*sinh(f*x + e)~3 +
(3*a*xb~2%d"2 + (3*a"2*%b + b~3)*d"2*f*x + (3*a”2*b + b~ 3)*cxd*f)*sinh(f*x +
e)”4 + (3*a"2%b + b~3)*ckxd*f - 2% (3*axb”2xd"2 + (3*a"2*b + b”"3)*d"2*xf*x + (
3*a”"2*b + b73)*cxdxf)*cosh(f*x + e)”2 - 2x(3*xaxb”2xd"2 + (3*a”2*b + b~3)*d~
2+%f*xx + (3*%a”2*%b + b73)*ckxdxf - 3*%(3*xaxb”2*d"2 + (3*a"2xb + b73)*d"2*f*x +
(3*a"2%b + b~ 3)*ckd*f)*cosh(f*x + e) 2)*sinh(f*x + e)72 + 4x((3*xaxb~2+%d"2 +
(3*a”2%b + b~ 3)*d"2*xf*x + (3*a"2xb + b~3)*ckd*f)*cosh(f*x + e)~3 — (3xaxb”
2%d"2 + (3*%a”2*b + b~3)*d"2xfxx + (3*a”2*b + b7 3)*ckd*f)*cosh(f*x + e))*sin
h(f*x + e))*dilog(cosh(f*x + e) + sinh(f*x + e)) + 6%(3*%axb™2xd"2 + (3*a~2x%
b + b73)*xd"2xfxx + (3*a*b”2*d"2 + (3*a"2xb + b~3)*d"2*f*x + (3*a"2*b + b~3)
*cxd*f)*cosh(f*x + e)74 + 4x(3*a*xb™2+%d"2 + (3*a”2%b + b~ 3)*d"2*xf*x + (3*a”2
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*b + b73)*ckxd*f)*cosh(f*x + e)*sinh(f*x + e)~3 + (3xa*xb”™2*xd"2 + (3*a~2*b +
b~3)*d"2xfxx + (3*%a”2%b + b~ 3)*ckd*f)*sinh(f*x + e)”4 + (3*a”™2*%b + b~3)*cxd
*f - 2% (3*axb”2xd"2 + (3*a~2xb + b~3)*d"2*f*x + (3*a"2xb + b~3)*c*d*f)*cosh
(f*x + e)72 - 2% (3*a*xb™2xd"2 + (3*a"2%b + b~3)*d"2*xf*x + (3*a~2%b + b~3)*c*
dxf - 3*(3*axb”2*xd"2 + (3*a"2%b + b~3)*d"2xf*x + (3*%a~2*b + b~3)*ckd*xf)*cos
h(f*x + e)"2)*sinh(f*x + e)72 + 4*x((3*a*xb™2+%d"2 + (3*a~2%b + b~3)*d™2*f*x +
(3*a~2%b + b~ 3)*c*kd*f)*cosh(f*x + e)~3 - (3*a*xb™2*d"2 + (3*a~2*b + b~3)*d~
2xfxx + (3*a”2*%b + b~ 3)*ckd*xf)*cosh(f*x + e))*sinh(f*x + e))*dilog(-cosh(f*
X + e) — sinh(f*x + e)) + 3*x((3*a"2*b + b~3)*d"2+«f"2%x"2 + 6*xaxb~2xcxdxf +
b"3%d"2 + (3%a”2%b + b"3)*kcT2*xf"2 + ((3*a"2%b + b"3)*dA"2*f"2*x"2 + BGxaxb"2*
ckd*f + b7"3*d"2 + (3%a"2*b + b73)*c”2*xf72 + 2% (3*axb"2xd"2xf + (3*a"2*b + b
“3)*c*kd*f"2) *x) *cosh(f*x + e)74 + 4%x((3*a"2*b + b73)*d"2*xf"2xx~2 + G*a*xb”2*
cxd*xf + b73*%d"2 + (3*a”"2%b + b73)*xcT2*xf72 + 2% (3*kaxb”2xd"2xf + (3*%a"2%b + b
~3)*c*xd*f~2) *x) *cosh(f*x + e)*sinh(f*x + e)73 + ((3*a"2*b + b~3)*d™2*f " 2*x"
2 + 6*a*xb " 2kckd*f + b73*%d"2 + (3*%a"2%b + bT3)*kcT2xf"2 + 2% (3*xaxb”2xd"2*f +
(3*%a~2%b + b~ 3)*kckd*xf~2)*x)*sinh(f*x + e)”4 - 2x((3*a"2*b + b~3)*d~2*f " 2*x"
2 + 6*xaxb " 2kcxd*xf + b"3*%d"2 + (3*a"2xb + b73)*cT2xf72 + 2% (3*axb”"2*xd"2xf +
(83%a”2xb + b~3)*ckxd*f~2)*x)*cosh(f*x + e)72 - 2% ((3*a"2*b + b~ 3)*d~2*f " 2%x~
2 + 6*xaxb”2kckd*f + b73*xd"2 + (3*%a"2%b + bT3)*kcT2*xf"2 - 3*x((3*%a"2%b + b~3)*
d"2*%f72*%x72 + 6xaxb"2xckd*f + bT3*dA72 + (3*a"2xb + b"3)*cT2*xf72 + 2% (3*kaxb”
2+%d"2*f + (3*a”2*%b + b~3)*cxd*f"2)*x)*cosh(f*x + e)72 + 2x(3*xaxb~2+xd"2*f +
(3*%a"2%b + b~3)*kckd*f~2)*x)*sinh(f*x + e)72 + 2% (3*axb™2xd"2*xf + (3*%a~2%b +
b~3) xcxd*f72)*x + 4*(((3*a”2%b + b~3)*d"2*%f"2%x"2 + 6G*axb~2xckxdxf + b~3%d”
2 + (3*%a"2*b + b73)*cT2xf72 + 2% (3*xaxb”2xd"2*xf + (3*a"2xb + b73) kc*kd*f72) *x
Yxcosh(f*x + )73 - ((3*a”™2*b + b~3)*d"2+%f"2%x"2 + 6*a*xb~2xcxd*f + b~ 3*d"2
+ (3*%a”2*%b + b73)*c72*%f"2 + 2% (3kaxb”2xd"2xf + (3*a"2%b + b"3)*kckdkfT2) *x)*
cosh(f*x + e))*sinh(f*x + e))*log(cosh(f*x + e) + sinh(f*x + e) + 1) - 3%(6
*a*xb”2+%d"2%e - b73*d"2 - (3*%a"2%b + b"3)*d"2*e”2 - (3*a"2xb + bT3)*c"2*f "2
+ (B6*axb™2xd"2*xe - b~3*%d"2 - (3*a"2*b + b73)*d"2xe"2 - (3*%a"2%b + b73)*c"2x*
£f72 - 2% (3*axb"2xcxd - (3*a"2%b + b~3)*ckd*e)*f)*cosh(f*x + e)”4 + 4*(6*axb
“2%d"2%e - b73*%d"2 - (3*%a"2%b + b"3)*kd"2*%e”2 - (3*a"2*b + b"3)kc"2*xf"2 - 2%
(8*axb™2*ckd - (3*a~2%b + b~3)*ckxd*e)*f)*cosh(f*x + e)*sinh(f*x + e)~3 + (6
*a*xb”"2+%d"2%e - b73*d"2 - (3*%a"2%b + b”3)*d"2*e”2 - (3*a"2*b + b73)*cT2*f "2
- 2% (3*a*xb”2*xckd - (3*a"2xb + b~3)*ckd*e)*f)*sinh(f*x + e)~4 - 2% (6*axb~2x*d
“2%e — b73xd"2 - (3%a"2%b + b"3)*d"2*%e”2 - (3*%a"2%b + b73)*xc”2*xf"2 - 2% (3*a
*b"2%c*kd - (3*a"2%b + b~3)*ckd*e)*f)*cosh(f*x + e)”2 — 2x(6*a*xb™2*d"2*e - b
“3*d"2 - (3*%a"2*b + b”"3)*d"2*e”2 - (3*a"2*b + b"3)*c"2*f"2 - 3*(6xaxb”2xd"2
xe — b73*d"2 - (3*a"2xb + b~3)*d"2%e”2 - (3*a"2*b + b"3)*c”2*%f"2 - 2% (3*axb
“2%c*d - (3*a"2*b + b~3)*cxdxe)*f)*cosh(f*x + e)72 — 2x(3*xaxb~2*c*xd - (3*a”
2%b + b73)*kckd*xe)*f)*sinh(fxx + e)72 - 2% (3*axb™2*xcxd — (3*a~2xb + b~3)*c*d
xe)*xf + 4*x((B*axb™2*xd"2*xe — b~3*%d"2 - (3*a"2*b + b~3)*d"2*xe"2 - (3*a"2*b +
b"3)*xc"2*xf"2 - 2% (3*axb”2*ckd - (3*a"2*xb + b~3)*c*d*e)*f)*cosh(f*x + e)~3 -
(6xaxb~2%d"2%e - b™3*d"2 - (3*a"2xb + b~3)*d"2*e”2 - (3*a"2xb + b73)*c"2x*f
"2 - 2% (3*axb”2*xckxd - (3*a"2%b + b~3)*ckd*e)*f)*cosh(f*x + e))*sinh(f*x + e
))*log(cosh(f*x + e) + sinh(f*x + e) - 1) + 3*x((3*%a”2*b + b~3)*d~2*xf " 2*x"2
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+ 6*axb”2xd"2xe - (3%a"2%b + b”3)*d"2*e”2 + 2x(3*xa"2%b + b~3)*kckdrexf + ((3
*a"2%b + b7T3)*kd"2*xfT2*xx72 + Bxa*xb”2%d"2%e - (3*a”"2%b + bT3)*d"2%e”2 + 2% (3%
a~2%b + b73)*kckdkexf + 2x(3xaxb”2+xd"2+f + (3*a”"2*b + b~3)*cxd*xf~2)*x)*cosh(
fxx + e)74 + 4x((3*a"2%b + b~3)*d"2*f"2*x"2 + 6*axb”2*%d"2%xe - (3*a"2*b + b~
3)*d"2*%e”2 + 2% (3*xa"2*b + b~3)*kckdkexf + 2% (3xaxb"2xd"2xf + (3*a”2%b + b”3)
*ckd*xf~2) *x)*cosh(f*x + e)*sinh(f*x + e)73 + ((3*a™2%b + b~3)*d"2*xf " 2*xx"2 +
6*xa*xb”~2xd"2%e — (3*a"2xb + b"3)*d"2*e”2 + 2% (3*a”"2xb + b~3)*ckdkxexf + 2% (3
*axb”2+%d"2*f + (3*a"2xb + b73)*c*kd*f72)*x)*sinh(f*x + e)~4 - 2x((3*a"2%b +
b~3) *d"2*xf"2xx"2 + 6B*axb”2*xd"2*e - (3*a"2xb + b~3)*d"2%e”2 + 2% (3*a"2*b + b
~3)kckdkexf + 2% (3*xaxb"2xd"2xf + (3*a"2%b + b73)*kckd*xf"2)*x)*cosh(f*x + e)”
2 - 2x((3*a"2%b + b~3)*kd"2*xf"2*x"2 + 6xaxb”"2*xd"2*e - (3*a"2%b + b~3)*d"2xe”
2 + 2x(3*a"2%b + b73)*ckdxexf - 3*x((3*a”2xb + b~3)*d"2*f"2%x"2 + 6*axb”2xd”
2%e - (3*a”2*b + b73)*d"2xe"2 + 2% (3*%a"2*b + b7 3)*kckdrexf + 2% (3kxaxb 24”2
f + (3*a”™2*%b + b~ 3)*c*xd*f~2)*x)*cosh(f*x + e)~2 + 2% (3*xa*xb™2*d"2*xf + (3*a~2
*b + b 3)*kckd*fT2)*x)*sinh(f*xx + e)72 + 2% (3*kaxb™2xd"2*xf + (3*%a~2*b + b~3)*
cxd*f"2)*x + 4% (((3*a"2*%b + b~3)*d"2*%f"2%x"2 + 6G*axb"2xd"2*e - (3*%a"2%b + b
“3)*d"2%e”2 + 2% (3*a"2xb + b73)*ckd*xexf + 2% (3kaxb”2xd"2xf + (3*%a”2%b + b”3
Yxcxd*f72) *x) *cosh(f*x + e€)73 — ((3*a"2%b + b~3)*d"2*f~2*x"2 + 6*xaxb~2xd~ 2%
e - (3*a”2*b + b73)*d"2*xe"2 + 2% (3*a"2*b + b7 3)*kckxdxexf + 2% (3*axb " 2*xd"2*f
+ (3*a”2*xb + b~3)xc*kd*xf~2)*x)*cosh(f*x + e))*sinh(f*x + e))*log(-cosh(f*x +
e) - sinh(f*x + e) + 1) - 6%((3*a"2*b + b"3)*d"2*cosh(f*x + e)~4 + 4*(3*a”
2%b + b~3)*d"2*cosh(f*x + e)*sinh(f*x + e)”3 + (3*a"2%b + b~3)*d " 2*sinh(f*x
+ e)”4 - 2x(3*a"2xb + b~3)*d"2*cosh(f*x + e€)72 + (3*a™2%b + b~ 3)*d"2 + 2x*(
3% (3*%a"2%b + b~3)*d"2*cosh(f*x + e)72 - (3*a"2*b + b"3)*d"2)*sinh(f*x + e)~
2 + 4x((3*a"2*b + b~3)*d"2*cosh(f*x + e)”3 - (3*a"2*b + b~3)*d " 2*cosh(f*x +
e))*sinh(fxx + e))*polylog(3, cosh(f*x + e) + sinh(f*x + e)) - 6x((3*a”2*Db
+ b~3)*d"2*cosh(f*x + e)~4 + 4x(3*%a”2xb + b~3)*d"2xcosh(f*x + e)*sinh(f*x
+ e)73 + (3*a"2xb + b~3)*d"2*sinh(f*x + e)~4 - 2x(3*a~2%b + b~3)*d"2*cosh(f
*x + e)72 + (3*a"2%b + b~3)*d"2 + 2% (3*%(3*a”2*b + b~3)*d"2*cosh(f*x + e)~2
- (3*%¥a”2%b + b73)*d"2)*sinh(f*x + e)72 + 4*x((3*a"2*b + b~3)*d"2*cosh(f*x +
e)”3 - (3*¥a”2*%b + b~3)*d"2*cosh(f*x + e))*sinh(f*x + e))*polylog(3, -cosh(f
*xX + e) - sinh(f*x + e)) + 4*x(((a”3 - 3*a”2*b + 3*a*xb™2 - b~3)*d"2*f " 3*x~3
+ 18*a*xb”™2xd"2*e"2 - 6%b"3*%d"2%e - 2*(3*a"2*b + b~3)*d"2%e”3 - 6*x(3*a"2xb +
b~3)*c"2xexf"2 - 3*x(6*axb”2xd"2xf"2 - (a”3 - 3*a"2%b + 3*axb”2 - b~3)*cxd*
£f73)*x72 - 6*x(6*axb”2xc*xd*e - (3*a”2*b + b~ 3)*ckdxe"2)*f - 3% (12*axb”~2*xckxdx*
£f72 + 2xb73xd"2xf - (a”3 - 3*a”2*b + 3*axb”2 — b~3)*c"2*%f"3) *x) *cosh(f*x +
e)”3 - ((a™3 - 3*a"2%b + 3*a*b”2 - b"3)*d"2*xf"3*x"3 + 18*axb”"2*xd"2*%e”2 - 6%
b~3xd"2xe - 2% (3%a"2%b + b~"3)*d"2*e”3 - 3*x(2x(3*a"2%b + b~3)*kc"2*e - (3*axb
T2 + bT3)*c”2)*f72 + 3x((a”3 - 3%a"2*b + 3*axb”2 - b~3)*kckxd*f"3 - (3*kaxb~2
- b73)*dA"2*f72) *x72 — 3% (12xa*xb"2*c*d*e - b7 3*kckd - 2x(3*a"2%b + b~3) *kckd*e
“2)*xf - 3k (b73xd"2xf - (a”3 - 3*a"2%b + 3*axb”2 - b"3)*c"2xf"3 + 2% (3*ka*xb”2
- b~3)*ckxd*xf~2) *xx)*cosh(f*x + e))*sinh(f*x + e))/(f 3*cosh(f*x + e)"4 + 4x
f~3*xcosh(f*x + e)*sinh(f*x + e)~3 + f73*sinh(f*x + e)”4 - 2*f~3%cosh(f*x +
e)”2 + £73 + 2% (3*xf"3*kcosh(f*x + )72 - £73)*sinh(f*x + e)~2 + 4% (f " 3*cosh(
fxx + e)”3 - f73xcosh(f*x + e))*sinh(f*x + e))
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Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + bcoth (e + fx))3 (c+ dx)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)**2x(atbxcoth(f*x+e))**3,x)

[Out] Integral((a + bxcoth(e + f*x))**3*x(c + d*x)**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f(dx + c)z(b coth (fx + e) + a)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c) 2*x(atb*coth(f*x+e))~3,x, algorithm="giac")

[Out] integrate((d*x + c) 2x(bxcoth(f*x + e) + a)~3, x)
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349  [(c+dx)(a+bcoth(e + fx))>dx

Optimal. Leaf size=261

3a?bdPolyLog (2, e(e*f x)) b*dPolyLog (2, e2e*f x)) 3a%b(c + dx) log (1 — eAetf ")) 3a2b(c + dx)?  a¥(c + dx)?
272 " 272 " 7 T 24 T a

[Out] 3*axb™2*c*x + (b~ 3*d*x)/(2*f) + (3*axb™2xd*x"2)/2 + (a~3*(c + d*x)~2)/(2*xd)
- (3xa"2*xbx(c + d*x)"2)/(2*%d) - (b"3*(c + d*x)~2)/(2*d) - (b~ 3*d*Cothl[e +
f*xx])/(2%xf72) - (3*a*xb~2*(c + d*x)*Cothl[e + f*x])/f - (b~3*(c + d*x)*Cothle

+ £xx]72)/(2*%f) + (3*a”2xbx(c + d*x)*Log[l - E"(2x(e + fxx))])/f + (b~3x*(c

+ d*x)*Log[l - E~(2%(e + f*x))])/f + (3*axb~2*xd*Log[Sinh[e + f*x]])/f"2 +
(3*xa~2*b*d*PolyLog[2, E~(2%(e + f*x))]1)/(2x£72) + (b~3*d*PolyLogl[2, E~(2*(e

+ £xx))]1)/(2%£72)

Rubi [A] time = 0.350042, antiderivative size = 261, normalized size of antiderivative =

1., number of steps used = 16, number of rules used = 9, integrand size = 18, number of rules _

integrand size
0.5, Rules used = {3722, 3716, 2190, 2279, 2391, 3720, 3475, 3473, 8}

3a?bdPolyLog (2, e2lerf x)) b3dPolyLog (2, e2letf x)) 3a%b(c + dx) log (1 — et f x)) 3a2b(c + dx)?  a¥(c + dx)?
272 272 " 7 T 2d T 2a

Antiderivative was successfully verified.

[In] Int[(c + d*x)*(a + b*Coth[e + f*x])~3,x]

[Out] 3*axb™2*xcxx + (b~3*d*x)/(2*f) + (3*axb™2xd*x"2)/2 + (a”3*(c + d*x)~2)/(2*d)
- (3*a”™2*xbx(c + d*x)~"2)/(2+%d) - (b"3*(c + d*x)~2)/(2*d) - (b~3*d*Cothl[e +
fxx])/(2*xf72) - (3*a*b~2*(c + d*x)*Cothl[e + f*x])/f - (b"3*(c + d*xx)*Cothle

+ £xx]72)/(2*%f) + (3*a”"2xb*x(c + d*x)*Log[l - E"(2%(e + f*x))])/f + (b~3*(c

+ d*x)*Log[1l - E"(2%(e + fx*x))])/f + (3*a*b~2*d*Log[Sinh[e + f*x]])/f72 +
(3*a~2xb*d*PolyLog[2, E"(2x(e + f*x))])/(2%f72) + (b~ 3*d*PolyLog[2, E~(2x(e

+ £xx))1)/(2%£72)

Rule 3722

Int[(Cc_.) + (d_.)*(x_))"(m_.)*((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)]1)"(n_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxTan[e + f*x])~n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, 0]

Rule 3716
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Int[((c_.) + (@_)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz 1)*(f_
D*(x_ )], x_Symbol]l :> -Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] + Dist[2
*I, Int[((c + d*x) " m*E~ (2% (-(I*e) + f*fz*x)))/(E~(2xIxk*Pi)*(1 + E~ (2 (-(I*
e) + fxfzix))/E~(2%Ixk*Pi))), x], x] /; FreeQl{c, d, e, f, fz}, x] && Integ
erQ[4xk] && IGtQ[m, O]

Rule 2190

Int [CC(F)~((g_)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"mxLog[1l + (b*x(F~(gx(e + fxx)))"n)/al)/(bxf*g*n*Log[F]), x] - Di
st [(d*m) / (b*xf*g*n*xLog[F]), Int[(c + d*x)"(m - 1)*Logl[l + (bx(F~(gx(e + f*x)
))7n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxe*xx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Rule 3720

Int[((c_.) + (d_)*(x_))"(m_.)*((b_.)*tan[(e_.) + (f_.)*(x_)]1)"(n_), x_Symb
0ol] :> Simp[(b*(c + d*x) m*(b*Tan[e + f*x])"(n - 1))/(f*(n - 1)), x] + (-Di
st[(bxd*m)/(f*x(n - 1)), Int[(c + d*x)"(m - 1)*(bxTanle + f*x])"(n - 1), x],
x] - Dist[b~2, Int[(c + d*x) m*(bxTan[e + f*x])~(n - 2), x], x]) /; FreeQ[
{b, ¢, 4, e, £}, x] && GtQ[n, 1] && GtQ[m, O]

Rule 3475

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Log[RemoveContent[Cos[c + d
xx], x11/d, x] /; FreeQ[{c, d}, x]

Rule 3473

Int[((b_.)*tan[(c_.) + (d_)*(x_)1)"(n_), x_Symbol] :> Simp[(b*(bxTan[c + d
*x])"(n - 1))/(d*x(n - 1)), x] - Dist[b"2, Int[(b*Tan[c + d*x])"(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]
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Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rubi steps

f(c +dx)(a + beoth(e + fx))3dx = f (a3(c + dx) + 3a?b(c + dx) coth(e + fx) + 3ab?(c + dx) coth®(e + fx) + b3(c + d

_ W + (3a20) f (¢ + dx) coth(e + fx) dx + (3ab?) f (c + dx) coth®(e + fx)
_ a(c+dx)?  3a’b(c +dx)*  3ab*(c + dx) coth(e + fx)  b(c + dx) coth®(e + f
T2 2d - f - 2f

a(c+dx)y*  3a’b(c+dx)®? b(c+dx)*> b3dcoth(e+ fx)
2d 2d 2d 212

3
= 3ab%cx + Eabzdxz +

3 3 2 2 2 3 2 3
— 3ab%cx + bdx + §ab2dx2 L (c+dx)” 3a°b(c+dx)* b(c+dx)*  b>dcoth

3 3 2 2 2 13 2 13 L
gty D 8 oo wletdn) 3a%h(e+dx)” b(c+dx)”  bidcot

2f T2 2d 2d 2d 2]
WBdx 3 a3(c + dx)? _ 3a2b(c + dx)? ~ b3(c + dx)? ~ b3d coth

X
— b2 _bZdZ
3ab“cx + 2f +2a x° + ¥ ¥ ¥ 2

Mathematica [A] time = 3.45699, size = 266, normalized size = 1.02

sinh(e + fx)(a + bcoth(e + fx))3 (—bd (3a2 + bz) sinh®(e + fx)PolyLog (2, e‘z("+fx)) +sinh®(e + fx) (—(e + fx) (—3a2‘

Antiderivative was successfully verified.

[In] Integratel[(c + d*x)*(a + b*Cothle + f*x])~3,x]

[Out] ((a + b*Cothl[e + f*x])~3*Sinh[e + f*x]*((-((e + f*x)*(-3*a~2*b*d*(e + f*x)
- b73*d*(e + f*x) + a~3x(-2xcxf + d*x(e - f*x)) + 3*kaxb™2x(-2xcxf + d*x(e - f
*xx)))) + 2xb*(3*%a”2 + b~2)*d*(e + f*x)*Logl[l - E7(-2%(e + f*x))] - 2*b*x(-3x
axbxd + 3*a”2x(d*e - c*xf) + b~2*x(d*e - cxf))*Log[Sinh[e + fxx]])*Sinh[e + f
*xx] 72 - b*x(3*%a”2 + b~2)*d*PolylLog[2, E~(-2%(e + fxx))]*Sinh[e + f*x]"2 - (b

~2% (2%b*xf*x(c + d*x) + (b*xd + 6%a*xf*x(c + d*x))*Sinh[2*x(e + f*xx)]))/2))/(2%f"

2% (b*Cosh[e + f*x] + a*Sinh[e + fx*x])~3)
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Maple [B] time = 0.121, size = 651, normalized size = 2.5

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x+c)*(a+b*coth(f*x+e)) ~3,x)

[Out] 3*a*b~2xcxx+3/2%a*xb~2xd*x~2-b"~ 2 (6*axd*f*x*kexp (2+f*x+2%e) +2*¥bxd*f*x*exp (2*f
*xx+2%e) +6*xa*xckfrexp (2*f*x+2xe) +2xbxc*xf*exp (2*xf*x+2%e) —6*kaxd*f*xx+b*d*exp (2*f
xx+2%e) —6*axcxf-bxd) /£72/ (exp (2*xf*x+2%e) -1) "2-2%b~3/f*d*e*xx+b~3/f*1n(1-exp(
fxx+e))*d*x+b~3/f*1n(exp (f*x+e)+1) *d*x+3*xb~2/f " 2*d*a*1n (exp (f*x+e)-1)+3*b~2
/£ 2xd*a*1ln(exp (f*x+e)+1)-b~3/f"2xd*ex1ln(exp (f*x+e)-1)+3*b/f*a~2*cx1ln(exp (f
xx+e)-1)+3xb/f*xa~2*cx1ln(exp (f*x+e)+1)-6%b~2/f"2xd*a*1ln(exp (f*x+e))+2*b~3/£f"
2*xd*xex1n(exp (f*x+e))+3xb/f~2*a~2xd*polylog(2,exp (f*x+e))+3*b/f " 2xa~2*d*poly
log(2,-exp(f*x+e))+b~3/f72x1n(1-exp (f*x+e))*d*e—6xb/f*a~2*cx1n(exp(f*x+e))-
b~3/f72xd*e”2+b"3/f*xc*1n(exp (f*x+e)-1)+b~3/f*xc*1ln(exp (f*x+e)+1)+b~3/f " 2*xd*p
olylog(2,exp(f*xx+e))+b~3/f 2*d*polylog(2,-exp(f*x+e))-2%b~3/f*c*x1ln(exp (f*x+
e))—-3/2%a”2*b*xd*x"2+3%a”2xbxc*x+1/2%a"3*xd*x"2-1/2xb"3*d*x"2+c*a”3*kx+b~3*Cc*x
-6xb/f*a”~2xdxe*xx+3*%b/f " 2x1n(1-exp (f*x+e))*a~2*d*e+6xb/f " 2*d*a~2*e*x1n (exp (fx*
x+e))-3%b/f72*a"2*d*ex1n (exp (f*x+e)-1)+3*b/f*1n(1-exp (f*x+e))*a~2*xd*x+3*b/f
*x1n (exp (f*x+e)+1)*a~2xd*x-3*%b/f~2%a~2xd*e~2

Maxima [B] time = 1.50365, size = 713, normalized size = 2.73

3a%bclog (sinh ( X + e))
f

2(b3cf +3abd)x 12ab’cf +203d + (3a%bd f% +
— (3a%bd + b3d)x? - ( ff )+ / (o Pbdf

1
> a3dx® + alcex +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*(atbxcoth(f*x+e))~3,x, algorithm="maxima"

[Out] 1/2*%a”3*d*x"2 + a"3xc*x + 3*a~2xb*c*log(sinh(f*x + e))/f - (3*xa”2*b*d + b~3
*d)*x"2 - 2k (b7 3kcxf + 3xaxb”2xd)*x/f + 1/2*%(12*%axb™2xcxf + 2xb~3+d + (3*a”
2%b*xd*f72 + 3kaxb"2xd*f"2 + bT3*kd*f72)*x72 + 2% (b7 3*ckfT2 + 3k (ckfT2 + 2*dx
f)*axb™2)*x + ((3*a~2%b*xd*f~2%e” (4*xe) + 3*xaxb~2xd*xf~2xe” (4*e) + b~ 3*xd*xf"2*e
~(4%e))*x72 + 2% (3*axb"2xcxf"2xe” (4*e) + b 3kckf"2*xe” (4*e) ) *x)*e” (4*f*x) -
2% (6*xa*xb~2kckf*xe” (2xe) + (2xcxfxe”(2%e) + d*e” (2*e))*b~3 + (3*a~2xb*d*f~2*e
“(2%e) + 3kaxbT2xd*xf"2xe”(2xe) + DbT3kd*f"2*e” (2%e) ) *x"2 + 2% (3x (cxf"2%e” (2%
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e) + dxfxe”(2xe))*axb™2 + (cxf~2%e”(2%e) + dxfxe” (2xe))*b73)*x)*e” (2xf*x))/
(f~2%e” (4xf*x + 4xe) - 2xf72%e” (2xf*x + 2%e) + £72) + (3*a”2%bxd + b~3*d)*(
fxx*xlog(e™(f*x + e) + 1) + dilog(-e ™ (f*xx + e€)))/f"2 + (3*a”2xb*d + b~3xd)*(
fxx*xlog(-e~(f*x + e) + 1) + dilog(e ™ (f*x + €)))/f72 + (b~ 3*cxf + 3xa*b~2xd)
xlog(e™(f*xx + e) + 1)/£72 + (b™3*cxf + 3*xaxb~2xd)*log(e”(f*x + e) - 1)/f72

Fricas [B] time = 2.6298, size = 6711, normalized size = 25.71

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*(atbxcoth(f*x+e))”~3,x, algorithm="fricas")

[Out] 1/2*((a”3 - 3*a~2xb + 3*a*xb™2 - b"3)*xd*f~2xx"2 — 12xa*xb~2+d*e + 2*%(a”3 - 3%
a~2xb + 3*axb”2 - b"3)*cxf"2xx + ((a”3 - 3*a"2*%b + 3*axb"2 - b73) *d*f"2*x"2
- 12%axb”2*xd*e + 2*x(3*a"2%b + b~3)*d*e”2 - 4*x(3*a"2*b + b~3)*ckexf - 2% (6%
a*xb”2*d*f - (a3 - 3*a"2xb + 3%a*xb”2 - b"3)*kckf"2)*x)*cosh(f*x + e)~4 + 4x(
(a”3 - 3*%a"2%b + 3*a*b”2 - b73)*xd*xf"2%x"2 - 12*a*b”2*xd*e + 2*x(3*a"2xb + b~3
Yxd*xe”2 - 4% (3*%a”2*b + b73)*ckexf - 2% (6*axb”2*xd*f - (a”3 - 3*a"2xb + 3*axb
"2 - b73)*ckfT2)*x)*cosh(f*x + e)*sinh(f*x + e)”3 + ((a”3 - 3*a"2%b + 3*axb
"2 - bT3)kAkfT2%xx72 — 12%axb"2+d*e + 2% (3*a"2%b + b~3)*d*e”2 - 4*(3*%a”2*b +
b~3) kcxexf - 2% (6*axb”2*xdxf - (2”3 - 3*a"2%b + 3*a*xb”2 - b73)*ckf72)*x)*si
nh(f*x + e)74 + 2xb~3*%d + 2% (3*a”2*b + b~ 3)*d*e”2 - 2x((a”3 - 3*a"2%b + 3*a
*b72 - bT3)kA*fT2xxT2 — 12*xaxb"2*d*e + b”3*kd + 2% (3*a"2*b + b~3)*d*e”2 - 2%
(2% (3*a"2%b + b~3)*cke - (3*a*xb”2 + b~ 3)*c)*f + 2%((a"3 - 3*a"2xb + 3*xa*xb~2
- b"3)*kckf"2 - (3*axb”2 - b~3)*d*f)*x)*cosh(f*x + e)”2 - 2%((a”™3 - 3*a”2x*b
+ 3*%a*xb”2 - b73)*xd*f"2*xx"2 - 12%a*b”2xd*e + b~3*d + 2*%(3*a"2*b + b~3)*dxe”
2 - 3%((a”3 - 3*a"2xb + 3*axb”2 - b"3)*d*f"2*x"2 - 12*%axb"2xdxe + 2% (3*a”2*
b + b73)*d*xe”2 - 4%(3*a”2*b + b~3)*ckexf - 2% (6*axb”2*xd*f - (2”3 - 3*a"2xDb
+ 3*axb”2 - b73)*xcxfT2)*x)*cosh(f*x + e)72 — 2x(2x(3*a"2%b + b~3)*c*e - (3%
axb™2 + bT3)*kc)*f + 2x((a”3 - 3*a"2*b + 3*axb”2 - b"3)*xcxf"2 - (3*xa*b”2 - b
~3)*dxf)*x)*sinh (f*x + e)72 + 4x(3*axb™2+xc — (3*a”™2xb + b~ 3)*ckxe)*xf + 2x((3
*a"2%b + b~3)*d*cosh(f*x + e)”4 + 4%(3*a"2*b + b~3)*d*cosh(fxx + e)*sinh(f*
X + e)73 + (3*a"2%b + b~3)*d*sinh(f*x + e)~4 - 2% (3*a"2*b + b~ 3)*d*cosh(f*x
+ e)72 + 2% (3% (3*xa"2%b + b~ 3)*d*cosh(f*x + e)”2 - (3*a”2%b + b~3)*d)*sinh(
fxx + e)72 + (3*a"2xb + b~ 3)*d + 4*x((3*a"2*b + b~3)*d*cosh(f*x + e)”3 - (3%
a~2*%b + b~3)xd*cosh(f*x + e))*sinh(f*x + e))*dilog(cosh(f*x + e) + sinh(fx*x
+ e)) + 2x((3*a"2xb + b~ 3)*d*cosh(f*x + e)”4 + 4*x(3*a~2xb + b~3)*d*cosh(f*
X + e)*sinh(f*x + e)~3 + (3*a”™2*b + b~ 3)*d*sinh(f*x + e)”4 - 2x(3*a"2*b + b
~3)*dxcosh(f*x + e)72 + 2% (3*(3*xa"2*b + b~ 3)*d*cosh(f*x + e)”2 - (3*a"2%b +
b~3)*d)*sinh(f*x + e)”2 + (3*a"2*b + b~3)*d + 4*((3*a"2*b + b~3)*d*cosh(f*
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X + e)73 - (3*%a"2%b + b~3)*d*cosh(f*x + e))*sinh(f*x + e))*dilog(-cosh(f*x
+ e) - sinh(f*x + e)) + 2+x((3*a*b”2*d + (3*a”"2*b + b~ 3)*d*f*x + (3*a~2*b +
b~3) *xcxf)*xcosh(f*x + e)”4 + 4*x(3*axb™2xd + (3*a”2%b + b~ 3)*d*xf*x + (3*a~2*b
+ b73)*cxf)*cosh(f*x + e)*sinh(f*x + e)”3 + (3*xaxb”2xd + (3*a”2*b + b~3)*d
*f*xx + (3*%a”™2%b + b"3)*cxf)*xsinh(f*x + e)”4 + 3*xaxb™2xd + (3*a”2%b + b~3)*d
*fxx + (3*a"2%b + b73)*kcxf - 2% (3*xaxb”2%d + (3*a”2*b + b~ 3)*d*f*x + (3*xa~2%
b + b73)*cxf)*cosh(f*x + e)72 - 2x(3*axb”2xd + (3*a”2*b + b~ 3)*d*xf*x + (3*a
“2%b + b73)*kckf - 3*(3*xaxb”2xd + (3*a"2%b + b73)kdxfxkx + (3*xa"2%b + b~3)*c*k
f)*cosh(f*x + e)"2)*xsinh(f*x + e)72 + 4*x((3*axb™2xd + (3*a”2%b + b~3)*d*xfx*x
+ (3*a”"2*b + b~ 3)*c*f)*cosh(f*x + e)”3 — (3*axb~2xd + (3*a"2%b + b~ 3)*d*xfx*
x + (3%a”2%b + b73)*cxf)*cosh(f*x + e))*sinh(f*x + e))*log(cosh(f*x + e) +
sinh(f*x + e) + 1) + 2x((3*xaxb”2*d - (3*a”2*b + b~3)*d*e + (3*a”2%b + b~3)*
cxf)*xcosh(f*x + e)74 + 4x(3*xaxb™2xd - (3*a"2%b + b~3)*d*e + (3*a~2xb + b~3)
*ckxf)*cosh(f*x + e)*sinh(f*x + e)73 + (3*axb™2xd - (3*a"2xb + b~ 3)*d*e + (3
*a"2%b + b73)*ckf)*sinh(f*x + e)”4 + 3*xa*xb”™2xd - (3*a"2*xb + b~ 3)*d*e + (3*a
~2%b + b73)*kckf - 2% (3*xaxb”2*%d - (3*a”2*b + b"3)*kd*e + (3*a"2*b + b"3)*c*f)
xcosh(f*x + e)72 - 2x(3*axb™2xd - (3*a”2%b + b~ 3)*d*e + (3*a~2xb + b~3)*c*f
- 3*%(3*axb”2xd - (3*a"2xb + b~3)*d*e + (3*a”"2*b + b~ 3)*cxf)*xcosh(f*x + e)~
2)*sinh(f*x + )72 + 4x((3*xaxb”2+*d - (3*a”2*b + b~3)*d*e + (3*a”2%b + b~3)*
cxf)*cosh(f*x + )73 - (3*axb™2xd - (3*a"2%b + b~3)*d*e + (3*a"2*xb + b~3)*c
xf)xcosh(fxx + e))*sinh(f*x + e))*log(cosh(f*x + e) + sinh(f*x + e) - 1) +
2x (((3*a™2%b + b~3)*d*f*x + (3*a~2*b + b~3)*d*e)*cosh(f*x + e)~4 + 4*x((3*a”
2%b + b73)*kdxf*xx + (3*a~2xb + b~3)*d*e)*cosh(f*x + e)*sinh(f*x + e)~3 + ((3
*a"2%b + b73)kd*f*xx + (3*a"2%b + b~3)*d*e)*sinh(f*x + e)~4 + (3*a”2%b + b~3
Yxdxfxx + (3*%a”2%b + b73)*kd*e — 2x((3*a"2*b + b~3)*kd*kf*x + (3*a"2*xb + b~3)*
d*e)*cosh(f*x + e)”2 - 2% ((3*a™2*b + b7~ 3)*d*xf*x + (3*a~2%b + b~ 3)*d*e - 3*(
(3%a”2*b + b~3)*d*xf*x + (3*a”2*b + b~ 3)*d*e)*cosh(f*x + e)~2)*sinh(f*x + e)
2 + 4x(((3%a"2xb + b~ 3)*dxf*x + (3*a~2*b + b~3)*d*e)*cosh(f*x + e)”"3 - ((3
*¥a"2%b + b73)*dxfxx + (3*a”2*b + b~3)*d*e)*cosh(f*x + e))*sinh(f*x + e))*lo
g(-cosh(f*x + e) - sinh(f*x + e) + 1) + 4x(((a”3 - 3*a”2*b + 3*axb”2 - b~3)
*d*xf72%x72 - 12*%axb"2xdxe + 2% (3*a”2%b + b73)*kd*e”2 - 4*x(3*xa"2%b + b~3)*cke
*f — 2% (6*xaxb”2xd*xf - (2”3 - 3*a"2%b + 3*axb”2 - b~3)*c*kf~2)*x)*cosh(f*x +
e)”3 - ((a”3 - 3*a”2%b + 3*xa*b”2 - b73)*d*xf"2%x"2 - 12*a*xb"2*dxe + b"3*d +
2% (3*%a"2*b + b73)*d*e”2 - 2x (2% (3*%a"2*b + b"3)*kcxe - (3*xaxb”2 + b”3)*kc)*f +
2%((a”"3 - 3*a"2*b + 3*axb”2 - b~ 3)*c*xf"2 - (3*axb"2 - b~3)*d*f)*x)*cosh(f*
x + e))*sinh(f*x + e))/(f 2xcosh(f*x + e)~4 + 4xf~2%cosh(f*x + e)*sinh(fx*x
+ e)73 + f72xsinh(f*x + e)”4 - 2*%f " 2*xcosh(f*x + )72 + 2% (3*f " 2*cosh(f*x +
e)”2 - £72)xsinh(f*x + )72 + 72 + 4x(f " 2*cosh(f*x + e)~3 - f~2xcosh(f*x +
e))*sinh(f*x + e))
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Sympy [F] time = 0., size = 0, normalized size = 0.

f (u + bcoth (e + fx))3 (c + dx) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*(atbxcoth(f*x+e))**3,x)

[Out] Integral((a + bkcoth(e + fx*x))**3*(c + d*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f(dx + c)(b coth (fx + e) + a)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x+c)*(atbxcoth(f*x+e))~3,x, algorithm="giac")

[Out] integrate((d*x + c)*(b*coth(f*x + e) + a)”3, x)
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3.50

Optimal. Leaf size=22

3
f (a+b coth(e+fx)) dx

c+dx

(a + bcoth(e + fx))3
c+dx

7

Unintegrable (

[Out] Unintegrable[(a + bxCoth[e + f*x])73/(c + d*x), x]

Rubi [A] time = 0.054938, antiderivative size = 0, normalized size of antiderivative = 0.,
number of rules

number of steps used = 0, number of rules used = 0, integrand size = 0, - -
integrand size

*)

Rules used = {}

3
f (a + bcoth(e + fx)) i

c+dx

Verification is Not applicable to the result.
[In] Int[(a + b*Cothle + f*x])73/(c + d*x),x]

[Out] Defer[Int] [(a + b*Cothl[e + f*x])~3/(c + d*x), x]

Rubi steps

f (a + bcoth(e + fx))3 = f (a + bcoth(e + fx))3 i

c+dx c+dx

Mathematica [A] time = 62.5076, size = 0, normalized size = 0.

3
f (a + beoth(e + fx)) i
c+dx

Verification is Not applicable to the result.

[In] Integrate[(a + b*Coth[e + f*x])~3/(c + d*x),x]

[Out] Integrate[(a + b*Coth[e + f*x])~3/(c + d*x), x]



280

Maple [A] time = 0.599, size = 0, normalized size = 0.

f (a + bcoth (fx + e))3 0

dx +c
Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*coth(f*x+e)) 3/ (d*x+c),x)

[Out] int((at+b*coth(f*x+e)) "3/ (d*x+c),x)

Maxima [A] time = 0., size = 0, normalized size = 0.

®log(dx +¢) (3a%b+3ab?+b)log (dx +c) 6ab?dfx + 6ab?cf — bd — (6 abPcfe?9 + (2cfe?) — de!
+ +
d d 2 f232 + 2cdf2x + C2f2 + (d2f2x2e) + 2 cd f2xelde) + 2 f2¢40))e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e)) 3/(d*x+c),x, algorithm="maxima")

[Out] a"3*log(d*x + c)/d + (3*a"2xb + 3*a*xb”2 + b~3)*log(d*x + c)/d + (6*xa*xb~2*d*
f*x + 6xaxb"2xcxf — b~3*%d - (6*a*b " 2kckf*xe”(2xe) + (2xckxfxe”(2%e) - dxe™ (2%
e))*b"3 + 2*x(3*kaxb"2xd*xfxe” (2%e) + b 3kd*xf*e” (2*e))*x)*e” (2xf*x))/(d"2%f 2%
X72 + 2xckd*fT2xx 4+ 72472 + (A72xfT2%x7T2%xe” (d*xe) + 2xckd*fT2xx*e” (4xe) +
cT2xf72%e” (4*e) ) *e” (4xf*xx) — 2x(d72*xf72%x"2%e” (2%e) + 2kckxdxf " 2xxxe” (2%e) +
c"2xf"2xe” (2%e) ) xe” (2xf*x)) - integrate((3*a”2xb*c™2+f~2 - 3kaxb”2xc*d*xf +

(c72*xf72 + d72)*b"3 + (3*a"2xb*xd"2*xf~2 + b 3*d"2*f"2)*x"2 + (6*a~2*b*ckxd*f
"2 + 2%b73kckd*fT2 — 3*xaxb"2%d"2+f) *x) /(A73*fT2*x"3 + 3kcxd"2*%f72%x72 + 3*c
T2xd*xfT2%x + cT3*FT2 4+ (d73*fT2xx73*%eTe + 3kckdT2xfT2*x72%e"e + 3%cT2xdxf 72
xx*xe”e + c"3xf"2xe"e)*e” (f*x)), x) + integrate(-(3*a"2xbxc 2*f"2 - 3xaxb 2
cxd*xf + (c72+%f72 + d72)*b73 + (3*a"2xbxd"2+%f72 + bT3kAT2*fT2)*x72 + (6xa"2*
bxckxd*xf~2 + 2%b73kckd*f72 - Bkaxb"2xd"2xf)*x)/(d"3*f"2%x"3 + Bkckd"2xf"2xx”
2 4+ 3xc”2xd*f"2%x + c”3*f"2 - (d73*f72xx"3*%e"e + 3kckd"2xfT2*xx"2%e"e + 3%c”
2%d*xf"2%x*e"e + c"3*%f"2*xe"e)*e” (f*x)), x)
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Fricas [A] time = 0., size = 0, normalized size = 0.

b3 coth (fx + 6)3 +3ab? coth (fx + 3)2 +3a%bcoth (fx + e) +a

X
dx +c !

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e)) 3/ (d*x+c),x, algorithm="fricas")

[Out] integral((b~3*coth(f*x + e)~3 + 3*axb~2*coth(f*x + e)~2 + 3*a~2*b*coth(f*x
+e) + a"3)/(d*x + ¢c), x)

Sympy [A] time = 0., size = 0, normalized size = 0.

dx

f (a + bcoth (e + fx))3

c+dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*xx+e))**3/(d*x+c),x)

[Out] Integral((a + b*coth(e + f*x))**3/(c + d*x), x)

Giac [A] time = 0., size = 0, normalized size = 0.

f(bcoth( x+e)+a)3

dx+c¢

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e)) ~3/(d*x+c),x, algorithm="giac")

[Out] integrate((b*coth(f*x + e) + a)~3/(d*x + c), x)
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a CcO erfrx 3
3.51 [l Or gy

(c+dx)?

Optimal. Leaf size=22

(a + bcoth(e + fx))3 x)

Unintegrable ( 1 dn)?

[Out] Unintegrable[(a + bxCoth[e + f*x])~3/(c + d*x)~2, x]

Rubi [A] time = 0.0529811, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, — :
integrand size

*)

Rules used = {}

f (a + beoth(e + fx))* i

(c +dx)?

Verification is Not applicable to the result.
[In] Int[(a + b*Coth[e + f*x])~3/(c + d*x)~2,x]

[Out] Defer[Int][(a + b*Coth[e + fx*x])~3/(c + d*x)~2, x]

Rubi steps

f (a + beoth(e + fx))3 e f (a + bcoth(e + fx))? i

(c +dx)? (c + dx)?

Mathematica [A] time = 59.5268, size = 0, normalized size = 0.

f (a + beoth(e + fx))? i

(c +dx)?

Verification is Not applicable to the result.

[In] Integrate[(a + b*Coth[e + f*x])~3/(c + d*x)~2,x]

[Out] Integrate[(a + b*Coth[e + f*x])~3/(c + d*x)~2, x]
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Maple [A] time = 0.924, size = 0, normalized size = 0.

dx

f (a + bcoth (fx + e))3

(dx + o)
Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*coth(f*x+e)) 3/ (d*x+c)”~2,x)

[Out] int((atb*coth(f*x+e)) 3/ (d*x+c)”2,x)

Maxima [A] time = 0., size = 0, normalized size = 0.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e))~3/(d*x+c)~2,x, algorithm="maxima")

[Out] -a~3/(d"2*x + c*xd) - (3*a™2%b*c™2*f72 + 3*x(c™2*xf~2 - 2%c*d*f)*a*b”2 + (c™2x%
72 + 2%d72)*%b"3 + (3*a~2%bxd"2*%f"2 + 3*axb"2xd"2xf"2 + b"3kd"2*xf"2)*x"2 +
2% (3*%a " 2*bkckd*f"2 + b7 3kckd*f"2 + 3k (ckd*f72 - d72*xf)*axb"2)*xx + (3*xa " 2*bx*
CT2*xf"2%e” (d*xe) + 3*xaxb " 2xcT2*xf"2xe” (4d*xe) + bT3kcT2xf"2*e” (4%e) + (3*ka”2xb*
d"2*xf"2*xe” (4*e) + 3*axb~2+xd"2xf"2*xe” (4*e) + b 3kd"2*xf"2xe” (4*e) ) *¥x"2 + 2% (3
*a " 2%b*xckd*fT2xe” (4d*xe) + 3xaxb”2xckd*xf"2%e” (4*e) + b7 3kckdxf"2xe” (4*e)) *xX) *
e~ (4*f*x) - 2% (3*a " 2xbxc 2xf"2xe” (2%e) + 3k (c™2xf"2xe” (2xe) - ckxdxf*e” (2*e)
Y*xaxb”2 + (cT2+xf72%e” (2*%e) - cxdxfxe”(2%e) + d72%e”(2%e))*b”3 + (3*a~2xbxd”
2%f"2xe” (2*%e) + 3*xaxb " 2xd"2*xf " 2xe” (2%e) + b7 3x%d"2*xf"2%e” (2xe) ) *x"2 + (6*a”2
*bkckd*f"2%e” (2%e) + 3*(2xcxdxf~2%e” (2%e) - d™2*f*xe” (2*e) ) *axb™2 + (2kckxdx*f
“2%e” (2%e) - dT2xfxe”(2*%e) )*b73) *x) *e” (2*xf*x) )/ (dT4*xf"2xx "3 + 3kc*kd"3*kfT2*x
T2+ 3*kCT2kAT2xFT2xx + ¢T3x%d*f72 + (d74*fT2xx7T3*%e” (4*e) + 3xckdT3xfT2*x"2*e
“(4xe) + 3kcT2xdT2xfT2xx*e” (4*e) + cT3xd*f2*xe” (4ke) ) xe” (4xfxx) - 2% (d74*f"
2%x"3%e” (2%e) + 3kckd"3*kfT2xx"2%e” (2%e) + 3kcT2xdT2xfT2xx*ke” (2%e) + c”3*dx*f
T2xe”(2xe) ) *e” (2%f*x)) - integrate((3*%a”2xb*cT2*f72 - 6kaxb"2xckd*f + (cT2x
72 + 3%d72)*b"3 + (3*a"2%b*d"2+%f7"2 + b73*xd"2*f"2)*x"2 + 2% (3*a”2*bxcxd*f”2
+ b73*kckd*xf72 - 3*axb”2+%d72*f) *x) / (dT4*fT2xx74 + 4xc*xd"3*xf72%x73 + 6*xc”2*d
T2kFT2¥xX T2 + 4xcT3xd*fT2%x + cT4*xfT2 + (dT4*xfT2%xT4xe"e + 4xckdT3xfT2xx"3*e
e + 6*%cT2xdA72xfT2xx"2%e"e + 4*xcT3*d*f " 2*x*ke”e + cT4*xf"2xe"e)*xe” (f*x)), X)
+ integrate(-(3*a~2*b*xc™2*xf72 - Gkaxb 2kckd*f + (c72%f72 + 3%d72)*b"3 + (3%
a"2%b*d"2*%f72 + bT3xdT2xfT2)*x72 + 2% (3*ka”2xbkckxd*f"2 + b7 3*ckd*f”"2 - 3*axb
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“2%xd72xf) *x) / (A74*E72%x"4 + 4A*xcxd"3kfT2%x73 + 6*xcT2%d72%xfT2%x72 + 4kc”3kd*f
T2x%xx 4+ cT4*ET2 - (dT4*xf72%xx"4%e"e + 4kckdT3*xfT2%xx"3%e"e + 6*xcT2xd"2xf " 2%x "2
xe”e + 4*c 3xdxf"2%x*e”e + cT4*xf"2%e"e)*xe” (f*x)), x)

Fricas [A] time = 0., size = 0, normalized size = 0.

b coth (fx + 6)3 + 3 ab? coth (fx + e)z + 3 a%b coth (fx + e) +a’
d?x? + 2 cdx + c?

integral , X

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((atb*coth(f*x+e))~3/(d*x+c)~2,x, algorithm="fricas")

[Out] integral((b~3*coth(f*x + e)~3 + 3*axb~2*coth(f*x + e)~2 + 3*a~2*bkxcoth(f*x
+ e) + a”3)/(d"2*xx"2 + 2%ckd*x + c72), x)

Sympy [A] time = 0., size = 0, normalized size = 0.

dx

f (a + b coth (e + fx))3

(c+ dx)2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e))**3/(d*x+c)**2,x)

[Out] Integral((a + bxcoth(e + f*x))**3/(c + d*x)**2, x)

Giac [A] time = 0., size = 0, normalized size = 0.

f (b coth (fx + e) + a)3 ”

(dx + ¢)?
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*coth(f*x+e))~3/(d*x+c)~2,x, algorithm="giac")
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[Out] integrate((bxcoth(f*x + e) + a)”3/(d*x + c)72, x)
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352 [

a+b coth(e+fx)

Optimal. Leaf size=210

—2(e+fx) 2(e+fx)

a-b a—b)e™
3bd2(c + dx)PolyLog (3, e 7 ) 3bd®PolyLog (4, %) b(c +
+ —

2f3 (a2 _ bz) M 212 (a2 _ bz) 44 (a2 _ b2)

a— —2(e+fx)
) 3bd(c + dx)2PolyLog (2, e 77

+b

[Out] (c + d*x)~4/(4x(a + b)*d) - (bx(c + d*x) 3*Logl[l - (a - b)/((a + b)*E~(2*(e
+ £xx)))]1)/((@"2 - b~2)*f) + (3*%bxdx(c + d*x) 2+PolyLog[2, (a - b)/((a + b
Y¥ET (2% (e + f*x)))])/(2%(a”2 - b72)*£72) + (3*b*d"2x(c + d*x)*PolyLogl3, (a

- b)/((a + b)*E"(2x(e + £*xx)))])/(2%x(a"2 - b~2)*£73) + (3*bxd~3*PolyLogl4,

(a - b)/((a + b)*E"(2%(e + f*x)))])/(4x(a"2 - b~2)*f74)

Rubi [A] time = 0.344883, antiderivative size = 210, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 20, LT

integrand size
0.3, Rules used = {3731, 2190, 2531, 6609, 2282, 6589}

—2(e+fx)

0 (a-b)e 2 (a=b)e~2e+fx) 3 (a=b)e~
3bd2(c + dx)PolyLog (3, T) 3bd(c + dx)2PolyLog (2, o) | SPPolyLog (4, ) bles

2f3 (ﬂz _ bz) + 212 (az _ bz) 44 (a2 _ bz)

2(e+fx)

Antiderivative was su